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MATHEMATICAL MODELING OF DIFFUSION LAYERS FORMATION USING 

COMPOSITIONAL SATURATING BATCHES CHARGES 
 

The problem of chemical-thermal treatment of steel using composite saturating charge ECD 

(Energy component of diffusion). In the system under consideration, a complex of processes occurs: 
wave propagation in the charge layer on the steel surface, non-stationary heat removal into the inte-

rior of the sample, and non-stationary diffusion of atoms of the saturating element deep into the steel 

under non-isothermal conditions. In this case, that part of the surface from which the diffusion satura-

tion of steel occurs expands as the wave moves. In this work, the thermal conductivity λ is not an addi-
tive, but a structure-dependent quantity. However, for simplicity, in the area where ECD occurs, the 

additive formula is usually adopted: λ = λch(1–η) + λprη,  and for steel λ = λst. For the i-th individual 

substance, a linear dependence of thermal conductivity on temperature was used: λi(T) = λ0 + λTT. 
After the ECD wave has reached the edge, i.e. the charge has fully reacted, the diffusion of atoms from 
the surface and conductive heat transfer in the steel continue during the holding time th. This problem 

is two-dimensional, nonstationary, and essentially nonisothermal. 

Keywords: composite saturating charge; border conditions; energy component of diffusion; 
conductive heat transfer; nonlinear unsteady equation. 

 

Розглянуто задачу про хіміко-термічній обробці сталі з використанням композіційного 

насічувального середовища з Використання ECD (Energy component of diffusion). У даній сис-
темі відбувається комплекс процесів: поширення хвилі в шарі шихти на поверхні стали, неста-

ціонарний тепловідвід вглиб зразка і нестаціонарна дифузія атомів насичує елемента вглиб 

стали в неізотермічних умовах. При цьому та частина поверхні, з якої йде дифузійне насичення 

стали, розширюється в міру руху хвилі. В роботі теплопровідність λ є не адитивної, а струк-

турно-залежної величиною. Однак для простоти в області, де протікає ECD, зазвичай прий-

мають аддитивную формулу: λ = λch(1–η) + λprη,  а для сталі λ = λst. Для i-го індивідуального 

речовини використовували лінійну залежність теплопровідності від температури: λi(T) = λ0 + 

λTT. Після того, як хвиля ECD добігла до краю, тобто шихта повністю прореагувала, дифузія 
атомів з поверхні і кондуктивний теплоперенос в стали тривають протягом часу витримки th. 
Таке завдання є двовимірної, нестаціонарної і істотно неізотермічної. 

Ключові слова: композиційне насичуюче середовище; граничні умови; енергетична 

складова дифузії; провідний теплообмін; нелінійне нестаціонарне рівняння. 

 
Problem’s Formulation 

Obtaining diffusion protective layers with the use of composite saturating media — a new type 

of CHT which uses saturating elements, which in one technological cycle provide the required type of 
alloying with a minimum time of their formation. Diffusion protective layers obtained using composite 

saturating  charge (CSC) are an effective method of increasing the reliability of machine parts and 

process equipment by creating on the surface of the machined parts layers doped with aluminum, va-
nadium, titanium, molybdenum, boron, tungsten, which have a unique set of physical and chemical 

properties. 

Let us consider the problem of chemical-thermal treatment (CHT) of steel using a composite 

saturated charge using ECD (Energy component of diffusion). The situation under consideration is 
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shown schematically in Fig. 1. A layer of reactive charge ABCD with a thickness of hch = AD is lo-
cated on the surface of a steel sample CDEF with a thickness of hst = DE; the length of the sample 

with a layer of charge L = AB = DC. The 0x xis is directed from left to right — along the motion of the 

ECD wave, and the 0y — axis — into the depth of the steel. The front of the ECD wave is shown to be 
curved, since heat removal into steel will inevitably slow down its movement from the side adjacent to 

the DC surface. 

