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PO3B’S130K CTATUYHOI IVIOCKOI 3A/IAYI TEOPII ITPYKHOCTI
JJIsI HEOJHOPIAHUX I30TPOITHUX TLJI

B Oanii pobomi suxnadacmucs memoo po38 a3aHHA CMamuyHoi HI0CKoi 3adaui meopii npy-
JICHOCMI OJIs1 HEOOHOPIOHUX MIN WASAXOM NOCAIO0BHUX HADIUICEHb HA OCHOBL 3ACMOCY8AHHs 81000pa-
arcenv muny Konocoea, Mycxeniwgini i kongopmuux nepemeopenv. /s po3e ’a3anHs panudnux 3a0ay
8 pa3i HeOOHOPIOHUX MINl BUKOPUCOBYEMBCA CROCIO NOCAIO0BHUX HAONUICEHD, B8ANCAIOYU, WO Nepule
HabaudiceHHsl 8IOnoeioac miny, Ha sKe Oilomb Mmi Cami HABAHMAICEHHS, djle IKe 88ANCAEMbCL 0OHODI-
OHUM, @ HACMYNHI imepayii 6600sIMb NONPABKU HA HEOOHOPIOHICMb.

B pobomi 0osedeno, wo 6 Haiibinvwi 3a2a1bHOMY GUNAOKY KEAZICMAMUYHY 3a0ay)y Meopii
8 SA3KO-NPYICHOCHI, NPU HAABHOCHIE CMAYIOHAPHO20 MEPMIYHO20 NOJIsL, MOJCHA 36€CU (POPMATLHO 3d
odonomoeoio nepemeopenus Jlaniaca 0o npyjicHo-cmamuyHoi 3a0ayi 0151 HeOOHOPIOHO20 Mina, npu-
YOMY OCMAHHIO MOMNCHA BUPTUWUMU MAKOJIC 3a3HadeHum y pooomi memooom. Ilpu yvomy iomiyeno,
WO OMPUMAHHS PO36 3Ky 8'A3KO-NPYIHCHOT 3a0aui 8UMA2AE GUKOHAHHS 360POMHO20 NePemEOpPeHHs,
w0 N08’a3aH0 3 0OCUMb GEIUKUMU OOUUCTIOBATLHUMU MPYOHOWAMU, 4 OMPUMAHHS PO38 A3KY OJis 00-
Jacmeti 3 HeOOHOPIOHICMIO 3A2AlIbHO20 8U2TA0Y HOMPEOYE BU3HAYEHHS PO38 S3KY, W0 8i0n08idac mum
camum obracmam 8 0OHOPIOHOMY cepedosuUyi.

Kniouoei cnosa:meopis npysjcnocmi, i30mponHicmos, KOMNJIEKCHA 3MIHHA.

In this paper, the method of solving the static plane problem of the theory of elasticity for non-
homogeneous bodies is described by successive approximations based on the use of reflections of the
Kolosov type, Muschelishvili and conformal transformations. To solve boundary problems in the case
of non-homogeneous bodies, the method of successive approximations is used, assuming that the first
approximation corresponds to the body on which the same loads work, but which is considered to be
homogeneous, and subsequent iterations introduce corrections for heterogeneity.

1t is proved in the paper that in the most general case, the quasi-static problem of the visco-
elasticity theory, in the presence of a stationary thermal field, can be formally reduced by means of
Laplace's transformation into an elastic-static problem for a non-uniform body, and the latter can also
be solved by the method indicated in the work. It is noted that obtaining a solution of a visco-elastic
problem requires the implementation of inverse transformation, which is associated with rather large
computational difficulties, and obtaining a solution for areas with heterogeneity of general appear-
ance requires the definition of an solution that corresponds to that the areas themselves in a homoge-
neous environment.

Keywords: theory of elasticity, isotropy, complex variable.

