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NON-STATIONARY SURFACE TEMPERATURE FIELD LAYER OF METAL
WITH PERIODIC ENERGY ACTION ON SURFACE

Under the influence of temperature fluctuations, the properties of metals can change. Ther-
mocyclic treatment of metals, in particular steels, requires accurate detection of patterns of non-
stationary temperature field in the treated metal layer. An expression was obtained for the deviation of
the temperature from the value of its instantaneous equilibrium distribution for a one-dimensional
homogeneous model of finite length under conditions of periodic energy action on its active surface.
This solution was applied to the low carbon steel sample.

Keywords: periodic temperature action; surface layer of metal; thermal conductivity equa-
tion; method of distribution of variables.

ITio enausom memnepamypHux KOIUBAHb GIACMUBOCTI MEMANI8 MONCYMb 3MIHIOBAMUCSL.
Tepmoyukniuna 0bpobka memanie, 30Kkpema cmaieil, nompeoye mo4H020 GUABIEHHS 3AKOHOMIPHOC-
meti HeCIMAayiOHAPHO2O MEMNEPAMYPHO20 NOJISL 8 0OPoOIvéanomy wapi memany. Byio ompumano eu-
pas 075 BIOXUNIEHH MEeMNEPAmypu 8i0 8eIUNUHU MUMIMEBO2O PIBHOBANCHO2O0 I PO3NOOJINY OJist 0OHO-
BUMIPHOT 00HOPIOHOT MOOeNi KOHEYHOI 008ICUHU 8 YMOBAX NePioOUUHOT enepeemuyHol 0ii Ha il akmu-
6HY nosepxwio. Brazamne piwienHs Oy10 3acmoco8ano 0 3pa3Ka i3 HU3bKO 8yeleyesoi cmaJi.

Kniouosi cnosa: nepioouuna memnepamypra 0is; NO8EpXHEGUIl WAP MEMALy, PIGHAHHS men-
JIONPOBIOHOCI,; MEMOO PO3NOOLNY 3MIHHUX.

Problem’s Formulation

Metals, semiconductors, most other materials in the solid state mainly function in conditions
of variable temperatures. In the process of manufacturing or restoration, they are also subject to varia-
ble thermal action. Under the influence of temperature fluctuations, due to thermal stresses caused by
temperature gradients and phase transformations, the properties of materials may not change irreversi-
bly. Local thermal non-uniform expansion is fixed by diffusion fluxes of vacancies and dislocated
atoms, which leads, in addition to macroscopic changes in shape and size, to the formation of new
physical properties in the surface layers of the material. Thermocycling of metals, in particular steels
[1]—][5], attracts attention in the context of high-intensity pulse technologies that can speed up the
processing phase or save resources [6]. It is possible to increase the set upper limits of heating and in-
tensify diffusion processes. Pulsed energy action is easy to reproduce as part of local heat treatment
using available local energy sources. A clear temperature conditionality of diffusion fluxes, phase
transformations requires the detection of patterns of non-stationary temperature field in the surface
layer of the metal under conditions of pulsed energy action on the surface to carry out a balanced point
effect on this layer.
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For transient nonequilibrium processes under conditions of local heating and cooling of the
metal surface, it is difficult to experimentally determine the temperature, the rate of its change, and
other parameters of heat fluxes. Mathematical modeling of the studied phenomena greatly simplifies
the result, saves time and resources.

Analysis of recent research and publications

In the analytical study of the thermal conductivity process at time t, sufficiently distant from
the initial moment t0, the effect of the initial temperature distribution is leveled. In this case, the prob-
lem is to find a solution of the equation of thermal conductivity that satisfies only the boundary condi-
tions.

A typical boundary condition in the case of thermal conductivity problems without initial con-
ditions reflects the change in temperature at the boundary surface according to the law of periodic, in
particular sinusoidal, function (Fourier problem) [7, p. 242]. The simplest approach to finding the so-
lution of the Fourier problem is carried out by introducing a complex variable with the subsequent se-
lection of the real part of the solution [7, p. 242, 243], [8, p. 177].