 

 
 

Fig.1. Scheme of the saturation process in a composite saturated medium 

 
At the initial moment of time t=0 the sample and the charge are at a constant temperature T0; 

this temperature is higher than room temperature, but lower than that at which an exothermic reaction 

can begin in the ECD charge. On the left edge of AD, i.e. at x=0, y=[0,D] at the initial moment of time 
t=0 the ECD charge is ignited due to external heating by an incandescent coil with a constant tempera-

ture Tig for a time tig — until a combustion wave is formed, propagating through the layer charge along 

the 0x axis. Further, in section AD external heating stops. For simplicity, it is assumed that the sample 
surfaces AB, BF, ED and EF are thermally insulated, i.e. there is no heat exchange with the environ-

ment; The same applies to the surface AD after the end of the ignition, i.e. for t > tig. During an exo-

thermic reaction, active atoms of a saturating element are formed in the charge layer, which diffuse 

deep into the steel from the DC, boundary, while ahead of the combustion wave front, i.e. where the 
reaction has not yet taken place and active atoms have not been formed, diffusion saturation does not 

occur. The heat from the afterburning zone of the ECD wave is partially removed deep into the steel 

sample.Thus, a complex of processes occurs in the system under consideration: propagation of the 
ECD wave in the charge layer on the steel surface, unsteady heat removal into the interior of the sam-

ple, and unsteady diffusion of atoms of the saturating element deep into the steel under non-isothermal 

conditions. In this case, that part of the DC surface from which the steel diffusion saturation expands 

as the ECD wave moves. After the ECD wave has reached the BC edge, i.e. the charge is completely 
burnt, the diffusion of atoms from the DC surface and conductive heat transfer in the steel continue 

during the holding time  th. This problem is two-dimensional, nonstationary, and essentially noniso-

thermal. 

Presenting main material 
For the mathematical formulation of the above physical problem, it is necessary to make a 

number of assumptions that do not reduce the level of generality of the problem and do not distort the 
physics of the process: 

- on the DC surface (boundary steel / ECD charge and steel / ECD product) there is an ideal 

thermal contact, i.e. there are no discontinuities (pores, cracks) or intermediate layers of substances 

with low thermal conductivity (for example, scale); 
- the concentration of the saturating element along that part of the DC surface where the exo-

thermic reaction has occurred is the same and does not change over time; it is equal to zero where the 



Розділ 2. Моделювання та оптимізація в технології конструкційних матеріалів                                   81 

 

reaction has not yet occurred, i.e. ahead of the ECD wave front; after the completion of the reaction 
over the entire DC surface, this concentration is also taken constant during the entire holding time th; 

- at the DC boundary, we take an ideal diffusion contact, i.e. there are no intermediate layers 

or impurities that could slow down the transition of active atoms formed during ECD to the surface 
layer of steel. 

The kinetics of the interaction of reagents in the ECD wave is very complex and insufficiently 

studied [1, 2]. The same applies to the kinetics of generation of active atoms in the ECD wave, which 
will diffuse into steel. In this regard, we will describe the kinetics of interaction and heat release in the 

ECD wave using the relatively simple Khaikin-Merzhanov model [3—7], and consider the first-order 

reaction. 

The propagation of the ECD wave in the charge layer ABCD and the conductive heat transfer 
in the steel sample CDEF can be described by the same two-dimensional non-stationary nonlinear eq-

uation of heat conductivity with coefficients depending on the coordinates x, y and on the temperature 

T; in this case, the term describing the rate of heat release in the CDEF region will be equal to zero: 
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Here T — is the temperature [K], c = c(x,y,T) — is the mass heat capacity [J/(kg⋅К)],  

ρ = ρ(x,y,T) — is the density [kg/m
3
], λ = λ(x,y,T) — is the thermal conductivity coefficient 

[W/(m⋅К)], η — is the degree of conversion in the ECD reaction (dimensionless quantity), ≤ η ≤1, n 

— is the order of the reaction (as noted above, n = 1), Q — is the heat release of the reaction per unit 
mass of the product [J/kg], k0 — is the pre-exponent in the Arrhenius expression for the reaction rate 

[c
–1

], Er — is the activation energy of the gross reaction in the ECD wave  [J/mol], R — is the univer-

sal gas constant,, R=8,314 J/(mol⋅K), the subscript “pr” means the reaction product. 
Formula (1) is a nonlinear non-stationary heat conduction equation, in which the last term on 

the right-hand side (value F) has the meaning of a heat source (rate of heat release) due to the occur-
rence of a heterogeneous exothermic reaction. The ordinary differential equation (2) describes the 

reaction rate according to the Khaikin-Merzhanov macrokinetic model. 

Let us describe the parameters included in the heat conduction equation with a source (1). The 

amount of heat release Q = –∆Hr, where ∆Hr — is the enthalpy change for an exothermic reaction 

(∆Hr < 0), it can be determined on the basis of thermodynamic reference books, for example [8—12]. 

