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PiBHeHCHKMI AepKaBHUI T'YMaHITApHUH yHIBEpCUTET, M. PiBHe

MATEMATHUYHE MOJIEJIOBAHHS JIBO®A3ZHOI ®LIbTPAIIL B AHI3OTPOITHUX
HA®TOBUX IIVTACTAX METOJAOM KBA3IKOH®OPMHOI'O BIZIOBPA’KEHHSA

YV oaniii pobomi memoo KOMIIEKCHO20 AHANIZY HENHIUHUX NPOYeCi8 GUMICHEHHs (hatidie Mo-
OUhiKo8aro HA BUNAOOK MOOENIOB8AHHI HENIHIHOL inbmpayii 8 AHI30MPONHUX cepedosuuax. 3 6UKo-
pucmanuam cucmemu muny Kowi-Pimana (y unadxy 8paxysauHs awizomponii), noOy0o8amo Hosi
VYMOBU OISl BUSHAYEHHS NOJLOANCEHHS PAHUYHUX 8Y371i8 CIOPOOUHAMIYHOT CIKU GIOHOCHO NpUcpaHUt-
HUX. 3 Ypaxy8arusam ybo2o Oyio MOOUPIKO8AHO 8iONOGIOHUL Al2OPUMM YUCLOB020 KBA3IKOHDOPMHO2O0
8I000pasicenHs ma 30ilUCHEHO 11020 NPocpamuy peanizayiio. I[lposedeno pso Komn 1OMepHUX excnepu-
MeHmMI8 GNAUBY 3MIHU KOMNOHEHM MEeH30pAd NPOHUKHOCMI HA HANPAMOK meyii 8 eleMeHmi cumempill
PAOHOI cucmemu Niouj08020 3a800HEHHs NAACMA.

Knrouosi cnosa: nagpmosudobysanms, anizomponti cepedosuiyd, Yucio8i memoou Kea3iKOH-
opmHux 8I000padcens, HeNIHIHI 3a0ay.

In this paper a complex method of investigation for nonlinear processes of fluid driving is
modified for a case, when a problem of nonlinear filtration modeling in anisotropic media. Using the
Cauchy-Riemann-type system (in the case of anisotropy), new conditions have been constructed to
determine the position of the boundary nodes of the hydrodynamic grid relatively to cross-border
ones. In view of this, the corresponding algorithm of the numerical quasi-conformal mapping was
modified and its software implementation was realized. A series of computer experiments on the effect
of changing the permeability tensor components on the direction flows in the symmetry element of the
in-line system of the layer flooding was carried out.

Key words: oil production; anisotropic media; the numerical methods of quaziconformal
mappings,; nonlinear problems.

IHocTanoBka npodjaemMu

3a ocTaHHI JecATHpiuYs BinOyBaeThCs MOTIpIIEHHS mpouecy HadTOoBUAOOYTKY. ['omoBHHM
YHHOM 1€ TIOB’5I3aHE i3 CTPYKTYPOIO TOPiA-KOIEKTOpPiB, OLNblIa MOJIOBHHA 3 SIKHX CTAHOBUTH BayKKO-
BUI00YBHI, EHEPreTHYHO-BUCHAKEH] Ta BHCOKOOOBOIHEH] MOK/IA/IM. 1X BUCOKA HEOHOPIAHICTh MPU3-
BOIIUTb, 30KpeMa, 10 HEPIBHOMIPHOTO BHIIydeHHs HaTH, 3HIKEeHH: KoedinieHTa HadTOBiAAaYl Ta iH.

