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ImxerepHUit IHCTUTYT 3amOPI3HKOTO HAITIOHAEHOTO YHIBEPCUTETY, M. 3aITOPIXKS

CIIEKTPAJIBHA 3AJTAYA 3 KYCKOBO-IIOCTIMHUMH KOE®IIIEHTAMHA
B TPUBUMIPHIM OBJIACTI

006'ekmom 00cCniddcenHss € CHeKMPAIbHA 3a0a¥a Wooo Hesi0oMOI YHKYIL MpboX 3MIHHUX.
Koegiyicumu, wo 6xo0smv y 6uxione pIiGHAHHA 6 YACTMUHHUX HNOXIOHUX, € KYCKOBO-NOCIUHUMU
V3008%1c O0HI€EL 13 3MiHHUX. Pignsanns 3a0ano 6 obnacmi, aka npedcmagise coboiw 08a NPIMOKYMHUX
napanenenineda i3 cniibHolo medicero. Ha 6cix medicax napanenenineda 3a0aromvcsa Kpatogi YMOGU.
Po36é’azanna npoeooumuvcs memooom nodiny 3minnux. B pesyromami euxiona 3adaya 3600umscsi 00
MPbLOX CAMOCMIUHUX cnekmpanvHux 3a0ay. Ocobausull inmepec npedcmasise 3a0a4a wooo 3MIHHOI,
630082ic AKOI Koeiyicumu Kycko8o-nocmiiini. s yiei 3a0aui ompumani pieHAHHA 015 3HAXOOICEHHS
BNIACHUX 3HAYEHb | N0OYO0BAHA OPMOSOHATLHA CUCEMA GIACHUX (YHKYIL.

Knwwuogi cnosa: cnexmpanvia 3adaua; 61acHa yHKYis,; 61ACHe 3HAYEHHSL.

The object of the study is the spectral problem with respect to the unknown function of the
three variables. The coefficients entering the original partial differential equation are piecewise
constant along one of the variables. The equation is given in a region that consists of two rectangular
parallelepipeds with a common border. On all the boundaries of the parallelepiped, boundary
conditions are set. The solution is carried out by the method of separation of variables. As a result, the
initial problem is reduced to three independent spectral problems. Of particular interest is the
problem with respect to a variable along which the coefficients are piecewise constant. For this
problem, equations for determining the eigenvalues are obtained and an orthogonal system of
eigenfunctions is constructed.

Key words: spectral problem; eigenfunctions; eigenvalue.

IMMocTanoBka npo6JjeMu

[Ipu posB'sizanHi Audy3iHHUX 3aBIaHb MaTeMaTHYHOI (I3WKM METOAaMH IHTETPAbHUX
MepeTBOpeHh ab0 pO3MiJICHHS 3MIHHAX IIEHTPaJIbHE Miclle 3aiiMae AOCTIIKEHHS BiAIOBITHOT
CIIEKTPaTBHOI 3a/1a4i.

[i po3p’s3koM € BracHi (yHKIII, 10 B MOAANBIIOMY MOXYTh BUKOPUCTOBYBATHCSA B SKOCTI
A1ep iHTerpaJbHUX IepeTBOpeHb. lle mae MOMKIMBICTH 3HAXOAMTH PO3B’SI30K AUdy3idiHMX 3amau y
BUTJISII PO3BUHEHHS B QYHKIIIOHATBHUN P,

Cucrema BmacHHX (YHKLIH, sIKa € PO3B’S3KOM CIEKTPajbHOI 3ajJadi, MOBHHHA MaTH
BJIACTHBOCTI HOBHOTH 1 OPTOrOHAJBHOCTI. B 1bOMy BUNAnKy CTaHAAPTHI anrOpUTMH A03BOJSIOTH
OTPUMYBATH JOCTOBIPHI aHAITHYIHI PO3B’SI3KH VIS IMIUPOKOTO KJIacy 3a/1ad MaTeMAaTHIHOT (hi3HKH.

TakuM 4MHOM, BHBUCHHS CHEKTPAJbHHUX 3a/a4 1 1X PO3B'3aHHS € BAKIMBOKO 1 aKTyaJbHOIO
YaCTUHOIO HAyKOBOT'O JOCIIiIPKECHHS.

