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DEVELOPMENT OF ROTARY UNITS MECHANICAL TRANSMISSION
MATHEMATICAL MODEL

In this paper a mathematical model of the assembly unit of the mechanical transmission rota-
tion node is developed. On its base the dependences for calculating the mass of the rotational element
of the model of the bearing shaft were obtained. The introduced general coefficients of constructive
conversion of geometric parameters make it possible to estimate the mass of the rotating element in
the first approximation at the stage of preliminary designing to stabilize the kinematic and dynamic
characteristics of the machine aggregate without the use of additional masses.

Keywords: mechanical transmission, mass; shaft; rotary knot, designing.

B oaniii pobomi pospobaena mamemamuuna mMooenb CKIAOAIbHOI 0OUHUYL 8Y31d 00epmMAaHHs
MexaHiunoi nepedavi Ha OCHOBI AKOI OMPUMAHO 3ANEHCHOCE OJi POZPAXYHKY MaACU 00epmaibHO20
eeMenmy Mooeni 8any 3 niowunHukamu. Beedeni 3azanvhi KoeiyicHmu KOHCMPYKMUBHO20 nepepa-
XYHKY 2e0MemPUdHUX NApamMempis 0aoms MONCIUGICIb OYIHUMU MACy 00epmanibHO20 eleMeHmy 6
NEPULOMY HAOTUIICEH] HA emani NonepeoHbo20 NPOEeKMYSaHHs 3 Memol cmabinizayii KiheMamuyHux
ma OUHAMIYHUX XAPAKMEPUCMUK MAWUHHO20 agpe2amy Oe3 BUKOPUCMAHHSA 000AMKOBUX MAC.

Knrouosi cnosa: mexaniuna nepedaua; maca; 8ai, 00epmanvHull 8y307, RPOEKMYBAHHSL.

Problem’s Formulation

During designing the actuator of the machine unit, standard mechanical gears are used, among
which the most common gearboxes. The main elements of such components are the nodes that carry
out rotational motion. The weight of such assemblies is more than two thirds of the weight of the
gearbox. Therefore, given that in steady-state motion the kinematic and power characteristics of the
rotating units of the mechanism are periodic functions due to the amplitude oscillations of the transfer
function, there is a need to reduce the amplitude of oscillations of the link speed. On this basis, the
problem of optimizing the kinematic and power characteristics of the actuator of the machine unit is
solved in various ways. The most common is the use of additional masses [1,2,3,4]. The use of a flyw-
heel makes it possible to significantly reduce the amplitude of oscillations of the speed of the link, as it
causes an increase in the reduced moment of inertia of the mechanism. The disadvantage of installing
the flywheel is the extra mass, which increases the weight of the mechanism and its inertia. To avoid
matching disadvantages of additional masses in the process of preliminary design of the actuator of the
machine unit must be selected such a standard reducer, the maximum torque of the nodes which would
correspond to the additional mass. But in practice it is almost impossible to find the right gearbox. It is
more expedient to design new gearing moments of inertia of rotating masses which could serve as a
flywheel.
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Analysis of recent research and publications

The basic principles and approaches of designing the transmission mechanisms based on the
optimization of their kinematic and force characteristics were considered in [5,6,7,8], in which the
main aspect is directed to the analysis of the common elements of the drive circuit without taking into
account the masses of rotating units of the drive of the executive body of the machine.

In solving this problem, it is necessary to find at the stage of preliminary design the appropri-
ate mass of the rotary node of the mechanical transmission, which would correspond to the flywheel
flywheel’s moment. Given the fact that the torque of the rotating mass located on the high-speed
transmission shaft is smaller than the mass on the slow-moving shaft, the task can be solved by using
the rotational mass of the high-speed stage as a flywheel, which ultimately significantly reduces the
overall weight of the machine. The corresponding kind of problem was solved in [9,10,11], but only
considering the optimal mass of gears. These works did not consider the mass of the shaft and its
mounting nodes, which is also characterized by a significant flywheel.