IMocTanoBka npo6JeMu

PeanbHi Tina MOXYTh MaTH MOYATKOBY HEOJAHOPIIHICTh BHACHTIIOK BKJIIOYCHHS CTOPOHHBOTO
MaTepiary, KOMITO3HIIl B OTHOMY TiJli pi3HHX MaTepiajliB a0o JedeKTiB MaTepialy, a TAaKOX i 1HIyK-
TUBHY HEOJHOPIIHICTh, KA BUKJIMKaHA HAsBHICTIO 30BHIIIHIX MOJIIB, i, TOJIOBHUM YHHOM, TEPMIYHUM
nojeM. Bimomo, 1o onepaTopH, sIKi BU3HAYAIOTh CKJIAZ0BI 3aKOHHU JJIsl B’A3KO-MPYKHUX MaTepiamis,
MICTATH TapaMeTPH, K Ty’Ke IyTIIMBI IO 3MiH TeMIEpaTypu. Y pa3i HEOTHOPITHOTO TEPMITHOTO TIO-
TS 11 TTapaMeTpH 3aJIeKaTh BiJl IPOCTOPOBUX KOOPAMWHAT. BIUIHMB i€l iHIYKTUBHOI HEOJHOPITHOCTI Ha
PO3MOoAiN HANpy>KeHb, BUKJIUKAaHUX 30BHILIHIMU CHJIaMH, 3HAYHO Oiblie i NoBIIe, HiX e(eKT Hanpy-
JKCHb, BUKIIMKAHUX CaMUM TepMidHuM mosieM [1]. HexTyBaHHS sk UM e(eKTOM Belie, HABiTh B Haii-
MPOCTIMNX BUTIAAKAX, 0 (Pi3MIHO HEMPUHHATHUX PO3B’SA3KIB.
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AHaJi3 0cTaHHIX J0CTiIZKeHb Ta MyOJaiKkamii

JlocTimpKeHHIO TIOCKOT 3a71a9i HEOHOPITHUX TPYKHUX TUT IPUCBIUEHUH psaa pooiT. YacTuHa
UX poOiT, HanpuKIaa [2—4], BUXOAUTH 13 CIPOIIYIOUOi TOTE3N 3MIHH OJHOTO MOYJIS IIPYKHOCTI,
npunyckatoun koediuient Ilyaccona noctiinum. [Hma, sk, Hanpukian, [S], po3risaae BUMAAOK Tif,
IO CKJIATAIOTHCS 3 00’ €THAHHS JU3 IOHKTUBHUX OJHOPITHUX MPYKHUX 00TacTeH.

ABTtopamu [6—7] Oynu 3anponoHoBaHi (GOPMYIH IJisi KOMIUIEKCHOTO BiZJOOpasKeHHS HATpy-
JKEHb 1 NepeMillleHb,sIKi CIpaBeIMBI AJs NPYKHUX 1 B’S3KO-MIPYKHUX Tl 3 O€3MEepepBHOIO OAHOPIA-
HICTIO 3araJIbHOTO BUTJISTY B IUIOCKOMY 1 BiceCHMETpUYHOMY BUNAAKY. B maHiit poOoTi BUKIaTa€eThCs
METOJI pO3B’SI3aHHS CTATUIHOI TUTOCKOI 3a/1adi Teopil MPYKHOCTI AJIT HEOTHOPITHUX TLT IIJITXOM TI0C-
JIOBHUX HaOMM)KEHb HA OCHOBI 3aCTOCYBaHHS BifoOpaxenb Ty Kosocosa [8], Mycxemnimsiii [7] i
KOH(OPMHUX ITEPETBOPEHb.

DopMyTHOBAHHS METH J0CTiIKEHHS

Mertoro poOOTH € 3BEJIeHHSI KBa3UCTaTUYHOI 3a[adi Teopii B’S3KO-NIPYKHOCTI TPU HASIBHOCTI
CTaLliOHAPHOTO TEPMIYHOTO MOJS J0 MPYKHO-CTAaTUYHOI 3aAavi A HEOAHOPIAHOTO Tijla METOAaMHU
neperBopenHs Jlamnaca.

Bukian ocHOBHOT0 MaTepiajry

OcHOGHI pieHAHHA | (DOPMYNIOBAHHA 2PAHUYHUX 3a0ay. BBeneMo B pO3IIis]] piBHSIHHS KBa3i-
CTaTHYHOI PiBHOBarw, TeOMETPUYHI PIBHIHHS 1 CKJIAJIOBI PIBHSHHS HEOJIHOPITHOTO B’S3KO-TPY>KHOTO
CepeoBHIIa, 1o 3aiiMae 001acTh R

0y, +Xi=0, ¢ =%(ul~,j +uj;), sy =e;°dGy, o =gy —3al)dGy, )
1 1
Sij = 0jj —gakk@-j, ejj = & —ggkkéij, 2)
e 0;; — TCH30p HANPYXKCHb, £; — TEH30p AedopMallii; u; — CKIafoBi MPYXKHOTO NEPEMIIICHHS;
X; — wmacoBi cumm; T =T(x;) — Temmeparypa, IO IepeadavdacThesl CTALIOHAPHOIO B TOYII

x; =(x],Xp,x3) 1 BUMIPSHOIO BITHOCHO IPUPOJHOTO CTaHy Tina; o = a/(x;) — Koe(ilieHT, 110 3ae-
XHUTh BiI mpupoan marepiany; G =Gy(x;,t),Gy =Gy(x;,t) — OyHKIII, M0 BU3HAYAIOTH B’S3KO-
HPYXXHY MOBEIIHKY CepeIOBHIIA.
CumBod o siBiisie o000 KOHBOMIOLIHHMNA H00YyTOK THITy CTHIITBECA BIATIOBITHIX (QYHKILIH.
[Ipunyctumo, mwo Gy, G,, o X;, &jj (f)Hanexarp 0o Kiacy o! , 1 MawTh TOPSAOK