AHaJi3 OCTaHHIX JOCHiTKeHDb | myOaaikaniit

3HaXO/KCHHS PO3B’SI3KY CHEKTPABHUX 3a/1a4 JJO3BOJISIE OOy IyBaTH TIOBHY CHCTEMY BIIACHHUX
¢yHKUif, SKi B TMOJANbUIOMY BHKOPHUCTOBYIOTBCS B SAKOCTI sI€p CKIHYCHHX IHTETpajbHHX
neperBopeHb. CIieKTpalibHI 3a/avi 3 MOCTIMHUMHU KoedilieHTamMu BuBUYeHI B pobotax [1] i [2]. B
po6oTi [3] pobuThCs crpoba po3TLIAY CHEKTPATBHOI 3a/1a4i 3 KyCKOBO-IIOCTIHHUME KOe(illiEHTaMHU.
BuBYeHHIO 0cOOIMBOCTEH CIEKTPAILHOI 3a1a4i U1l ABOBUMIPHOi 00JacTi mpucBsueHa podoTa [4].

DopmyTIOBAHHSA METH JOCTiIKEHHS

MeToro IOCHIIDKEHHS € pO3B’S3aHHSA TPUBUMIPHOI CHEKTPAIBbHOI 3amadi 3 KyCKOBO-
MOCTIHHUMH KOe(IIliEHTaMH, a caMe BHUBYCHHS OCOOJUBOCTEH MOOYJOBU OPTOrOHAIBHOI CHCTEMH
¢yHKUiH 1 BITNOBIZHOTO HA0OPY BIACHUX 3HAYEHb.
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BukJsax ocHOBHOTO MaTepiairy
3agana MpAMOKyTHa 00JIacTh, sSKa MPEACTABISIE COOO00 NTBa MPSMOKYTHHX Tapaiesenineaa 3i
chineHOI0 Mexero (puc.l). Crani a 1 A mpuiimMarors B obsacti (—/; <x<0;,0<y<b;0<z<h)

3HA4YeHHS a), A, aBobmacti (0<x</y;0<y<b;0<z<h)3HaueHHs a; , 1y .
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Puc. 1. TpuBumipHa o0nactsb

PiBHSIHHS B YaCTUHHUX MOXIJHUX BiJIHOCHO (DyHKIIi1 cb(x, y,z) Mae€ BUTJIIA

2 —
APy (v.9.2)+ By (1.9.2) + D2 (1,,2))+ B2D(x,,2) =0, (1)
Iie ﬁz KBaJIpaT BJACHUX YHUCEJI CIICKTPAIbHOI 3a1aui.
Ha 30BHIIIHIX 1 HA CIIUIBHUX MEXax 00JIACTI 3a/1aHi KpaiioBi yMOBU

@(-11,y,2)=0,
gp(lz Y.z )_O,
@(x,0,2)=0,
@(x h, z) 0,
o (2)
X, y,O) 0,
®(x,y,h)=0,
(D(_O:ya ) ( Ve Z )
/11@)6(_09)}’ )_’12 x(+0’yv )

Hexait

D(x,y,2)= o0y (2) . (3)

Toni micns migcranoBku (3) B piBHAHHS (1) oTprMaeMo
alp" (P (2) + ()" (Y (2) + o () + B2 () (v (2) = 0. 4)
[Micns pinenHs 000X 4acTHH PiBHAHHSA (4) Ha a(p(x)H(y)y/(z) Ta MEpPEeHECeHHs TOJAHKIB, 110

3aJIeKaTh BiJl 3MIHHHX ) 1 z, Y IpaBy YaCTHHY, MAEMO

'), B2 :_(9"@) W"(Z)j' (5)

o) @ L) )
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PiBHicTh MiBOi i MpaBoi yacTuH BUpaszy (5) MOXKIIMBA JWIIEe y BHIAAKY, KOJM JiBa i TpaBa

yacTuHH (5) JOPIBHIOIOTH AESKiN CTamii ,u2 . B pesynbrari (5) posnagaerbest Ha ABa PiBHSAHHS:
B 2
?'(x)+| == u” fplx)=0, (6)

0"(y) 4 "(2) _ 2 7

N =-H
o) ()
Posrnssnemo piBHsiHHS (7). 3 HBOTO BUILTUBAE, IO KOXKEH 3 JIOJAHKIB y MpaBiii yacTHHI
TIOBWHEH JOPIBHIOBATH JesKil Bif'eMHil cTainiit. ToOTo

W) _ 2 v e ®

—=— =-v
o) " W)
Sxmo Bupas (3) mimcTaBUTH B YMOBH (2), TO OTPEMAEMO ISl PiBHSHG (8) BiATOBiMHI KpaitoBi
yMOBH. Y MiJCYMKYy NPUXOAMMO JO JBOX CXOXHX Kiacuunux 3anad lllrypma-Jliyeimisa. OmHa
BiJTHOCHO 3MIiHHO{ y