In the area ABCD, i.e. for 0 < x ≤ D, 0 < y ≤ B, the heat source F is nonzero and the degree of conver-

sion η is determined from the solution of equation (2). In the CDEF (for D < x ≤ E, 0 < y ≤ B) in equa-

tion (1) F = 0, η = 0, i.e. it is solved without a heat source and is an ordinary two-dimensional nonli-
near equation of heat conduction, and equation (2) vanishes identically, i.e. it is not calculated. 

Heat capacity c and density ρ are additive quantities, therefore, in equation (1) is determined as 
follows: 

- in the domain ABCD: с = cch(1–η) + cprη,   ρ = ρch(1–η) + ρprη 

- in the CDEF: с = cst, ρ = ρst, 
where the subscripts ch, pr and st stand for charge, product of CBC (product) and steel (steel). For 

each individual substance i (charge component, reaction product, steel or pure iron), the temperature 
dependence of the heat capacity is usually written in the form ci(T) = A + BT + CT

–2
 + DT

2
where the 

values of the coefficients A, B, C and D are available in thermodynamic reference books [8—12]. 

Thermal conductivity  λ is not an additive, but a structure-dependent quantity. However, for 
simplicity, in the ABCD region, where ECD occurs, the additive formula is usually adopted:  

λ = λch(1–η) + λprη,  and for steel (region CDEF) λ = λst. For the i-th individual substance, a linear 

dependence of thermal conductivity on temperature is often used: λi(T) = λ0 + λTT. 
The initial conditions for the heat conduction equation with a source (1) and kinetic equation 

(2) have the form 
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 T(x,y,t=0) = T0 = const,   η(x,y,t=0) = 0. (3) 
Since the initial temperature T0 is chosen so that at it the reaction rate is negligible, then when 

numerically solving Eq. (2), one can use the “trimming” of the Arrhenius exponent: at T при T≤T0  

dη/dt=0. 

Let us write the boundary conditions to the heat conduction equation (1). During firing t≤tig at 

the edge x=0, 0<y≤D condition of the first kind is set: 

 T(x=0, 0<y≤D, t ≤ tig) = Tig. (4) 
On all other edges of the sample during the entire process time (t>0), as well as on the edge 

AD (x=0, 0<y≤D) after ignition (t>tig) a boundary condition of the second kind is set (absence of heat 
exchange with environment):  
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Thus, the thermal problem for the considered situation is formulated. 
The diffusion equation in steel in the CDEF region (see Fig. 1) is written as Fick's II law, tak-

ing into account the Arrhenius dependence of the diffusion coefficient D of the saturating element at 

each point on temperature: 
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Here C — is the concentration of the diffusing element, ED — is the activation energy of its 

diffusion in steel (or pure iron), D0 — is the pre-exponential factor; the values of ED and D0 for the 

diffusion of many elements in α- and γ-Fe are given in the reference literature, for example [13]. 
The initial condition to eq. (7) has a simple form 

 С(x,y,t=0) = 0. (9) 
The boundary conditions for the diffusion equation (7) are as follows. Since there is no mass 

transfer of the steel sample with the environment, at the boundaries DE, CF and EF (see Fig. 1), we 

write down conditions of the second kind, which are similar to expressions (5) and (6): 
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On the CD border, the situation is different. The ECD wave moves along it in the reaction 
mixture in the direction of the 0x axis, and active atoms of the saturating element are generated in the 

region behind its front (in the zone of thermal reaction and the zone of afterburning of the ECD wave). 

Since we consider the ideal diffusion contact of the steel sample with the region ABCD, the boundary 

conditions of the first kind should be set at the DC boundary: C (y = D, x < P) = Cs  and C (y = D, 

x ≥ P) = 0,  where Cs — is the concentration of the saturating element formed as a result of ECD, P(t) 
— is the current coordinate of the combustion front on the surface DC, which can be defined as a point 

where η = 0,5 [[7]].  
But here the following circumstance arises: when the front is displaced to the next point along 

the 0x axis, the boundary condition in it will change abruptly, which can lead to the cycling of the 

computer program in the numerical solution of the above problem. In addition, in the ECD wave, in 
front of the narrow zone of rapid reaction, there is a wide Michelson zone, in which the charge is 

heated by the heat flow from the reaction zone. For the considered two-dimensional problem, the heat 
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from the specified zone will be partially removed to the surface region of the steel located in front of 
the ECD wave front, and then the diffusion coefficient D there will increase. Then, at a low velocity of 

propagation of the ECD wave, a situation is theoretically possible when the atoms of the saturating 

element diffuse forward along the 0x axis from the surface zone of the steel located behind the ECD 
front. This, again, will lead to significant difficulties in the numerical solution of the problem. There-

fore, it is better to set boundary conditions of the third kind, which in the situation under consideration 

we will write in an unusual form, taking into account the motion of the combustion front along the DC 
line: 
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where 
Eyx =,

η  and 
Dyx

C =,
 — respectively, the degree of conversion and concentration of the dif-

fuser in steel at a point with the current coordinate x at the boundary DC (i.e., at y=D), and the parame-

ter KC is the coefficient of mass transfer between the steel surface and the reacted charge. At a high 

value of KC the concentration of diffusant in the steel at a given point C→Cs, and then the condition of 
the III kind (11) will be reduced to the condition of the I type (constant concentration at a given point). 