Binpmricte icHyrounx Mozenell ONMCYIOTh IpouecH (iIbTpamii 32 yMOB 130Tpomii miacra, Ko-
71 KoedillieHT IPOHUKHOCTI € cKkajsipHoto dyHKuiero [1,2]. [IpoTe, Ha mpakTULi 3ycTpidaloThes IIac-
TH, KOoe(illieHT TPOHUKHOCTI SKUX 3aJIeKUTh Bil HaNpsAMKY (QiIbTpalii, TOOTO Ipafi€eHT THUCKY € He
KOJIIHEapHUM JI0 BEKTOPY MIBHAKOCTI. Y TakWX BHMNAJKaX Mae Micle SBHIIE aHI30TpoOmii Iacra
[3—S5], a 3akon [apci, npu cyMicHOMY pycCi IEKUTBKOX PiIuH, HaO0yBa€ BUTIISILY:

kll k12 k13 ]'c" -
b=k, k, ko 5O gragp i,

by ke k)

B 3B’s3Ky 3 4MM BHHUKae MOTpeda y3arajlbHEHHS PO3pOOJIEHHMX HaMH, 30KpeMa B Ipalsix
[6—S8], MeToiB KOMIUIEKCHOTO aHaJli3y Ha BUTIAIOK ypaxyBaHHS aHi30TpoIIii miacra.

AHaJi3 0CTaHHIX JOCTIIKeHb Ta MyOJriKamii

PO3BUTKOM YHCIEHHUX PO3IIB MiA3EMHOI TIpOMeXaHiKH, SIKi OXOIUTIOI0Th Teopito (iIbTpa-
Uil piIMH y BUKPUBJICHUX HECKIHUGHHO TOHKMX IIapax MOCTIHHOI Ta 3MIiHHOI TOBIIMHHM, 3alMaliCh
taki BueHi, sk bacuieB K. C., Kouina 1. M., MakcimoB B. M., bapen6unart I'.1., €atoB B. M., Pmxuk
B. M., tomo [1,2]. Bonu gocnimKyBanu HemiHiiHI npouecu (QiapTpamii pisHOro poAy piIuH B i30Tpo-
mHuX cepepoBumax. OmHak, 3 KiHIM XX CTONITTS 1 MO TEMEepillHild Yac, JOCITIKEHHS HETiHIHHUX
MpOIIECiB BUTICHEHHs HA()TH B aHI30TPOITHUX CepelOBHIaX HaOyBae Bce OUTBIIOT MOMYJIIPHOCTI. 30K-
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pema, Taki BueHi, sik [leprament A. X., Tomin 1. FO., Tonmaes B.A., MaptunoB B.B., €Benko [.A. B
CBOiX poborax [3,4] NpUCBATHIN BETUKY yBary AOCIIIKEHHIO Ta PO3BUTKY METOIIB MaTeMaTUYHOTO
MOJICITIOBaHHS BiAMOBiIHUX mporeciB. Huzka poGit bomou A. S., Kamrana C. C., [IpuropHutipkoro
. O., Spomaka C. B. mpucBsiueHi po3BUTKY YHCEIbHUX METOIIB PO3B’A3YBaHHS JABOBHUMIPHHX 3a7a4
¢inpTpanii MeTogaMu KOH(OPMHOT0, KBa3iKOH(POPMHOTO BiZOOpaXkeHb Ta TmoeranHoi dikcarii xapakTe-
pUCTUK cepenoBumia i nporecy. 30kpema y [6], aBTOpamMul MPOAEMOHCTPOBAHO PO3BUTOK METOJIIB KOM-
IUIEKCHOTO aHaji3y A MaTeMaTHYHOrO MOJENIOBAHHS Ta ONTHMi3aulii mapameTpiB ¢impTpamiiHux
MPOLIECIB 3 YpaxyBaHHIM 3BOPOTHOTO BIUTMBY BH3HAYAIBbHUX (PaKTOPIB MPOLECY Ha XapaKTEPUCTHUKU
cepeloBHIIIA.
DopMyJTIOBAHHS METH TOCTIIKEHHS

Mertoro 1aHoi poOOTH € CTBOPEHHSI MaTEeMaTHYHOI MOJENi HEMiHIHHOTO MPOLeCy BUTICHEHHS B
aHI30TPOIHUX HATOBUX IJIacTax Ta po3poOKa epeKTUBHOIO METOY YHCEIBHOTO PO3B’A3aHHS BifIO-
BiZJHOT 3a/1a4i.