Olexp(pot)] mput — oo anst(x;) € R, npuduoMy p, — AOBLUIbHA JiliCHA MOCTiHHA. 3aCTOCOBYIOUH IIe-

perBopenHst Jlamnaca no piBasiHb (1), oTpuMaeMo
1

~ * ~ ~
Ul'j, i +Xi =0, gij :E(Mi’

j i), S =pGree, G = pGo o (81 =3aT), (3)

J

0
ne f(x1,p)= [P f(x;,0)dt ,a Rep> py.
0
Y pasi IIOCKKX 3a[a4, BBOLIYH NO3HAYCHHA O = O, O =Ty, .5 6] =€y, 1) =&y .. U =U,

uy =v3(2)1(3) orpumaemo:

5. 0T ~ 0T, 006, ~
99 Ty g0, S % Ly, @)
ox oy ox oy
-~ ou ~ OV - 1({ou ov
Ex =7 gy:—’ gxyz_ —t— |, (5)
ox oy 2\ oy ox
Gy =AE, +8)+20E, —kT , G, =A(E, +,)+2]ig, —kT (6)
?xyzzﬂgxya ZN-yZZZN-zx:O' (7

[Ipu upomy, a8t MII0CKOTO Ae(POPMOBAHOTO CTaHY
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-~ 1 ~ ~ _ ~ o~ ~
A =—p(Gz -Gy), 2u=pGy, k =paG,, (8)

_ G -G 3G oGyopal -

G.= 2 (5, +65,) L2 P o, 9)
2G2+Gl 2G2+G1

a JJIsd TIJIOCKOI'0 HAIIPY>KCHOT'O CTaHy

7-9°G"0p oy G F23012Gepa (10)
2G1+G2 2G1+G2
szﬂ Ex+E))+ 3Gy _ al ,5,=0. (11)
2G1+G2 2G1+GZ

PiBasiaEs (4)—(7) Ti X, 110 1 y BUMAAKy TUIOCKOT 3a1a4i HEOJHOPIAHUX Npy>KHUX Tin [7]. Hu-
JK4e JUTS TPOCTOTH 3aIHCY THIIBJA OITyCKAETHCA.
VY nonmansmomMy BUKIAAI MPUMYCTUMO, IO &, , &

1, 0TKE O, O, Ty, OydyTh PiIBHOMI-

v Exy s
pHEMH 1 Oe3mepepBHUMHU (QYHKIISIMUA pa3oM 3 iX MEPIIUMHU 1 JPYTUMH YaCTKOBUMH MOXiAHUMH B 00-
nacti D, 3aiiHsTOl Ipy)KHUM TisloM, i o X = X (x,y), ¥ =Y (x,y)— anamitnuni QyHkuii Bigx iy B

OITHO3B’sI3HIN obnacTi D, , ska MOBHICTIO MicTHTh 00nacTh D . PiBHAHHS (4) MOXKHA IIIe HAMMCaTH y

BUTJIAIL
0 . 0 .
g(a O'x+2lrxy)—£(0'x+0'y)=X—lY, (12)
nez = 1181616 apu + 8181_8
= —=— — z=x+1Iy, ——i—.
) PP Y % 2\ oy
PiBnsiansg (12) 3a10BONBHIETHCS TOTOXKHO, SKIIO MTOKIAIEMO
0°F , R _
Oy +O'y 48282 y O'x+2lTxy=4az—2—M(Z,Z). (13)
Tyr F(z,Z) — ananmitiana GyHKLis Bigz iz B obmacti (D,D).Boua mnpuiimae miiicHi 3Ha-

YeHHS, 1 IOIMyCKae YacTHHHI Oe3MmepepBHi MOXiTHI MEPITUX YOTHPHOX MOPSIIKIB, a

z+z z—z [ z+zZ z—Z
_M(z,7)= j“ > j—zY( s de (14)

Oyzie aHaTHYHOIO (QYHKIIE0 3MiHHKX z 1z B obmacti (D, ,D,).

Tyt gepes D TaD. , TIO3HAueHi 001acTi, CUMETPHYHI, BIANOBIAHO, 001acTam D 1D, BiTHOCHO
JIHCHOT oci. ByieMo BBaXkaTH, 110 TOYATOK KOOPIMHAT HaJIS)KUTh 001acTi D .

