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JTBOBHUMIPHA CITEKTPAJIBHA 3AJIAUA 3 KOHBEKTUBHOIO CKJIA/IOBOIO
JIJIS1 ABOIIAPOBOI TPSIMOKYTHOI OBJIACTI

Poszensioaemovcs 3a0aua, wo cxnadaemocs 3 pieHAHHA 8 YACMUHHUX NOXIOHUX OPY2020 NOPSOKY
3 PO3PUBHUMU KOEDIYIEHMAMU | SPAHUYHUX YMO8, WO BUSHAUAIOMb NOBEOIHKY He8i0oMOi QyHKYil Ha
306HIWHIX Medcax [ Ha medci po3diny wapis. Jlana 3adaua 3600umsbcs 3a OONOMO20I0 8IONOBIOHUX
nIOCMAanH080K 00 080X camocmitnux niozaday. O0na 3 HUX € Kracuunolo 3adaueio [lImypma-Jliysinis.
Po3zé’szanna opyeoi niozaoaui 3anescums 6i0 GUOOPY NPOMINCKY, Y SKOMY DPO3MAUOBAHI 6AACHI
3HaueHHs 3a0ayi. Busnawaemocs euensd 6nacHux QYHKYil, HABOOAMbCS PIGHAHHS OISl 3HAXOONCEHHS
BIIACHUX 3HAYEHb. 3acanbHuM po38 A3KOM 3a0ayi € NOGHA CUCHEMA NONAPHO OPIMOZOHATLHUX (DYHKYILL.

Knwwuogi cnosa: cnekmpanvia 3adaua, 61acHa yHKYIs, IACHe 3HAYEHHSL.

The problem, which consists of equation in finite derivatives of order two with discontinuous
coefficients and boundary conditions that designate the behavior of unknown function and on
boundary between layers, is handled. The problem is reduced by means of appropriate substitution to
two independent subproblems. One of them is the classical Sturm-Liouville problem. The solvingof
thesecond subproblem depends on the choice of interval, which the eigenvalue of the problembelong
to. The formula for eigenfunction is obtained, equations for eigenvalue finding are provided. General
solution of the problem is the complete system of pairwise orthogonal functions.

Key words: spectral problem, eigenfunctions, eigenvalue.

IMocTanoBka nmpo6JjeMu

Cepen aHANITUYHUX METOJIIB, 110 BHKOPUCTOBYIOTHCS TIPH PO3B’sI3aHHI 3a/a4 JuUQy3iitHOTO
THITY, JOCTaTHRO CHJIIBHUM € METOJ CKiHUYEHUX IHTErpadbHUX IEPETBOPEHB. YHIBEPCANTBHICTH I[HOTO
METO/Y O3BOJISIE 3HAXOJUTH PO3B’S3KH MIMPOKOTO KOJIA 3a/1a4 TeIJIOMacOIepeHocy.

YchimHIiCTs METOAY CKIHYEHUX IHTErpabHUX IePEeTBOPEHb 3aJICKHUTHh BiJl MOXKIUBOCTI
pO3B’s3aHHS BIiATOBIMHOI CIEKTPAIBHOI 3a/adi, 10 SKOI 3BOISATHCS BUXIAHI PIBHIHHS B YaCTHHHHUX
NOXIMHUX Ta rpaHU4YHI yMOBU. [Ipu IbOMYy CKJIagHICTH OTPUMAaHHS PO3B’SI3KY CIIEKTPaNbHOI 3aaadi
HanpsMy IOB’si3aHa 3 TEOMETPIEI0 Ta CTPYKTYPOIO Tijla, IO PO3TIISAAAETHCS.

B imkeHepHiii MpaKTUIll BEIUKUHA 1HTEpEC BUKIIMKAE BUBYCHHS MPOIIECIB, MO BiAOYBAIOTHCS Y
OaraToIapoBHX KOHCTPYKIIISX, TEOMETPIs SKMX MOJCIIOETHCS TBOBUMIPHOIO 00J1acTiO. 3BayKarouu Ha
e PO3IJISA BIAMOBIAHOI CHEKTpaNbHOI 3a7adi Ta MOOYJOBa alrOpUTMY ii pO3B’S3KY € aKTyalbHUM
HAYKOBHM JOCTI/DKEHHSIM, pE3yJIbTaTH SIKOTO JIO3BOJISATh OTPHUMYBAaTH PO3B’S3KH  BAXKITUBUX
IHKEHEPHHX 3a]1ad.