Bukisiax ocHoBHOTO MaTepiaiay

Posrisimaerbest MopenbHa 3amada nBodasHol i30TepMiuHOi (inbTpawii B el1eMeHTi cuMerpii
psinHOI cucTeMu 3aBopHeHHs (puc. 1) anizorponHoro muacta [5]. Kontypu obmacti dinsrpanii G,
(z=x+iy) 3a1a€MO HACTYITHMH CIT1iBB1JHOILICHHSIMHU:

ABz{z:fl(x,y)=0}={z:x=rcosa,y=rsina+b,—§£a£%},

EFz{z:ﬁ,(x,y)=0}={z:x=rcosa+h,y=rsina+b, %Sass—ﬂ},

BCDE={Z:f2(x,y)=0}=BCUCDUDE,
FGHAz{z:f4(x,y)=0}=FGUGHUHA,
BCz{z:x=O, b+r£y£2b}, CDz{z:OSxSh,y=2b},
DEz{z:xzh, b+r£y£2b},
FGz{z:xzh, OSySa} HA={x=0, OSySa},
GHz{z:OS;cSh,y=0},

ne a= |HA| = |BC| = |DE| = |FG , b=a+r, r — paniyc CBEep/UIOBUH, /i — BIJICTaHb MiX IICHTpaMH

CBEP/UIOBHH.
C T sam D
B T : E
i
g OLHHHHH et G

Puc. 1. EneMeHnT cumeTpii pAaHOT CHCTEMH 3aBOJHEHHS

3aKoH pyxy Ta piBHSIHHSA HEPO3PUBHOCTI Tedii, 3aIIMCaHi BiIHOCHO KBa3iMOTEHIialy MIBUIKOC-
Ti gineTpauii ¢ = ¢(x, y,t), 3rigHo 3 [4, 6] nogaMo y BUTIIAAIL

9(as)

po +div(v,)=0,(I=0,w) (D)
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. [k k(s
ulz( n Ko k() grade, (l=o0,w), s, +s, =1, 2)
k21 k22 1
1€ 4, — JUHaMIiuHa B’SI3KiCTh, U, — MIBUAKICTH (inbTpauii / -i dasu, s, =s,(x,y,f) — HACHUEHICTb

kl 1 k12

miacra [ -to ¢azoro, ¢ — 4ac; o =const, k =( J — Koe(il[iEHTH TTOPUCTOCTI Ta aOCONMFOTHOL

21 k22
NPOHUKHOCTI IPYHTY, k, = const (r,s=1,2) — BeqMYHHH, IO XapPaKTEPU3YIOTh POHHKHICTH [1ACTA
Ta Horo anizorpomnito [2, 3], kw =kw(s), k. =k.(s) — BinHOCHI (pa30B1 IPOHUKHOCTI (s =3, ). [HAEK-

CaMH « W» 1 « 0 » MO3HaUYEHO BEIIMYMHH, 1110 XapaKTepU3yI0Th BOLY Ta HadTYy. 3BiAcCH, 3 ypaXyBaHHIM
CyMapHOi MIBUAKOCTI U =0, + U, (inbTpauiiiHoi Teuii, MaeMo:

divo =0,
k
5201 JV@)k@ﬂgd )
ky kg H, H,
os .
O'E+U~gradf(s)=0, 4)
s(x,y,t) = §(x,y) 0> S l45= 505
_ /Lllkw (S) ~ . o . .
e f(s)=—= = , §(x,y), s, — GbyHKIIis, W0 3aJa€ MOYATKOBHH PO3MOLT HACHYCHOCTI
B IUIACTI 1 ii 3HAYEHHS HA HArHITAJIbHIN CBep)_UIOBI/IHi. 3anmauy ¢inbTpaLii po3B’sI3yBaTUMEMO IIPU Ha-
do d do do
CTyIIHHX KpaHOBUX YMOBaX: @|,=@., @|,=¢, —|z=0, (D\CD—O =0, —|x=0,
dx dy dx dx
dp dg
dy l6n=0, dx l1a=0.