3 (5) i (6) MOXXHa BHBECTH CIIiBBiHOIIEHHS MIX CKJIaIOBHMHU HANpYXXEHHI O, Oy, Ty i
CKJIAJIOBUMH TIEpEeMIIlieHH 1 , V', y BUTIIAII

T 2

8—U:—L(O' -0, +212'xy)=—la F+£, (15)

oz 4u u o> Au

e U=u+iv,al7=u—iv.

_ ~ a2 ~
a—U+a—[{=Z—l(ax+ay+2kT)=Z Lo Ii+k(l 1)T (16)
oz 0Oz 4u M 0z0z 2u

e :/1+3,u'
A+u

PiBHSIHHS CyMICHOCTI MOXKHA OTPHMATH IUISIXOM BHUKIOUeHHs U 3 piBHsAHHA (15). OTpumae-
MO YMOBY
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2 2 2 2 Vi 2 2
O(1F M| O (1%F M| 0% | x=10°F kx| o
o2\ m a2 4w o2\ o Au) G202 po 202 2u

SIKy MO>KHA 3aIicaTu y BUTIISIII

Al F - O°F 0’F - 62F a F
st St A Gt h—Ft+th—+ —=f(z,2), (18)
0z“0z 0z0z 0z“0z 0z oz 6 0z

2 2 57 A2 B
fem=t T M MO [Me=D e (19)
r+1|az2 4 522 4u 0202 2u
0, y+l1

2 2
A1=—1n ’AZ_ # a 1 3= # a_.
oz 7 ;(+la u’ x+10z0z

ac

[Mpumyctumo, mo 4;(z,z) i f(z,z) — aHanituuHi GyHKUIT 3MiHHEX z 1 Z , B oOmacti (D, D).
MoskHa noBecTH, 0 OyIb-sIKuil po3B’ 30K piBHAHHA (18), SIKUI MOMMyCcKae YaCTUHHI TOX1IHI TEPIINX
4OTHUPBOX TOPAKIB, Mo Ge3nepepsri B (D, D), 6yae aHamiTHUHOW0 (YHKIIEIO 3MIHHAX z i Z B Iiif
oOnacTi. 3BiAcH BUILIMBAE, IO BHIIEBKa3aHa rimoTe3a mpo Oe3nepepBHIiCTs B D CKIAAOBUX Hampy-
JKEHHS 1 IX TIepIInX 1 IPYTUX MOXITHUX BKIIIOYAE B ceOe aHAIITHYHICTS B D IHX CKJIAIOBUX, 1110 y3a-
ranbHIo€ pesynbrar H.I. MycxenimBinily BUNaaKy OJHOPITHHUX Tix [6].

3i cniBBigHOWIEHS (13) BUIIIMBAE, 1110 HANPYKEHUI CTaH 3aJI€KUTh Oe3MOCepeHbo He Big F
a BiJ ii YaCTMHHUX TOXIHUX JIPyroro nopsaxy. [lo3Hadaroumn, HarpuKiIa,

) OF (z,2)

—=0G(z,2), (20)
oz
piBHSHHS (18) MOYKHA ITepenucaTH y BATJIII
3 2
6G oG aG+A3§ =2f(z,2) (21)
2
Oz az oz oz
abo
3
o°G Re 02 (BG) 8(B2G) 8(B3G) FBG | =215, (22)
02207 0z0z Oz oz
ae
04, 04y 0’4 o4y o4
By =24, By=A;——L By =2/ 4, — By =2 -2 . 23
7 22 g 0 7 ( S j 4 0z0z 0z Oz @)
VY no3nauennsx (20) cuiBBigaomieHHs (13) mpuiiMyTh B
oG , oG _
O'x+O'y=2E, O'y—O'x-i-ZlTxy:ZE—M(Z,Z). (24)
PiBastHES (22) MOXKHA TIEpeNUcaT y BUTIISII:
3
9 [G(Z z2)+1G(z,z) - Fy(z,2)] =0,
020
Fy(z,%) = 2jdz j dzj f(z,2)dz, (25)

0 0 O

z z z z z
1G(z,7) = jRe B,G+ szGdE+ jB3Gdz + jdsz4Gdz 2.
0 0 0 0
3 (25) otpumaemo

G(z,2)+1G(z,2) — Fy(2,2) = 9(2) + 2z (2) + ¥ (2) , (26)
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e ¢(z), ¢(z) 1 w(z)— noBuibHI (yHKII, sSKi ronomMopdHi 10 D .
3 (19), (20) i (26) BumuBae, mwo noxinHa no z Bix byskuii G(z,z)+1G(z,z) - Fy(z,z) Oyne
(dbyHKIi€r0, WO TpuiiMae fiiicHi 3HavyeHHs. [lpwitMaroum ymoOBy, IO TOXigHAa MOz Bia QyHKHil