AHaJi3 OCTaHHIX JOCTIIKeHDb i my0aikamiii

OmHUM 3 KITFOYOBUX €TalliB BUKOPUCTAHHS METONy CKIHYEHUX IHTEeTpalbHUX MEePETBOPEHb €
pO3B’s3aHHS  BIAMOBIMHOI creKkTpanbHOi 3amawi. Ilportec  3HaXOmKEHHS i1 PO3B’SI3KY JTO3BOJISE
noOyyBaTH MMOBHY CHCTEMY BIacHUX (DYHKIIIH, sIKi B MOJABIIOMY BUKOPHCTOBYIOThCS Y SIKOCTI siep
CKIHYCHHMX IHTETpajbHHX TNepeTBopeHb. [l 3amau, mo onucyioTh audy3iiiHI npomecu y
OJTHOIIIAPOBUX OOJACTSX, BUTTIS SIEp iHTETPAIbHUX MIEPEeTBOpPEHb € noOpe BuBYeHHM [1]. Y 3amauax
JUIsL GaratomapoBux ooOsactedl [2] 3HAXOMKEHHS sIep ITOB’SA3aHO 3 TPYMHOIIAMH ITOOYIOBU ITOBHOI
cucremu BnacHuX (yskuii [3]. e Oiapm ckIaAHUM BUSBISETHCS POLIEC PO3B’A3aHHS CIIEKTPaTbHOT
3a/1adi, SIKIIO BpaxyBaTH KOHBEKTHBHY CKIAA0BY. Y po0oTi [4] HAaBOIUTHCS PO3B’s3aHHS TaKOi 3a/1a4i
JUISL OTHOBUMIpPHOI JBOIIApoBOi o6macTi. PesynbTat 1mi€i poOOTH BHKOPUCTAHI JUISI PO3B’sS3aHHS
3a71a4i KOHBEKTHBHOTO TEIIOOOMiHY y ABOIIAPOBiit 001acTi.
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®opMyIIOBaHHS METH 10CTiZKEHHS
MeTo1o JOCTiIKEHHsSI € PO3B’sA3aHHS ITBOBHMIPHOI CHEKTPaNIbHOI 3a1adi 3 KOHBEKTHBHOIO
CKJIaJIOBOIO ISl JIBOIIAPOBOI OOJIACTi, a caMe BHBYEHHS OCOOJIMBOCTEH MOOYIOBH OPTOTOHAIBHOI
cucreMu (QYHKIIN 1 BIINOBIZHOTO HA0OPY BIACHUX 3HAYEHb.
Buknag ocHoBHOro marepiajy
3amaHa MPSIMOKyTHa 00jacTh, MO CKIaga€Tbes 3 aBox mapie (puc. 1). Cramia, A i
W npuiiMaroTs Ha nepmomy mapi (—/; <x<0;,0<y<h) 3HaueHHA a;, 4 , W , @ HA IPyroMy mapi

(0<x<l);0<y<h)3HaueHHs a), Ay, W) .

Y 4

al,ﬂ.l,u'l dy., Ay, Wa

) 0 , X

Puc. 1. TlpsmokyTHa BoIIapoBa 001aCTh

Heo0Oxigno Bu3HAUNTH QyHKIIIO <15(x, y)3 PIBHSHHS B YaCTUHHHX IOXITHUX
a(@xx (x,y)+ cDyy (x’y))—'_ wd, (x,y)+ ﬁzd)(x,y) =0, (1)

i) ﬂz — KBaJpaT BJIACHUX YUCLII CHGKTpaJ'IBHO'l. 3a;[aqi.

Ha 30BHImHIX Mekax MpAMOKYTHOI 00J1acTi 1 Ha CIUIBHINA MeKi 3a/1aHi TpaHUYHI YMOBHU

®(-1,y)=0,
®(l,y)=0,
@(x,0)=0,
@(x,h)=0,
®(-0,y)=@(+0,y)
ilqjx (_ 0, y) = ’IZ@x (+ O’y)'

[pencraBumo QyHKIIIFO @(x, y) y BUTISAL TOOYTKY <I>(x, y)=(/)(x)t9(y) 1 migcTaBUMO B
piBHsaHHA (1). OTpuMaemo

do” () + o (v)+ we (W) + B (r)=0. 3)

[Ticns mineHds 060X 9acTUH piBHIHHS (3) Ha a(p(x)H(y) Ta MepeHeCeHHs BUPa3y, IO MICTHTH