The analytical solution of the equation of thermal conductivity in the one-dimensional approx-
imation for a semi-infinite homogeneous model of the medium requires the setting of only one boun-
dary condition — the dependence of the temperature on the surface of the medium on time. At period-
ic change of the specified temperature with frequency o, after long enough time interval deducted
from the initial moment of process, in depth of the environment fluctuations of temperature with the
same frequency are also established [7, p. 247].

The Fourier problem without initial conditions for a bounded segment requires the setting of
two boundary conditions and also leads to a solution in the form of a harmonic function or superposi-
tion of harmonics [7, p. 244].

This problem for a bounded homogeneous segment 0<x<l in the standardized form of boun-
dary conditions has the form [7, p. 243]:

N

ov 2 52\}
—=a" —,
ot ox

v(0,¢) = Acos wt,
v(l,t)=0.

where v(x,?) is the temperature of a one-dimensional homogeneous bounded model of the medium, and
a’ is the coefficient of thermal conductivity of the medium.
Search for the solution of equation (1) in a complex form

vE(x,0) = X (x)e ' 2)
with boundary conditions

v*(0,0) = Ae ' v*(1,1)=0,
leads to the equation for the function X (x)

2 }ia) } @
a 2a

X0)=4, X{)=0. @)
The general form of the solution of equation (3) has the form:

with additional conditions

X(x)=Ccosyx+ C,sinyx,
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where C; and C; are integration constants. Additional conditions (4) are met by the following values of
these constants

Then, taking into account the sine formula of the difference of the two angles, we obtain

X(x) = siny(/ —x). ®))

sin y/
Converting the function X(x) to a standard complex form
X(x) = X(x) +iX5(x),
and, taking into account the general form of solution (2), by selecting the real part of the function, we
find the solution of the original problem in the form

v(x,t) = X{(x)cos wt + X, (x)sin wt . (6)
Define the explicit expression of the functions X;(x) and X>(x).

/ 1)
We introduce in expression (5) the notation ,[— =k, then y = k(1+i) and

2a
siny (I — sink(1+i)( - sin|k(l —x)+ik(l—x
X(x)= aS07Um) _ sinkaDU-2) [ =0 + ke )].
sin y/ sin k(1 + i)l sin(kl + ikl)
We use the expression of the sine function for the complex number z:
. eiz _ e—iz
sinz =
2i
Then
ez[k(l—x)+ik(1—x)] ~ e—z[k(l—x)+ik(l—x)] o kU= k(=) _ k(l=x) | =ik(l=x)
X(x)=4- i(ki+ikl)y  —i(kl+ik) =4 —K ik K —ik
e —-e e e —e -e
For the obtained expression we apply Euler's formula:
¢’ =cosz+isinz.
Then
—k(l-x) . . k(l-x) . .
e -|cosk(l—x)+isink(l-x)|—e -lcosk(l —x)—isink(l — x)
X(x)=A- [ ] [ ] '

¢ M (coskl +isinkl) — e - (coski — isin kl)

After conversion

[e_k(l_x) - ek(l_x):| -cosk(l —x)+ i[e_k(l_x) + ek(l_x):| -sink(/ — x)

X(x)=4- (e_kl - ekl) - coskl + i(e_kl + ekl)Sin ki

Entering notation
a- [e"‘("” _ ek(l_x):| ccosk(l = x); b = [e_k(l_x) + ek(l_x):| sink(l - x);
c= (e_kl - ekl) -coskl; d = (e_kl + ekl)sin ki,

obsessed
a+ib

X(x)=4- .
c+id
Multiplying the numerator and denominator of this fraction by (c-id)
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‘ (a+ib)(c—id) (ac+bd)+l(bc—ad)
(c+id)(c—id) < 1d?

X(x)=4

So, so much X(x) = X;(x) +iX,(x), so

ac + bd bc —ad
X =455 =45 —5. )
¢ +d ¢ +d
And define auxiliary expressions:
2 2
Erd? = (e_kl - ekl) - cos? kI +( + ekl) sin> kl = ¢ M 1 M 9 cos 2k ;

[e =) _ K= cos kel - x) - (e H ekl)coskl;

]
¢ KU ek(l_x):|sm k(I - (e M )sm ki
]

I
[ ~k(l=x) _ k(=)

e

S

d

ad = cos k(I — (e e )sinkl;

be = (e_kl _ M )cos K- |:e_k(l =), HfU=X) ] sink(/ — x).