The tasks of designing mechanical gears, considering the optimization of the kinematic and
power characteristics of the actuator of the machine unit are many criteria [9,10,11]. This is because
there is a need to consider mutually dependent parameters. Especially the problem is complicated
when developing a mathematical model of the elements of the assembly node of the mechanical
transmission.

Formulation of the study purpose

Based on the interaction conditions between the details of the assembly unit of the mechanical
transmission rotation unit (Fig. 1), which are expressed by the coupling equations describing the con-
ditions of the transmission operation, in designing these equations form a system with a corresponding
number of unknowns.
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Fig. 1. Mechanical gear assembly unit: 1 — gear, 2 — shaft, 3 — shaft bearings (rolling bear-
ings), 4 spacer sleeve

The peculiarity of designing the assembly unit of the mechanical transmission rotation unit
under the condition of its optimization is that the number of unknown design values is much greater
than the coupling equations, which significantly complicates the already multivariate task. Therefore,
the problem of reducing the number of unknowns, using other considerations, is considered, or to al-
low their change within some limits, as well as to determine the influence of the relevant parameters
on the nature of change in the mass of the assembly unit of the mechanical transmission rotation unit



Po3nin 2. MonenmoBaHHs Ta ONTHMI3allis B TEXHOJIOTIi KOHCTPYKIIMHUX MaTepialiB 55

during the design process. In this regard, it is advisable to consider the problem of optimizing the mass
of individual parts of the assembly unit, as well as the introduction of restrictions on the parameters of
this part. These include: functional constraints on optimization parameters; parametric restrictions;
discrete restrictions. In [9, 10, 11], the problem of optimizing the mass of a gear wheel of a mechanical
transmission (position 1, Fig. 1) was considered, depending on the six basic design variables.

In this case, consider the shaft of the mechanical transmission (position 2, Fig. 1), the con-
struction of which is the most common in practice. We choose that the mass of the mechanical trans-
mission shaft will depend on eight major unknown design variables:

1. (x; = dy ) — diameter of the output section of the shaft;

2. (xp =d, ) — the diameter of the shaft section under the bearing;

3. (x3 =1;) — length of the output section of the shaft;

4. (x4 =1, ) — length of the shaft section from the side of the output part;

5. (x5 = B') — length of shaft section under bearing;

6. (xg = p ) — specific gravity of the shaft material;

7. (x7 = [r]) — the permissible value of the tangent pressures during torsion;
8. (xg =T ) — value of torque on the shaft.

Choosing the best solution or comparing the solutions will be done by some function, which is
determined by the design parameters and is called the target. In the process of solving the optimization
problem, the values of the parameters at which the objective function has an extremum must be found.
The objective function plays the role of the basic criterion of optimality in mathematical models by
which engineering problems are described.

In this case, the objective function can be written as

m; = f (X1, X,%3,X4,X5,X6,X7,X3) -

We establish the possibility of reducing the number of variables, as well as the nature of the
influence of the corresponding parameters on the mass of the shaft during its optimization.

We define the dependency and select the following constraints for the design variables.

1. The diameter of the output section of the shaft when designing is calculated from the condi-
tion of the strength of the permissible tangent pressures in the condition of pure torsion

T
3/_
dl > O’Z[z'] .

The final diameter is selected according to the standard row ( Ral0, Ra20, Ra40).

2. The diameter of the shaft section under the bearing is determined based on design standards

dy =dy+[2¢+(3..5)],

where ¢ — is the tilt radius of the transitional section of the shaft.
The final diameter is selected according to the standard row ( Ral0, Ra20, Ra40).

3. The length of the output section of the shaft is determined based on design standards

L =(,8..2,5)xd,.

The residual length is selected according to the standard row ( Ral0,Ra20,Ra40), considering the
length of the keyway, which is set on this section.

4. The length of the shaft section from the side of the starting part shall be calculated consider-
ing the geometric dimensions of the respective parts and assemblies which are directly mounted on
that section

lh=B+t+H+A,
where: B — the width of the bearing, ¢ — the width of the spacer sleeve, H — the height of the
through bearing cap, A — the structural (safety) clearance.
The residual length is selected according to the standard row ( Ral0, Ra20, Ra40).