@(z)+zg(z) +w(z) € niiicHoro dyHKier0, otpuMaemo @(z)=¢@'(z), i, oTxe, piBHIHHS (26) MOXHA
3aMUCaTH Y BUTIISAI
G(2,2)+1G(2,2) = p(2) + 29 (2) +y(2) + Fy (2,7) . 27)
Hexaii renep C Oyne mexero obnacti D, sika onrcaHa piBHSIHHIM ¢ =£(s), Ae ¢(s) — adikc
toukn Ha C , fKa BIAMOBIga€ KPUBOIiHIMHINA aOCIHCi s , Tka BUMipsSHA BiJl JOBIIFHO 0OpaHOTO Imoyvart-
Ky Ha C. OueBuaHo, mo #(s+/)=t(s) 1t(s;) #t(sy), axkmo 0<s) <5y </, ne/— nOBKMHA KPUBOI
C.
VY pa3i nmepmoi OCHOBHOI TpaHWYHOI 3a1adi BiIOMI CKJIAZOBI 30BHIIIHLOTO HAMpYKEHHS
Opx =0 (), Opy =0y,(s), W0 npukiIageHi 1o kourypy C, MOB’si3aHi 3 IPAHUYHUMHU 3HAYCHHAMU

HalpyXeHb O, , O BiJIOMHMH CHiBBIJTHOIIICHHSAMH BUY:

v Tay
Opx + 0, €OS(1,X) + Ty, €OS(1,X), Oy, =Ty, €O8(n,X) + 0, c08(n, ), (28)
Jie n— 30BHIIIHA HOpManb A0 KOHTypy C .
[To3naunmo uepe3 f(s) abo f(¢,¢) rpaHndHe 3HAUYCHHS Aesikol pyHKIIl f(z,Z), HenepepBHOI
B (D,D)mpu zeD,z—C,zeD, z—>C ,iuepes f'(s) — moxigny Bix f(s) mo s . Toxi, cris-
BigHOIIeHHS (28) MOXKHA TIepencaTy y BUTIISAII

Opx 10y, =(0y +zrxy)y (8)— (74 +io, )x'(s), t(s)=x(s)+iy(s). (29)
3 (24) oTpumaemo:
oG 0G G 0G
Ty +io), —z(§+§j—zM(z Z), Oy +iTyy =E—E+M(z ,Z) .
ITigcrasnsaroun Ty + i oy, B (29) 1 IOMIYar4H, 1110
—t "(s)+ —t( )—
OTPUMAEMO
dG
o, +io —I—+IM(s)t'(s
nx ny = ds ( ) ( ).

3BiJICH, IHTETPYIOUH 110 5 , MAEMO

S S
G(s)= ij(anx +i0y,)ds + Immds +c=H(s), c=const. (30)
0 0
3i cmiBBigHOMIEHS (13) BUIIIMBAE, IO SAKIIO 3aJlaHi CKIIAA0BI HANPYKeHHs, TO GyHKIisA G(z,Z2)
Oyze BU3HAYEHA 3 TOYHICTIO 10 MocTiiHOi1. OTxe, MoxHa npuiiHsaT ¢ =0 B piBHsHHI (30), BpaxoBylo-
YU Te, M0 B pe3yJbTaTi boro Bubopy yHkIis G(z,z) Oyzae IMiIKOM BH3HAYEHA HAIPYKEHUM CTa-
HOM.

Po3B’s130Kk mepmtoi OCHOBHOI TpaHWYHOI 3a/adi 3BOJAMTHCS, OTXKE, 10 BH3HAYCHHS PO3B’S3KY
G(z,z), mo 3amoBosbHs€E piBHIHHS (21) a0 exBiBasieHTHE piBHIHHS (27) 1 rpanndHi yMoBH (30). ITi-
CJISL PO3B’SI3KYIII€ET 3a/1a9i CKIIaI0B1 HAMPY>KEHHS BU3HAYAIOTHCS 32 JOMIOMOTOIO CITiBBIAHOIICHE (24).

Jlist BUpIIeHHST IPyTOi OCHOBHOI TPaHUYHOI 3a7adi 3aCTOCYeMO i1 popMyITFOBaHHS B IepeMi-
mieHHsX. 3 ornsay Ha cmiBBigHomeHHs (15), piBHAHHS piBHOBard (12) MoKHa HamucaTH B MepeMi-
HICHHSX Y BUTJISII

o\ _u [oU U] of U N R P
8E[Z_l(az+agﬂ+az(ﬂa j P(z,2), P(z, )_Zéf(kT) 4(X+1Y), (31)

PiBusiHas (31) MOKHA 3anMcaTH y BUTIISAL
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Q) z W), 1 oWU) 1 opy, 1 8_61(7_] a(aﬂ j”)(”)
oz |y-1 oz -1 oz y-1oz y—1cz 0z\ Oz