0"(y)+n*60(y)=0,
()]
6(0)=0,6(p)=0.
[HI1a BiTHOCHO 3MIHHOI z
w"(z)+ Vzl//(Z) =0,
(10)
w(0)=0,p/(k)=0.
Po3p’s3xm 3amad (9) i (10) noOpe Bigomi. Po3B’si3koMm (9) € HeckiHueHHMIA HAOip GYHKITIH
0(y)=sin(y.»). (11)

. km . 2 b
Jie BIIaCHI 3HAYCHHS 7], = > k € Z , i kBajpat HOpMH ||0|| = 5

AHaNOrYHIM YHHOM 3alTUCYETHCS po3B’A30K 3aaadi (10)
y/(z)zsin(vmz), (12)

mrx : 2_h
ae v, =——,meZ ,1KBaapaT HOpMU ||y/|| =—.
h 2
Posrnsinemo piBHsHHA (6). JONOBHUMO Ll PIiBHAHHS KpalOBUMH yMOBaMH, SKi JIETKO
OTpUMATH, SIKIIO miacTaBuTh (3) B YMOBH (2). B pe3ynbTari MaeMo CIieKTpalibHY 3a7ady BiTHOCHO

HeBigoMoi GyHKIT @(x)

ﬁZ
¢'(x)+ [7 - ﬂz}p(x): 0, (13)
o(-1)=0,
o(l2)=0,
14
o~ 0)= p(+0), (4

A (=0)=dpp'(+0).
Bimznauumo, 110 cTana, sKa BXOAWTH B piBHsAHHA (13), mpuiiMae Oe3iiy 3HAYCHB:
y,%m = ,u;% + v,%, . Jlns BHU3HAYEHOCTI NOKJIAIeMo, L0 a; <dp. 1oali MOXIWBI JABa BHUNAIKU
po3TalllyBaHHS BIACHUX 3HAYEHb [ .
2 2
1. Hexait f e (,u\/a;,u@). Breaemo nozHayeHHs 712 =i——,u2, }/22 = ,uz —/jl— . Sxmo
1 1
OpURHATH, 10 @) (Xx) € (— h ;0), @ (x)e (0;12) , Bupa3 (13) 3anumrerbes y BUTIISAII
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ol(x)+ 7171 (x)=0;
(15)
95 (x) = 7302(x)=0.
Posp’sizkamu (15) € pyHkuii
@1 (x)= Aj sin(y;x) + By cos(yx) ;
(16)
92 (x)= Aysh(yax) + Bych(yyx) ,
ne A, By, Ay, By — nesiki, moku HeBigomi, craini. J{ist iX BU3HaUeHHs1 BUKOpUCTOBYeMO ymoBH (14). B
pe3ynbTaTi OTPUMYEMO CHCTEMY JIIHIHHUX OJHOPITHUX PiBHIHD
- Aysin(yihy) + By cos(y11)) =0,
By =B,,

7)
i =Arad;,
Agsh(yyly) + Bych(y,l) =0.
Cucrema (17) Mae HeTpHUBiabHI PO3B’A3KH, SKIIO
A
2 21500 = ~th(r1). (18)

47
Bupaz (18) € TpaHCHEeHAEHTHMM anreOpaidHUM pIBHSHHSM, 3 SKOTO BH3HAYAETHCS

HECKIHUEHHUH Habip BIIaCHUX 3HAYEHb ﬂl%(m .
Baxaroun A4 =cos(y/;) , 3 cucremu (17) 3HaX0AMMO 3HAYEHHS 1HIIMX CTAINX
By = By =sin(y1ly) , Ay =—cth(y,l5)sin(y1ly).
Taxkum uynHOM, po3B’s3ku 3amadi (13), (14) g fe (y ap; M az) 3HaiaeHo. Lle € gyHkmii

(16). Binznaunmo, 1o i GyHKIIT OpTOrOHaNBHI HAa TPOMIXKY [—/1;/5] 3 Baroro e TOOTO

0 I .
A A 0, i#}j,
2L [ () +22 [ 03 (o ) =4 o7 (19)
al _ll aZ 0 ||¢) > 1= ]a
2 1|4 AB A 2 2\ AB
ae "gD” -—| ll Bl +—2 12 (Bz —A2 _ 2272 . (20)
2| a n ) a 72
y , : B’ )
2. Hexalt f e\uyJa, ;+ o). B upoMy Bunaaky pisHunsg — — y~ Oyzie 10AaTHOIO.
a