5. The length of the shaft section under the bearing is determined according to the width of the
selected bearing:
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— for ball bearings B ;

— for roller bearings T .

In this case, we consider only ball bearings.

6. The weight of the shaft material in this case can be considered as a constant value, since the
shafts are made of one material. For steel 40, 45, 40X, 40XH, of which shafts are mainly made, the
specific gravity is p = 7820 kr/m’.

7. The permissible magnitude of the tangential stresses for torsion for steels of which mainly
produce shafts in the first approximation can be considered as a constant value, since

[z]=20...40 MIIa.

8. The magnitude of the torque on the shaft is constant if the speed of transmission and engine
power are constant

r-~,
w

where: N — power on the shaft; @ — angular speed of the shaft.
Presenting of main material
Consider the mathematical model of the shaft (Fig. 2), which is an element of the assembly
unit of the rotation node of the mechanical transmission (Fig. 1). The problem of determining the mass
of the gear wheel to optimize it was considered in [9,10,11], so to determine the mass of the shaft as-
sembly must determine the mass of the shaft diameter and the mass of the inner rings of the bearing,
which are installed on the press fit on the shaft.
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Fig. 2. Mathematical model of a shaft with bearings

The need to extend the mathematical model presented in [9] is due to the fact that the rotation-
al mass of the mechanical transmission in the drive circuit consists not only of the mass of the gear
wheel, but also the mass of the shaft and the bearings. The corresponding mass, which was not taken
into account in [9], in gearboxes that transmit significant torques can almost equal the mass of the gear
wheel. Thus, the extension of the mathematical model to establish the optimal mass of the assembly
unit in order to stabilize the kinematic and dynamic characteristics of the machine unit is relevant.

According to the developed mathematical model of a shaft with bearings, we have three main
sections that are characterized by the appropriate diameter and length.

The previously defined dependencies and corresponding limitations for design variables to
simplify mathematical calculations will be written in the following form, introducing the concept of
the coefficient of structural calculation of the geometrical parameters of the shaft £ :

- (q=d), d;

= (xp=dy), dy=kdy;

= (x3=h), hL=kd;

— (xq4=0h), L=kydy;
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— (x5=B), B=kydy;

~ (x6=p), p=cons;

— (x7=[e]). [r]=cons;

— (x=T), T=cons.
In the given dependencies: k& — coefficients of constructive conversion of diameter of the corres-
ponding degree of a shaft, and k; — coefficients of constructive conversion of the corresponding
length of a section of a shaft.

Based on the above analysis of the parameters of the shaft of the mechanical transmission, the
target function can be written in the form

m= f(x1,X2,X3,X4,X5) .
Based on the mathematical model, we obtain the equation to determine the mass of the shaft as

the sum of the masses of the respective sections,
3

my, = Zm,- =my+my+myy.
i=1
The mass of 7 - section of the shaft is determined by the dependence
m; = Vl xXpP,
where: V; — volume of i - section of the shaft; i — section’s number.
Given that the shaft is made solid, the volume of this section of the shaft will be determined by
the equation of volume of the cylinder

V,:S,-xz,.:%;zxd,?xl,-.

Since, according to the coefficient of constructive conversion of geometrical parameters of the
shaft, the length of the i-th section of the shaft is written in the form
[; =k;xd;.
Thus, in general, the volume of i - section of the shaft will be determined by the following eq-
uation

1 2 Vs 3
V; =Z7r><dl~ xk; xd; =Zki><d,~ ,
and the volume of the shaft as a whole
V= % [kldf +kyd3 + k3d§]= %[kldf + k3 (ky + ks )df].
Given the above equations, we obtain the dependence for determining the mass of the shaft

T T
my, :Zp[k1+k3(k2+k3)]dl3 :prKbxdf,

where K;, =k + i (kp +k3) is the total coefficient of structural recalculation of the geometrical pa-

rameters of the shaft.
So

mj, =%PXKbXd13-

The analysis of the obtained equation indicates that the mass of the shaft in the first approxi-
mation can be estimated at the preliminary design stage, since only the initial diameter of the shaft is
known from the design calculation. The difficulty of estimation is to determine the overall coefficient
of constructive recalculation of the geometrical parameters of the shaft. To simplify the calculations, it
is advisable to have tabular or graphical characteristics of the coefficient K, depending on the output
shaft diameter.