Benemo ¢yHKIiIO ¥ , KOMIUIEKCHO COPSDKEHY 10 @, Ta 3amuiiemo 3aaady (1—4) y 6inpm
3pYYHOMY, [UIsl BUKOPHCTAHHS METOY KBa3iKOH(OPMHOr0 BinoOpakeHHs [6], BUTIIAII:

a—wzlg k, % +k,, % —a—WZIF k215_(0+k225_(0 ’ ®)
oy 'ox ay ox ox oy
as_ggkagokaqo 6fk6<0k5<0 (6)
ot o\ Ox Oox oy ) Oy Ox Oy

Plis=9:» (D‘EF:(D s Wlangr =05 ¥ lgcpe= 0,
s(x,y,t)z.?(x,y)\l:o, S|AB:S0’

ne 0= [kl k2241, 22 \ay k[ by 224 1y 22 i, = 5 68).
4B Ox oy " ox

" oy 4, 4,
ObepHena 1o (5—06) 3amaua Mae BUTIISA:
& il 2 k&,aygk @)
op 'o v ow ) Op

X((D*,W) =rcosa, y((o*,w) =rsina +b’ _%S

x(0,0)=0, b+r<y(@,0)<2b, p. <0< @,
0<x(0,0)<h, y(0,0)=2b, ¢. << ¢,
x(0,Q)=h, b+r<y(@,0)<2b, ¢, <p<¢,

t\)lkl
‘S
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x(@ ,w)=rcosa+h, y(¢ ,w)=rsina +b, %Sas%, 0<w<Q,
X(p,0)=h, 0< y(p,0)<a, p; <p<y,

0<x(0,0)<h, ¥(9,0)=0, ¢, <P=<g,
x(9,0)=0, 0<y(9,0)<a, p.<p<gp,,

®)
of, ox of, Ox of, 0 of, 0
kzli_"'kzzi__kni_y_klzi_y20’
ox O Oy 0@ ox 0@ Oy Op
f,(x,»)=0, i=13
of, 0 of, ox of, 0 of, ox
kni_y_ 12i_+kzli_y_kzzi_=0’
ox Oy ox Oy Oy Oy Oy Oy
fi(x,y)=0, i=2,4
©
2
9 i@ +]_€i kﬂ +(k12_k21)_6x =0,
op\ k Op o\ Oy 1ol ol%
1 _ 2
ol +]_€i P +(k12—k21)ﬂ=0, (10)
op\ k Op o\ OJw 1ol ol%
o k offox(, 9 ox) 0 0 ox
P zl S kzl_y_kzz_ - kn_y_klz_ > (1)
ot oJ° op|\ oy oy oy ) Oy oy oy

s(x(@.). y(@.1),0) =5 (x(@.p). ¥(@.1)) s S(x(@0). ¥(@ W) =5,
0<y<Q, p.<p<¢,
ne k=kk,, -k, k,, o-, ¢,, ¢., ¢, — 3HaAUCHHA KBa3IIOTEHLIAlLy Yy BIANOBIAHUX TOuKax. TyT

yMoBH (9) 3a0e3MeuyloTh OPTOTOHAJBHICTh TPAHMYHUX Ta MPUTPAHUYHUX BY3JIIB Ti1IpOAWHAMIYHOI
CITKH.

Piznuyeeuit ananoz 3adaui OynyeThCs aHAIOTIYHO poOoTaM [6—8], IIUITXOM BBEIEHHS B 00-
JacTi KOMIUIEKCHOTO KBa3iMOTEHIialy pPiBHOMIPHOI OPTOTOHANBHOI CITKM 3 BYy31aMH B TOYKax

(@ .w;) (i= I,_n , j=l,m), BigHOCHO sKOi 3MIMCHIOETBCA ampokcumailis piBHAHE (8)—(11),
HaIPUKIIA]], TaK:

7
2
X,=0,b+r<y, , <2b,i=0,i., 0<x,, <h,y, =2bi=izi,, X

i,

. T .
Xy ; =reosa, ¥ =rsina +b, —ESaS ,j=0,m,

w=hb+r<y, <2bi=ip,n,

. T 3r .
x, . =rcosa+h,y  =rsina+b,—<a<—, j=0,m,
" " 2 2

b

Xo=h0<y,<a,i=izn, 0<x,,<h,y,,=0,i=i,,i;, x,=0,0<y,,<a,i=0,i,, (12)
afl(xo,jvyo,j)

b Vo
kle(xl,j —Xo,j)+ kzzw(xu _xof)_

oy
afl(xo,jvyo,j)( aﬁ(xo,jvyo,j)
Ox N

_k11 _yo,j)_klz T(’yl’j _yO,j)= 0’
ﬁ(xo,jvyo,j)zov j:Lm_l’
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5 > n,j a AR
Mx M(xnj_xn-lf)_

ks, o ( . _xn—l,j)+k22 £y
(%, 55 U (%, Vu))
_kn#(yn,j _yn—l,j)_kIZT(yn,j _yn-1,j)=07

f;a(xn,jﬂyn,j)zoﬂ j:Lm_l’

U (K> Vim) U (X Vion)
ZT(yi,m ~Vim-1 ) — ki, ZT(xi m ~ Xim-1 ) +

0 i,m>YimJi g im>Yim
1 fZ(XIgyy’ ) (yi,m_yi,m—l)_kZZ fZ(xéyy’ )(xim_ i,m—1)=07

f‘Z(‘xi,ln’yi,m):O’ izlvn_la

kll

+k,

(X5 Yi0) (X0, Vi0)
ki, : ajc = (yi,l_yi,o)_kIZ : ajc = (xi,l_xi,0)+
o, (xi, > Vi, ), (X095 Y:0)
+hy, : 60y - (yi,l_yi,o)_kZZ : 5; . (xi,l_x;,o)zoa (13)

f4(xi,0’yi,o) =0, i=Ln-1,

72/_‘(/‘1',;+1/2(xi,j+1 =X )=k o (% _xi,j—l)) +7/(k12 _kZI)(xi+1,j+1 X X T ) +

X:

L i) Ny xi,L_xi,j—l 0,
ki, ki,
VZI_C(ki,jﬂ/z (yi,j+1 _yi,j) _ki,j—l/Z(yi,j _yi,j—l)) +7/(k12 —ky )(yi+1,j+1 —Vin; " Vijn T Vi ) +
+yl'+_1,j_yl',j_yl',i_yl',j—120’ (14)
ki, kioy,;
5 o— - d‘z‘,_/(f(si,_/)_f(si—l,_/))
2J »J UA(DAV/ZJIZ/
X(kll(yi,j _yi,j—l)z +k,, (xi,j _xi,j—l)z = (ky, + kZI)(yi,j _yi,j—l)(xi,j _xi,j—l))’
S(xi,j’yi,j’o) - §(xi,j’yi,j) s S(X ;5 Y,) =5y, i=Ln—1, j=Lm—1, (15)
L Btk - Rayth, ap
ac ki,jJ_rl/Z :%’ kiJ_rl/Z,j :%’ 7=Ea Xij zx((D[aV/j)a Vi ZJ’((D["V/J')’
T o7 _ (x,.,j X, )(y,-,j ~ Vi ) - (y,-,j ~ iy )(x,.,j _ xi,j—l)
kl.,j_k(xl.,j,yl.,j,sl-,j), T — KpOK 1o 4acy, J, , = AgAy ’
s S; ; — HACHYEHOCTI Yy BiINOBIOHUX By3/1ax (i, j) Ha MONEpEeAHbOMY Ta HACTYHMHOMY KpOL iTe-

ij> Chj
pauii o yacy. Kpoku anroputmy po3B’si3aHHS pi3HUIIEBOI 3a/1a4i CIIBIAaJAI0Th 3 KPOKAMH aJTOPUTMY,
10 onucanuid B poOoTi [6], st BUNAAKy 130TPOMHOrO IJIACTa, 32 YMOBH IiICTAHOBKH B HUX PIBHSHB
(12)—(15).
Komn’romepnuii excnepumenm. Ha puc. 2—5 300paskeHo0 riApoJMHaMI4HI CITKU Ta PO3IOILT

HacuyeHocTi B mwiacti mpu @, =0, ¢ =1, n=30, m=20, £=0.0001, 0=0.5, lgo(s)z(l—s)z,
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k,(s)=s, u, =2, p,=1, =0.01 Ta pi3HAX 3HAYEHHAX TEH30pa AOCOIIOTHOI MPOHUKHOCTI B MO-