3BiJCH BUILINBAE

¥ owu) 1 5(#_U)_ U Oy 1 Opp_ J‘a(@ﬂ
y-1 0z y—-1 oz xy—10z y—-10z oz\ 0z

) + P(z, Z):|d— ?'(2), (32)

ne @(x)— nosigpHa,romoMopbhHa B D, dyHkmis. Bukmouaroun O(ulU )/ 0z 3 pieasuus (32) i #ioro
KOMIIJIEKCHO-CIIOJYYEHOTO PIBHSHHS, MOYKHA OTPUMATH

(2 +DRU(2,2)+ JU(22) = 29(2) - 20/ (2) -y () - | aa—fqz»(z)az +Ry(2.2). (33)
0

Py(z,2) = j[ ;(jp(z, Z)dz — j}‘) (z, z)dz]dz ,
0

oL 0

z z z
_ ou oy Ol —~ 0 0 (0u—
JU(z,z)=- U+——=U+y|=— —| —U |dz |dz, 34
(22) J.[(ﬁz 82) oz Zj.ﬁz( jz J.@Z( “ 1 (34
0 0 0
ne w(z) — nosinbHA QyHKIS, skaromomMoppua B D .

Po3B’s130k Apyroi OCHOBHOI T'paHUYHOI 3aJa4i 3BOJUTHCS, OTXKE, A0 pO3B’A3KY piBHSHHA (31)
abo ekBiBajeHTHOTO piBHAHHS (33), M0 MpuiiMae 3amaHi 3HaYEHHS Ha TPaHHIli, TOOTO TaKOTo,II0 3a-
JIOBOJIBbHSIE criBBigHOIIEHHIO U(s)=u(s)+iv(s), ae u(s) i v(s)— CKJIAIOBi MPYXKHOTO TepeMillleH-
H, ki 3agani Ha C .

3acmocysanns Kougpopmnozo nepemeopennsn. llpunyctumMo Temnep, IO HUIAXOM KOH(POPM-
HOTO TIepeTBOpeHHs z = w({) 0aHO3B’ s13Ha o0macte D 3 rpanunero C B IUIOMIMHI z = X + iy TeEpeT-
BOPIOETBCS B KOJIO E 3 rpaHuneto [, 10 ONHuCyeThCsl piBHIHHAM |§ | =1 B mommHi {=<&+in, a
@(0)=0.

Oyukuis w({) Oyne romomopdHoo B D, TOMY

0 1 0o o0 1 0 — =
= ==, dz=0(0)dS, dz=0()d] . (35)
62 ' (&) o¢’ az @' () o

OTxe, criBBigHOMIEHHS (27) 1 (25) HaOyBarOTh BUILY

G (D) + TG (D) =p(O)+ ((?)€0(§)+1//(§)+F0 .. (36)

¢ Z ~ ¢ e _
JGG.0)=[dORe BG + | w’@B&G"d:+ja><§>B§G°d§+jw’(§)d§ [oOBiGdC e (37)
0 0 0 0 0

¢ ¢ ¢ _ .
F3(¢.0)=2[()ds [@()dS [ (O)f (&), oS (38)
0 0 0
ne @(¢),w(¢) — moBinabHI (yHKIII, IO TOTOMOpGHI B E , a
G*(£,) = Gla(),o()]. B (£.0) = Bla({).o({)] (i=1,2,3,4). (39)

B nepetBopeHiii obnacti rpanudna ymoBa (30) HaOyBae BUTIISILY
G°(0)=D°(0). (40)
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Tyt gepe3 o = ¢'? nosnauena KpHBOIIiHiliHa abciuca Ha kol [, a pyukuis ®° (o) Bu3Haya-
€TbCsl 0JJHO3HAUHO 32 D(s), ocKinbku Mix adikcamut i7 koHTYpiBC i [ icHye B3aeMHO-0JJHO3HAYHA
BIIMTOBITHICTE ¢ = (7).

[Mincrapnstoun temnep (35) B (33) i (34), orpumaemo:

G DA €00+ U 6. D)= 10() = 5 209D jw(g’) Lotouc+ RO, @
; , s
Tl om  ox (&) Opt o 0 (ou > @)

TUeh=] (af ach CEI| ac(a:Ujdg ) a:(ag jdg - @

B nepeTBopeHu?I obmacTi rpanuYHa yMOBa (35) Oyme MaTH BUTIISAT
U°(c)=u’(c)+iv:(o),
o . o
ne u (o) 1 v (o) BU3HAYAIOTHCS OJHO3HAYHO 3u(s) Ta v(s).
Cnocio nocniooenux nadausicens. s po3s’si3aHHA TPAHUYHUX 33134 B Pasi HEOAHOPIAHUX
TiJI BUKOPUCTOBYEMO CIIOCIO MOCIiIOBHUX HAaOMMKEHb, BBAXKAIOUH, IO Ieplie HaONMKEeHHs BiAMOBi-
Jla€ TiTy, Ha sIKE JIOTh TicaMi HaBaHTa)XCHHS, alle SIKe BBAXKAETHCS OJHOPITHUM, a HACTYIHI iTeparil