According to the mathematical model of the shaft with bearings, determine the mass of the in-
ner ring of the bearing
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my, =V, xp,
where the volume of the inner bearing ring is given by equation

V, =%7szng—%7rxd22xB.

Taking into account the coefficient of structural recalculation of the geometrical parameters of
the shaft, and also taking Dy = k4d, , we obtain the dependence for determining the mass of the bear-
ing ring

V4 2 2 T
my = p(D§ —d3)B =" pxK, xdj

where K, =k> (k3 —k3).
So

my, ZEIDXKnXdE'

The total mass of the rotating element of the mathematical model of the shaft with bearings is
determined by the following equation
2
4 3 7 3T 3
m=y m=mp+m, =—pxKyxdi +—pxK, xdi =—pxKxdi,

; i b "y P b 1 4 P n 1 4 P 1
where K =K, +K,,, the total coefficient of structural recalculation of the geometric parameters of the
rotating element of the model of the shaft with bearings. The number of bearings on the shaft must be

taken into account. In this case, there are two of them, therefore K, = 2k3 (kf —k3).
Total dependency,

m:%prxdl?’,

indicates that the mass of the rotating element of the model shaft with bearings in the first approxima-
tion can be estimated at the preliminary design stage, since the design calculation is known only the
output diameter of the shaft. The complexity of the assessment is to determine the coefficient K, the
value of which depends on the regulatory requirements and the relevant standards used in the design
process of the assembly units of mechanical transmissions. Further studies will be directed to deter-
mine the nature of the K ( Kj, K, ) coefficient change depending on the output shaft diameter or other

design parameters.
Conclusions

1. A mathematical model of the assembly unit of the mechanical transmission assembly unit
was developed, on the basis of which dependencies were obtained for calculating the mass of a rotat-
ing element of a model of a shaft with bearings.

2. The introduction of the coefficient of structural recalculation of the geometrical parameters
of the shaft and the overall coefficient of the structural recalculation of the geometric parameters of the
rotating element of the model shaft with bearings make it possible to estimate the mass of the shaft or
the mass of the rotating element in the first approximated at the stage of preliminary design, as from
the design in order to stabilize the kinematic and dynamic characteristics of the machine unit without
the use of additional masses.

3. The dependence of the mass of the rotating element of the shaft model with the bearings on
the normative requirements and corresponding standards used in the design of the assembly units of
mechanical gears has been established.
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PO3POBKA MATEMATHYHOI MOJEJII OBEPTAJIBHUX BY3.1IB
MEXAHIYHOI ITEPEIAYI
Pomaniok O./1.

Pedepar

[Tpn npoexTyBaHHI NMPUBOJY BUKOHABUOTO OpPTaHy MAIIMHHOTO arperary BUHHKAE HEOOXia-
HICTh 3MEHIIICHHS aMIUTITyId KOJIMBaHb MIBHIKOCTI JIAHKH 3BEJICHHS, SIKa B OCHOBHOMY BUPIIIYETHCS
Croco0OM BHKOPUCTaHHS JOAATKOBHX MaxOBHX Mac, IO 30UIbIIyE Bary MexXaHi3my Ta HOro iHepuii-
HicTh. 1[[00 yHUKHYTH BiAIOBIAHUX HEIOJIKIB MONUIBHIIIE MPOSKTYBAaTH HOBI IEepelaTOYHI MeXaHi3-
MH MOMEHTH 1HepIIii 00epTaTbHIX Mac SKHUX MOTJIA O BUKOHYBATH (DYHKITIFO MaxOBHKA.