MEHT 4Jacy ¢ =21.
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BucHoBkn

B po60Ti po3BHHYTO YHCIOBI METOM KOMIUIEKCHOTO aHaJli3y Ha BUMAJIOK JOCIIHKEHHS JTBO-
¢aznoi inpTpamii B aHI30TPONHUX IPYHTaX. 3 BUKOPUCTaHHAM cucreMu Tuny Komi-Pimana (y Buma-
JKYy BpaxyBaHHS aHi30Tporii), moOyA0BaHO HOB1 YMOBH IS BU3HAYCHHS MOJIOKEHHS TPAHUYHUX BY3-
JiB TiAPOAMHAMIYHOI CITKM BIIHOCHO MPUTPAHUYHUX. 3 ypaxyBaHHAM LbOTo Oyia0 Moanu(ikoBaHO Bi-
JMOBIIHUI aJIrOPUTM YHCIOBOIO KBa3iKOH()OPMHOrO BifoOpakeHHs Ta 3AIMCHEHO HOro MporpamHy
peamnizanio. CpopMoBaHO BiANOBiAHI KpaloBi 3a7aul Ta 3a4iiiCHEHO iX po3B’sizanHHs. [IpoBeneHo psan
YHCJIOBUX EKCIIEPUMEHTIB, BIUIMBY 3MIiHHM KOMIIOHEHT TE€H30pa MPOHUKHOCTI Ha HAIPSMOK Tevii B ene-
MEHTI CUMETPil PSIHOI CHCTEMH ILIOMIOBOTO 3aBOJHEHHS IulacTa. Ta moMivueHo, 110 y BUMAIKaxX He
cUMeTpii TeH30pa POpMYIOTHCS 3aCTiliHI 30HH, UI YHUKHEHHS SKUX, HA HAIly AyMKY, MOTpiOHO Mpo-
BECTU IPOLIEAYPY TiAPaBIIYHOrO PO3PUBY ILIacTa.
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MATHEMATICAL MODELING OF TWO-PHASE FILTRATION IN ANISOTROPIC
OIL LAYERS BY QUASIC-FORMAL MAPPING
Sinchuk A.

Abstract

Oil production has been deteriorating over the last decades. Whereas the process of filtration
of different types of liquids (water, oil etc.) occurs in the porous medium, which, due to their physical
and mechanical properties, belong to the group of isotropic or anisotropic soils. Heterogeneous
anisotropic media are more complicated by their structure. Their high heterogeneity, in particular,
leads to an uneven oil extraction, the reduction of oil recovery coefficient, etc. Therefore, there is a
problem of nonlinear filtration modeling in anisotropic media.

Most existing models describe the filtration processes under the conditions of the layer
isotropy, when the permeability coefficient is a scalar function [1,2]. However, in practice, there are
layers whose permeability coefficient depends on the filtration direction. That is, the pressure gradient
is not collinear to the velocity vector. In such cases, there is the phenomenon of layer anisotropy
[3—S5], and the Darcy law, with the compatible motion of several liquids, acquires different look.
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According to this, there is a need to summarize the numerical methods of complex analysis [6—38],
that have been developed, in case of anisotropy layer formation.

Using the Cauchy-Riemann-type system (in the case of anisotropy), new conditions have been
constructed to determine the position of the boundary nodes of the hydrodynamic grid relatively to
cross-border ones. In view of this, the corresponding algorithm of the numerical quasi-conformal
mapping was modified and its software implementation was realized. The corresponding boundary-
value problems were formed and their solutions were solved. A series of computer experiments on the
effect of changing the permeability tensor components on the direction flows in the symmetry element
of the in-line system of the layer flooding was carried out. Consequently, it is noted that, in cases,
where the tensor is not symmetry, the stagnant zones are formed. To avoid this, in our opinion, they
should be performed by the procedure of hydraulic fracturing of the layer.

In the future it is planned to use the numerical algorithm of integrated analysis methods,
presented in the paper, to account the impact of fractures on the wells in oil production.
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