BBOJISITH ITONIPABKK Ha HEOTHOPIAHICTh. PO3B’s13aHHS MepIinoi OCHOBHOT IpaHMYHOI 3a/1a4i MOYKHA TO-
OyayBaTH, BUXOS49H 3 piBHAHB (36), (40), 3a cxemoro

G°(£.$)=Y.Gn(&.5), (43)

n=l
G((.D)=p(O)+ ((?)(p(é)+w(§)+Fo &0, (44)
(& D) =pa(O)+ (é,))q)n(c)wn@) I°Go (D) (n22), (45)
ae ¢,(¢) iy,({) (n=1) —ronomopdHi B = ¢yHKLIT, 10 BU3HAYAIOTHCS 3 TPAHUYHHUX YMOB BUIY
a0+ w(( ))W)wl(r) ©° (1)~ F(2.7). (46)
0 (@) + 2 D) (D) = TG (2.7). @47

o)

Sk BUAHO 3 TONEpeqHIX MIPKyBaHb, aHYJIOBAaHHs aJIUTHBHOI TOCTIHHOI B 'paHMYHIA YMOBI
(30), Biamosimuo (40), moBHicTio Bu3HAauae G°({,C) uepes HampyxkeHui ctaH. OmHAK MPH IHOMY
¢yskuii @(¢) 1 w({) He BUXOIATH LIIKOM BU3HaYeHUMH 3 (36), 1 HA HUX MOKHA HAKJIACTH JOAATKOBI
yMOBH [6]

»(0)=0, Img'(0)=0.
OTxe, B TaHIl cXeMi po3B’ 3Ky MOKHA TTPUIHHATH
92(0)=0, Img,(0)=0 (n>1).

Po3B’s130Kk TOCTiIOBHUX TpaHUYHUX 3a1a4 (46) i (47) MOXHaA 3MIHCHUTH METOJaMH, 3aCTOCO-
BYBaHUMH B TEOpii MPYKHOCTI JUTS OJHOPITHHUX TiJI: METOJl PO3KJIAJaHHs B CTYIEHEBI sy, IHTErpa-
JbHI METOMIH 1 T.II.

36ixkHiCTh psmy (43) 3a1eXUTH BiJ YMOB, IO HaKTanalThes Ha dyHKHiT ®°(7), Fy (£,E) i
@(<), a TakoX Bijx 3MiH (DYHKITIH, IKi BBOJSATH HEOTHOPITHICTh Tija.

Po3B’s130K pyroi OCHOBHOI TpaHUYHOI 3a7aui MOXKHA MMOOYAyBaTH, BUXOASYH 3 YMOB (41) i
(42), 3a cxemoro:
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U(£,$)=D.Un(&.0), (48)
n=1
G+ DU E D)= () 0 -1 D) - j AOLEAUCHRED), )
G+ DD =06~ 2 50 1 - j w(;)gq)n(;)d; JU (D) (n22), (50)
ne @, (&) iy, (§) (n=1)—roromopdHi B = q)YHK]_Ill, 10 BU3HAYAIOTHCS 3 TPAHUYHUX YMOB
G SICRTIO jw(é)—gcol(;)d: (2 + Du(@)+ (@)= B (r.2).  (51)
#0,()- 220, -, 0~ I w(g)—gqon(;)dc JU@E) (122). (52)

Sk BuHO 3 (41), sxmo 3amatu U°(7,7), 1o OyHKUii @({) 1 w({) He BU3HAYAIOTHCS OIHO3-
HauHo. MoskHa npuitasitu @(0) =0, npuyoMy 11 yMOBa MOBHICTIO Bu3Havyae @(¢) 1 w (<) 3a momo-

moroto U°(£,¢) . OTxe, B IaHiil cXeMi po3B’sI3Ky MOKHA IPUIHATH
P (0)=0 (n21), (53)
npuuomy GyHkuii ¢, (4) 1 ¥, () BUXOAATH LINKOM BU3HAYEHUMU.