The actual part of the complex temperature v *(x,#) is determined by formula (6).

However, these solutions correspond to moments of time that do not cover the temperature
fields of the initial time interval of energy action, which are fundamental for the pulse processing
mode.

Formulation of the study purpose

The problem of analytical study of the temperature field of a one-dimensional homogeneous
metal model of finite length 1 under conditions of periodic (sinusoidal) energy action with a given fre-
quency ® on its one active surface is maintained, while maintaining a constant temperature on another
surface bordering the substrate. In the process of energy action on the active surface of the sample, its
temperature periodically changes from the minimum temperature level T, to the maximum level T; +
2A, where T, is the initial surface temperature, A is the amplitude of temperature fluctuations on the
surface. The solution should cover not only the remote time interval from the beginning of the heat
treatment, but also the starting time.

Presenting main material
The goal is to solve a one-dimensional homogeneous equation of thermal conductivity
oT _ 20°T
a1l ®
where T'= T (x, t) is the temperature in the sample, t is the processing time, x is the distance from the
processing surface towards the substrate, is the coefficient of thermal conductivity of the homogene-
ous metal, with the appropriate additional conditions:

w()=T(0,t)=T, + A— Acos wt , )

,Uz(t)zT(l,t)sz, (10)
- boundary conditions of the sample,

h-1
p(x)=T(x,0)=1] - l X. 11

- initial temperature distribution in the sample (equilibrium distribution with temperatures 7, at x = 0
and T atx =1).
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We look for a solution to this problem in a standard way

T(x,t) =u(x,t)+v(x,t), (12)
where u(x,¢) is the basic auxiliary function that specifies the instantaneous equilibrium temperature
distribution in the sample:

X X
u(x,0) = () + =~ [ (0) = ()| =T, + A~ Acost + (T, T, — A+ Acosar)  (13)
[ [
and v(x,¢) — some unknown function that has the meaning of deviation from u(x,?).
For the function v(x,?) equation (8) is converted to equation
ov o, R

—=a —5+ f(x1), (14)
ot Ox

with homogeneous additional conditions

I -7, x
v(x,0) = p(x) —u(x,0)=| T, - l x |- Tl+7(T2—T1) =0,

v(0,1) = 44(¢) —u(0,) =0,
V(l,f) = ,le(f) - u(lat) =0,

Ou 262u ) X ) X )
fx,y=—| ——-a — |=—| Awsinwt - — Awsinwt | = Aw| — -1 |sinort.
ot Ox [ [

The inhomogeneous equation of thermal conductivity (14) with zero initial and boundary con-
ditions has a solution in the form of a decomposition on the interval (0, 1) in the Fourier series by func-

where

n
tions {sinx} ,wheren=1,2,3,...:
/

® . 7n
v(x,t) = Zlvn (1) sme,
n=

where
2
4 n 2
v, (1) =[exp —(1 j a (t—17) | f,(v)dz,
0

and f,(?) are the coefficients of the decomposition of the function f{x,#) into a Fourier series over the
variable x:

® . Th 21 . zn
S (x,0) = Zzllfn(f)SHlTx; fn(f)=?(f)f(§’f)sm7§d§-

Let's define f,,(2):
21 21 2!
L0 ==] Aa)(é —ljsin ot -sin2EdE = Awsin a){— 1S sin M eas 2| sinﬂgdgj -
107\ I 101 1 10 1

1

L 2 2
%ffsin%§d§+icos%§ J = Awsin a)t[—(—cos ﬁn)}+Aa)sin w{—(cos n —l)} =
0 0

n

= Awsin ot
n n

2 .
=——Awsin wt .
n
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2

l zn
(Integral | &sin—¢&dE = ———cos zrn taken in parts).
0 [ n
Next we define v,(¢):