[Tpu BupimeHHi mocTaBieHoi MpoOieMu HeOOXiIHO MiiOpaTy Ha cTajii MOMepeJHHOTO Mpoe-
KTyBaHHs BiJIIOBIIHY Macy 00epTalIbHOTO By3Ja MEXaHIYHOI repenadi, sika O BiAMOBigaTa MaxOBOMY
MOMEHTY MaXxOBHKa. 3a7adi MPOCeKTYBaHH MEXaHIYHUX TIepeay 3 ypaxyBaHHIM ONTHMI3allii KiHeMa-
TUYHUX Ta CUJIOBUX XapaKTEPUCTHUK MPUBOIY BUKOHABYOTO OpPTraHy MAIIMHHOTO arperary SBISIOTHCS
OaraTokpuTepialbHIMH, TaK SK BUHHKA€ HEOOXiJHICTh BpaxoBYBaTH B3a€MHO 3aJICKHI IapaMmeTpw,
0COOIMBO TIPH PO3POOIIi MATEMATUIHOT MOJIEITI €IIEMEHTIB CKIaJAIbHOTO By3Jla MEXaHIYHOT Iepeaadi.

OcoOMBICTIO TPOEKTYBaHHS CKIIAMAIBHOI OJWHHWIN By3j7a OOCpTaHHS MEXaHIYHOI mepermadi
npu yMOBI 11 onTumi3alii mossrae B TOMy, 10 KUTBKICTh HEBIIOMHUX BETMYMH MPOEKTYBaHHS Ha0darato
OinbIlie HiXK PIBHSAHB 3B’SI3KYy, IO CYTTEBO YCKIAIHIOE 1 6e3 Toro OaraTtoBapiaHTHICTh 3amadi. Tomy
PO3IIsIIaeThes 3a4ada 3MEHIIEHHS YMCIa HEBIIOMHX, a TaKOXX BCTAHOBJIEHHS BIUIMBY BiIITOBITHHX
napaMeTpiB Ha XapakTep 3MIHM MacH CKJIAJajbHOI OJMHHII, 3TiJHO SKOi OyJI0O 3MEHIIECHO KiJIBKICTh
NEepEeMIHHUX BEJMYMH 3 BOCBMH JI0 I1'SITH Ta BUOMpaHi 0OMEKEHHS AJIsl IEPEMiHHUX BEJIMYMH MPOEK-
TYBaHHSI.

Po3pobiiena MaTemMaTyHa MOJIE/b CKJIaIalbHOT OJMHUIII By3Jia OOCpTaHHS MEXaHIYHOI mepe-
Jadi Ha OCHOBI SIKOi OTPUMAHO 3aJIEKHOCTI JUIsl pO3paxyHKY Macd Bajly 3 MiJIIUIHUKaMH. BBemeHHs
KoedilieHTa KOHCTPYKTHBHOTO TIEPEePaxyHKy FeOMETPUYHHUX MapaMeTpiB Baly Ta 3arajbHoOro kKoedi-
IIi€HTa KOHCTPYKTUBHOTO IMEpPEPaxyHKy F€OMETPUIHHUX IapaMeTpiB 00epTaTbHOTO €IIEMEHTY MO
BaIy 3 MiAIIUITHAKAMH JIAI0Th MOXKJIMBICTH OLIHUTH Macy Baly 4 Macy OOepTallbHOTO €IEMEHTY B
HepIoMy HaOJKeHI Ha eTarll IMONepeaHbOro MPOeKTyBaHHs, TaK K i3 MPOEKTHOTO PO3PaxyHKY Bi-
JTOMO TITbKH BUXITHUH JdiaMeTp Baiy.

BcraHoBiieHO 3aNeKHICTh Mach 00epTaNbHOTO €JIEMEHTY MOJENi Baly 3 MiAIIMITHUKAMH BiJl
HOPMAaTHUBHHUX BHMOT Ta BiIMOBIJHHX CTaHIAPTIB SIKi BUKOPUCTOBYIOTHCS B MPOLECI MPOEKTYBAaHHS
CKJIaIalbHAX OAWHUIII MEXaHIYHUX Tepead 3 MEeTO cTadimizamii KiHeMaTHYHUX Ta JUHAMIYHUX Xa-
PaKTEepUCTUK MALIMHHOTO arperary 0e3 BUKOPUCTAaHHS IOJATKOBUX Mac.
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