I'pannyni 3agaqi (51) 1 (52) BiOpi3HAIOTECS B THX, IO 3yCTPiUalOThCs B TEOPii MPYKHOCTI
JUTSL OMHOPIMHUX TUT MPUCYTHICTIO iHTETpabHOTO WieHa. [Ipn mpuifHATTI YacTo 3aCTOCOBYBAHOI Tiro-
TE3U y = y( = const, sKy MOKHA NPUIHATH B NEpPIIOMY HAOIMKEHHI U1 Oy1b-KOT0 HEOAHOPITHOTO

TiJIa, OCKUTBKH Y 3aJIeKUTH TiIIBKU Bix Koedimienta [Tyaccona, o 3MiHIOETBCS ¥ BY3bKUX MEXKax s
BCIX BiTOMHX MarepiaiiB, crmiBBigHOmeHHS (50)—(53) mpuiiMyTh BH

(2o +DUUT (D) = 2001 (C) ((?)qol(;) O+ B, (54)
oAE)

(2o +DHU,(S,$) = 7{0%(()—7@%(4) YO =JUns(6.0) (n22),  (55)
(1)

Zo@1 () —ﬁM—m = (o + Dlu(z) + iv(0)] - B (2,7), (56)
200n (1) (())(pn(r) V@) = U (2.7) (n22) (57)

1 pO3B’sI30K MOCTIIOBHUX TPaHUYHUX 3a1a4 (52) i (53) MokHa 3MIHCHUATH cIOCOOaMHU, SIKi 3aCTOCOBY-
I0ThCS B TEOPii NPY>KHOCTI ISl OAHOPIAHUX TiJl.
BucHoBku

TakuMm YWHOM, B HAWOILIBIN 3arajlbHOMY BWIAAKY KBa3iCTaTHYHY 3aaady Teopii B’SI3KO-
NPY>KHOCTI, IPX HASBHOCTI CTalliOHAPHOTO TEPMIUYHOTO MOJISI, MOKHA 3BECTH (POPMAaJIbHO 3a AOTIOMO-
roro neperBopeHHs Jlamnaca 1o mpyKHO-CTATHYHOL 337a4i Ui HEOAHOPITHOTO Tijla, IPUYOMY OCTaH-
HIO MOXHA PO3B’S3aTH TAKOK 3a3HAYCHUM Y POOOTI METOIOM.

HeoOxigHO BIAMITUTH, IO OTPUMAHHS PO3B’ 53Ky B'I3KO-TIPYKHOI 33/1a4i BUMAarae BUKOHAHHS
3BOPOTHOr'O TEPETBOPEHHSI, IO TOB’SI3aHO 3 JOCHUTh BEIHKUMH OOYMCIIOBAJILHUMH TPYAHOLIAMH, a
OTPUMAaHHS PO3B’SI3Ky ISl 00JlacTed 3 HEOAHOPIAHICTIO 3arajbHOTO BHUTJISAY TMOTPeOye BH3HAYCHHS
PO3B’s13Ky, 10 BIJIMOBIIa€ THM CAMHUM O0JIACTSIM B OJTHOPITHOMY CEPEIOBHIII.
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PO3B’S130K CTATUYHOI IIJIOCKOI 3AJTAYI TEOPII IIPYKHOCTI
JIJISI HEOJTHOPIJTHUX I30TPOITHUX TLT
Kalinin E.I., Polyashenko S.O.

Abstract

It is known that operators that determine the constituent laws for visco-elastic materials con-
tain parameters that are very sensitive to changes in temperature. In the case of an inhomogeneous
thermal field, these parameters depend on spatial coordinates. The influence of this inductive hetero-
geneity on the distribution of stresses caused by external forces is much longer and longer than the
effect of stresses caused by the most thermal field. Neglecting this effect, even in the simplest cases,
leads to physically inappropriate solutions.

A series of works is devoted to the study of the plane problem of inhomogeneous elastic bo-
dies. Some of these works derive from the simplifying hypothesis of modifying one modulus of elas-
ticity, assuming that the Poisson constant is constant. Another considers the case of bodies consisting
of the union of disjunctive homogeneous elastic regions. Were proposed formulas for the complex
mapping of stresses and displacements that are valid for elastic and visco-elastic bodies with conti-
nuous uniformity of the general form in a plane and axisymmetric case. In this paper, the method of
solving the static plane problem of the theory of elasticity for non-homogeneous bodies is described
by successive approximations based on the use of reflections of the Kolosov type, Muschelishvili and
conformal transformations.

The aim of the work is to construct a quasistatic problem of visco-elasticity theory in the pres-
ence of a stationary thermal field to an elastic-static problem for a non-uniform body using Laplace
transform methods.

It is established that in the most general case, the quasistatic problem of visco-elasticity
theory, in the presence of a stationary thermal field, can be formally reduced by means of Laplace's
transformation into an elastic-static problem for a nonhomogeneous body, and the latter can be solved
also by the method indicated in the work.

It is noted that obtaining a solution of a visco-elastic problem requires the implementation of a
reverse transformation, which is associated with rather large computational difficulties, and obtaining
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a solution for areas with heterogeneity of general appearance requires the definition of a solution that
corresponds to the same areas in a homogeneous environment.
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