2

3MiHHY ), y IPaBy YaCTUHY, Ma€MO

n ! 2 n

o (), wol) p°_ 0() 4@
olx) a olx) o 60)

PiBHicTb niBO1 1 mpaBoi yacTUH BUpazy (4) MOXKIIMBA JHIIEC Y BUMAAKY, KOIU OOWABI YaCTHHU

(4) mopiBHIOIOTH MEBHIH cTamin ;72 . B pesynbrari, 3 ypaxyBaHHSM IpaHUYHHX YMOB (2), IPUXOIAMO

JI0 MBOX mim3angad. [lepiia 3 HUX, BITHOCHO 3MIHHOI ), CKJIAJIAE€THCS 3 PIBHIHHS
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0" (v)+n*0(y)=0
i r(paHUYHKUX YMOB

6(0)=0,6(h)=0.

3amaua (5), (6) € knmacuunoro 3anadeto LItypma-JliyBinns 1 ii po3B’s30k 1oOpe BimoMuit

6(y)=sin(ny ),
km . 2_h
ne ny = o k € Z , 1 xBagpaT HOpMHU ||9|| = 5

Jpyra nia3anada BiIHOCHO 3MIHHOI X Ma€ BUTJIS[

ag” (x)+we (x)+ (62 = an? Jp(x)=0,

p(=1)=0,
o(l,)=0,
9(=0)=p(+0),
49'(=0)=4,'(+0).

s po3B’si3anHA piBHAHHS (8) 3 yMoBaMu (9)poOuMo 3aMiHy

o(x)=yplx)e ™,

B pesynbTaTi IpUX0AUMO 10 CIIEKTPAIbHOI 3a1a4i. BoHa CKJ1a1aeThes 3 pIBHAHHS

ay” ()82 —au® —an® Ju(x)=0

1 TPaHUYHUX YMOB

2,2 2,2
al(ﬂl TNk <a2(ﬂz T )

)

(6)

(7

®)

)

(10)

(11

(12)

(13)

st ;)03B’51321HH$[ 3agayi (12), (13) HeoOXigHO PO3MIISHYTH TpW Bunanku. [Ipumyctumo, 1o

. 2 2 - .
Skmo fe| 04/ a\wy” +np , TO BCl MOro 3HA4YE€HHS CJIJI BU3HAYATH 3 TPAHCLIEHACHTHOTO

PIBHSHHS

(i = dppn Jshlayly )shlgals ) = qrchlaqly )shlgals ) = 2agashlgily )eh(galy ) =0,

2 2
/ 2 2 B 2 2 B

e Q=M T ——— , =Myt ——
a ap

BracHuM 3HaueHHSIM BiIIMOBiAatOTh BIacHi QyHKIIT
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w1(x)= 4ichlgix)+ Bish(gyx), wo(x)= Asch(gyrx)+ Bysh(gyx), (14)
e A = Ay =sh(qly), By = ch(qil;), By = sh(gihy Ao _/{11:1)+ Agich(gl) _
242

V Bunazky, koiau f € (\/ a (,ulz + ’7k2 ) ; \/ a, (,uzz + nkz )) , BIIACHI 3HaUeHHs f§ 3HAXOAUMO 3
TPAHCHEHACHTHOTO PiBHSIHHS

(A = Jop sin(qily Jsh(galy ) = laqreos(qily Jshlgals ) — Zagasin(gyly Jeh(galy )= 0,

ne 1/——% -y ,6]2—1/#2+’7k -
ay

[Tpu npomy BracHi QyHKUIT MarOTh BUTIISL

w1 (x)= Ajcos(qx)+ Bisin(gx), wa(x)= Aychlgox)+ Bysh(gax), (15)
e A= 4y =sinlqily), By =cos(gil;), By = sin(g14 Nt —/1/11:1)%11611005(61111)‘
292

SIKo BacHe 3HaueHHs f € (1/ a, i,uzz + ’7k2 i; +oo) , TO TPAHCLIEH/ICHTHE PIBHIHHS

BU3HAYAECTHCA HACTYITHUM YMHOM

(A4 = Aoy Jsin(gyly sin(gals ) — Agicos(gyl; sin(galy ) - pgasin(gil Jeos(gals )= 0,

ze ‘f__ﬂl 77k , \__ﬂz _77k

Toni BacHi GyHKITII MafOTh BUTIISAL
¥ (x) = Alcos(qlx) + Blsin(qlx) , Yo (x) = Azcos(qzx) + stin(qzx) , (16)

_ = dysin(gih) + Apupsin(gly ) + Agcos(qiy) ‘
292

ne Ay = 4, =sin(ghy), B =cos(qiy), B,

OTxe, ciekTpanbHa 3a1a4a (1)-(2) poss’s3ana. 11 po3s’a3kom € yHKii

D(x.y)= e y(x)o(y), (17)

ne 6(y) BusHayaroThes Bupazom (7), a c//(x) Bupazamu (14)—(16).