[To3naunmo i uepes 722 . Toni piBastHAS (13) epenuuIyThes y BUTISAL
14 2
ol(x)+ 7170 (x)=0;
2D
5(x)+ 730y (x)=0.
Po3B’s3xamu piBHAHB (21) € QyHKIIT
¢1(x)= Ay sin(yx) + By cos(y1x) ;
(22)
0(x)= A, sin(y,x) + B, cos(y,x)
BukopucroByroun kpaiioBi ymoBu (14), NpuxoAnMO A0 CUCTEMH Ui BU3HAUEHHS BIACHUX

3Ha4eHb ﬁ’z 1 mocTiiHux A, B, 43, B;
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-Ay sin(y1ly) + By cos(y1l;) =0,
Bl = BZ 5

(23)
Ay =py242,
Az Sin(}/zlz) + BZ COS(}/zlz) =0.
BriacHi 3HaueHHs ° BU3HAYAIOTHCS 3 TPAHCLICHACHTHOTO PiBHSHHS
A
2272 1011 = ~1g(12l) - (24)
An

[Ipu npoMy 3HaUEHHS NOCTIMHUX JOPiIBHIOIOTH
Ay =cos(y1l)), By =By =sin(y1l), 4y =—cig(y2lp)sin(y1y) ,
a KBaJIpaT HOPMH OPTOTOHAIBHOI CHCTEMH BIaCHUX (YHKIIH MO’KHA 3HAHTH 3 HACTYIHOI PiIBHOCTI

2 1|4 AB A AB
lof=1 _l(zl_AJ+_2(zz(A§+B§)+A] |
2| n ) @ 72

BucHOBKM Ta nepcneKTUBY NOJAJBIINX J0CTiIKEHb
TakuM 4YMHOM PO3B’SI3KOM CIIEKTpalbHOI 3a1aui € Hadlp QyHKUiK @(x, y,z)= (p(x)H(y)t//(z) ,
ne dyHkmii go(x) BH3HAYAIOTHCSA BHpazamu (16), (22), a ¢yHKIIIi (o(x), Q(y) Bupazamu (11) i (12)
BiMMTOBiTHO. 3HailmeHi BiacHI (QyHKIT MOXHA B TONAIBIIIOMY BHKOPHCTOBYBAaTH Y SKOCTI sep
IHTETpAIbHUX TEPEeTBOPEHb JJsl PO3B’s3aHHS TPUBHMIPHUX 3agad audysiiiHoro tumy. Cuig
3a3HAYNTH, 110 NEPCIEKTUBHUMHU € HANpPsSMKH, NOB’S3aHi 3 pO3B’A3aHHAM CIEKTPaJbHUX 3aAad AJIs
TPUBUMIpHUX 00JacTel sl BUMAIKY, KOJIHM 3a/1aHi PiBHSHHS MICTSATh KOHBEKTUBHY CKJIAJIOBY.
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SPECTRAL PROBLEM WITHPIECEWISE CONSTANT COEFFICIENTS FOR
THREE DIMENTIONAL REGION
Pyshnograev Y.N., Shtanko A.I.

Abstract

While solving diffuse problem sof mathematical physics with the integral transformation
method or the method of separation of variables the pride of place goes to the investigation of the
corresponding spectral problem. Its solution is its own functions, thatin prospect can be used as
kernels of integral transformation. It makes it possible to find solutions of diffuse problems
represented bydecomposing into functional series. The system of eigenfunctions, that are the solving
of spectral problem, must possess properties of completeness and orthogonality. In this case, standard
algorithms allow to obtain reliable analytical solutions for a wide class of problems of mathematical
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physics. Thus, the study of spectral problems and their solutions is an important and relevant part of
scientific research.

The mathematical problem definitionincludes a partial differential equation for an unknown
function of three variables. The coefficients in the equation are piecewise constant in a region that
consists of two rectangular parallelepipeds with a common border. Boundary conditions are set on all
the borders of the parallelepiped.

To obtain a solution, the required function is represented as a product of three unknown
functions, each of which depends on one of the three spatial variables. As a result, the required
problem resolves itself into three spectral problems. Two of them are the classical Sturm-Liouville
problems. Of special interest is the third spectral problem with respect to a variable in the line of
which the coefficients of the equation are piecewise constant. It is shown that for its solution it is
necessary to consider two open intervals of the eigenvaluesordering. Transcendental equations for
determining eigenvalues were obtained at each of the open intervals, and orthogonal systems of
eigenfunctions were constructed.

It is concluded that the discoveredeigenfunctions can later be used as kernels of integral
transformations for solving three-dimensional problems of diffusion type. It should be noted that the
directions connected to the solution of spectral problems for three-dimensional domains are promising
in cases where the given equations contain a convective component.
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