Thus, the diffusion part of the problem is formulated completely. The heat conduction equa-

tions with a source (1), (2) and initial (3) and boundary conditions (4)—(6) must be solved together 

with the diffusion equation (7) with the initial condition (9), boundary conditions (10)—(13) and ex-

pression for the diffusion coefficient (8). 
Equations in dimensionless form: instead of an infinite region, we will consider a finite one 

with the size Xmax. To develop a method for the numerical solution of the Stefan problem, it is neces-

sary to bring all equations to a dimensionless form: 
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where t0 and X0 — are the characteristic scales in time and distance, ρ0, c0 and λ0 — are the characte-

ristic values of density, heat capacity and thermal conductivity, respectively, x and τ — are the dimen-

sionless spatial coordinate and time, respectively, θ — is the dimensionless temperature, Tmax — is the 

maximum the possible temperature of the melt in the process under consideration, ρ , c  and λ  — 

dimensionless (scaled) density, heat capacity and thermal conductivity, respectively. 
Conclusions 

Thus, the diffusion part of the problem is formulated completely. The heat conduction equa-

tions with a source (1), (2) and initial (3) and boundary conditions (4)—(6) must be solved together 
with the diffusion equation (7) with the initial condition (9), boundary conditions (10)—(13) and ex-

pression for the diffusion coefficient (8). 

In the future, it is necessary to build a finite-difference scheme, calculate the running coeffi-

cients and numerically solve the finite-difference equations by the iteration method. 
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МАТЕМАТИЧНЕ МОДЕЛЮВАННЯ ФОРМУВАННЯ ДИФУЗІЙНИХ ШАРІВ  
З ВИКОРИСТАННЯМ  КОМПОЗИЦІЙНОГО НАСИЧУВАЛЬНОГО  
СЕРЕДОВИЩА 
Середа Б.П., Хина Б.Б.,. Кругляк І.В,  Середа Д.Б. 
 
Реферат 
Розглянуто задачу про хіміко-термічній обробці сталі з використанням композіційного 

насічувального середовища з Використання ECD (Energy component of diffusion). У даній сис-
темі відбувається комплекс процесів: поширення хвилі в шарі шихти на поверхні стали, неста-

ціонарний тепловідвід вглиб зразка і нестаціонарна дифузія атомів насичує елемента вглиб ста-

ли в неізотермічних умовах. При цьому та частина поверхні, з якої йде дифузійне насичення 

стали, розширюється в міру руху хвилі. В роботі теплопровідність λ є не адитивної, а структур-

но-залежної величиною. Однак для простоти в області, де протікає ECD, зазвичай приймають 

аддитивную формулу: λ = λch(1–η) + λprη,  а для сталі λ = λst. Для i-го індивідуального речовини 

використовували лінійну залежність теплопровідності від температури: λi(T) = λ0 + λTT. Після 

того, як хвиля ECD добігла до краю, тобто шихта повністю прореагувала, дифузія атомів з по-
верхні і кондуктивний теплоперенос в стали тривають протягом часу витримки th. Таке завдан-

ня є двовимірної, нестаціонарної і істотно неізотермічної. 

Кінетика взаємодії реагентів в хвилі ECD носить досить складний характер і є недостат-
ньо вивченою. Те саме можна сказати і до кінетики генерації активних атомів в хвилі ECD, які 

будуть дифундувати в сталь. У зв'язку з цим будемо описувати кінетику взаємодії і тепловиді-

лення в хвилі ECD з використанням відносно простий моделі Хайкіна-Мержанова, і розглядати 

реакцію I-го порядку. Поширення хвилі ECD в шарі КНС і кондуктивне тепло перенос в стале-
вому зразку можна описати одним і тим же двовимірним нестаціонарним нелінійним рівнянням 

теплопровідності з коефіцієнтами, залежними від координат x, y і від температури T; при цьому 

член, що описує швидкість тепловиділення, в області буде дорівнювати нулю. 
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