Coia BiIMITUTH, 110 (YHKIII @(x, y) OpPTOTOHAJIBHI 3 BarOK — , TOOTO
a

Iy n

A
j J.;djn (x’y)¢m (x’y)dXdy = Oa n# m,
—11 0
@, n=m,

e ||CD n || 2 KBaJIpaT HOPMHU.
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BucHOBKH Ta mepcneKTHBY MOAAIbIINX AOCTiIZKEHb

IIpu moOya0Bi po3B 3Ky CHEKTPAIBHOI 3a/1a4i TOJI0BHA OCOOIMBICTh MOJIATAE B HEOOX1THOCTI
pO3MIIANY TPHOX MPOMIKKIB pO3TallyBaHHsS BIACHUX 3Ha4yeHb. lle MOB’SA3aHO 3 HAsBHICTIO
KOHBEKTUBHOI CKIIQJIOBOi, @ TaKkOX 3 THUM, IO 0O0JacTh, Ky PO3MVIAAAEMO, € OBOBHMIPHOIO Ta
JTBOIIAPOBOIO. 3HaMIeHI BiacHI (YHKII MOXXHA B TOMAJIBIIIOMY BHKOPHCTOBYBAaTH Y SKOCTI sep
IHTETpAIbHUX TEPETBOPEHb Ui MOBHOTO PO3B’s3aHHs BiJNOBIIHHUX 3a]ad TeMIOMacolepeHocy.
AHani3 npoBeleHUX BUKIAJI0K MOKa3ye, II0 NEPCIEKTUBHIMH € HAIIPSIMKH, TIOB’S3aHi 3 pO3B’sI3aHHAM
CIEKTpaJbHUX 33734 JJIs TPUBUMIPHUX 00JacTeld, 1 00acTeil 3 KIBKICTIO mIapiB, OUTBIIO HiXk JBa.
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TWO-DIMENSIONAL SPECTRAL PROBLEM WITH A CONVECTIVE
COMPONENT FOR A TWO-LAYER RECTANGULAR AREA
Pyshnograev Y.N., Shtanko A.I.

Abstract

Among the analytical methods used in solving problems of diffusion type, the method of finite
integral transformations is quite powerful. The catolicityof this method allows to find solutions to a
wide range of heat and mass transfer problems. The success of the method of finite integral
transformations depends on the possibility of solving the corresponding spectral problem, to which the
initial equations in partial derivatives and boundary conditions are reduced. In this connection, the
complexity of obtaining a solution ofa spectral problem is directly related to the geometry and
structure of the body in question. In engineering practice, the study of the processes occurring in
multilayer structures, whose geometry is modeled by a two-dimensional region, is of great interest.
For this reason, consideration of the corresponding spectral problem and the construction of an
algorithm for its solution is an relevant scientific study, the results of which will make it possible to
obtain solutions of important engineering problems.

One of the key stages of the application of the method of finite integral transformations is the
solution of the corresponding spectral problem. The process of its solution enables to build a complete
system of eigenfunctions, which are further used as kernels of finite integral transformations. This
makes it possible to obtain analytical solutions for a large number of heat and mass transfer problems
using standard algorithms. In this context, the purpose of the study is to solve a two-dimensional
spectral problem with a convective component for a two-dimensionaldomain, expressly to study the
constructing peculiarities of orthogonal system of functions and the corresponding set of eigenvalues.
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The undertaken studies have shown that in the construction of a solution to a spectral problem,
the main feature is the need to consider three intervals of the eigenvalues location. This is due to the
presence of the convective component, as well as the fact that the domain under consideration is two-
dimensional and two-layer. The discovered eigenfunctions can be further used as kernels of integral
transformations for the complete solution of the corresponding heat and mass transfer problems. The
analysis of the performed computationsshows that promising are the directions connected with the
solution of spectral problems for three-dimensional regions and domains with more than two layers.
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