2 2
v,(t) = }exp{—(%j az(t —r)Zl‘fn (r)dt =exp l:— n azt}x
0

l n 2 2 2 n 2 l n 2
x[exp|| — a’r || - Awsin ot -dr =——Aw-exp| —| — a’t Jexp|| — a’t |-sinor-dr =
0 [ n n [ 0 [

, J L
2
=——Aw-: explZ—(ﬂj athI-I.
n [
h

2

t

Integral [ = [exp (j azr -sinwr - dr is taken by double application of the formula of integra-
0 )

tion by parts and use of a recurrent formula:

2 2
1 mn 2 n 2 .
I = 5 5 Qexp|| — | at|||— | a sinot—-—wcoswt |+ o
n 2 2 ! !
— | a + w
/
Then
2 2
2 1 n 2 n 2 .
v,(t)=-—— Aw- 5 Qwexp| —| — | at|+||— | a sinwt—-wcoswt
zn 2 [ [
n 2 2
— | a + w
( ! j
So much
e8]
v(x,t)= 2 v, (t)sin—ux,
n=l1
then
_ 5 -
n 2
2 — | a
© 2 2 1 n 2 / ) . Tn
vix,t)=—2 —Aw 5 exp| —| — | a't|+| —F——sinwt —coswt |psin—x -
n=1 rn 2 / (2 )
n 2 2
/ L J

You can interpret the ~expression for deviation differently v(x,#). So much

2
. . . zn 2 .
cos(a + f) =cosa - cos B —sine - sin 3, then the expression | | — | a” sinwt — @coswt | can be
[
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2 2

. n 2 . . n 2

submitted as | — | a” sinwt — wcoswt = —cos(wt + ¢, ), where singp, =| — | a, cos@, =w;
[ [

or, more precisely, 1gp, =

2
© 2 2 1 n 2 1 . Tn
v(x,t)=-2 —Aw 3 exp| | — | @'t |- —cos(at +¢,) rsin—x,
[ [

n=l n 2
n 2 2
e a + o
/

after entering the notation

2
B =——Aa)2 :

; . — .
n 2 n 2
n 2 2 wn 2 2
e a + o e a +
[ [

2
x© n 2 . Tn
v(x,t)= 2 4B, -exp —(j a’t |+C, cos(wt+¢,) - sin—x. (15)
[ [

can be submitted as.

n=l1

The temperature field 7 (x, ¢) of the model is determined by relations (12), (13) and (15). The
problem is solved.

The behavior of a certain non-stationary temperature field was interpreted on the example of a
specific model material — low-carbon steel (base metal for a wide class of technological problems),
with the length of the model samples within 2—20 mm (/; = 2 mm, /, = 5 mm, /5= 10 mm, /, = 20
mm). The initial temperature level of the active surface 7, = 550 °C and the magnitude of temperature
fluctuations 24 = 380 °C corresponded to the typical modes of periodic temperature action on the met-
al during thermal cycling [3]—[5]. The coefficient of thermal conductivity for the selected tempera-
ture range of the model was 6,9-10° m¥/s [9].

A wide range of frequencies of energy action was studied. The frequency of energy action was
determined by the heating and cooling rates of the active surface. For maximum heat treatment rates:
from very slow (=0.1 K/s) to high speed (%1000 K/s and even up to ~10° K/s), according to the se-
lected surface temperature range, the cycle period may vary from 4000 s to 0.4 s (up to 0.4 ms). Cyclic
processing frequency at the same time makes 1,57-10°—1,57 rad/s. Limit regimes with frequencies
were also investigated 15,7 rad/s and 15,7-10° rad/s. Depending on the heating — cooling rate, four
processing modes were distinguished: A-mode — for low heating rates ~1 K/s; B-mode — for average
speeds ~100 K/s; C-mode — for high speeds ~1000 K/s; D-mode — for high-speed heating ~10° K/s.

To control the non-stationary temperature field in the surface layer, a characteristic point (D-
point) was selected at a distance of 1 mm from the active surface, in which the temperature behavior
was monitored in the context of promoting the saturation of the surface layer with the alloying compo-
nent. In fig. 1 and fig. 2 shows the resulting oscillations in the control D-point of sample 14 for B- and
C-modes during the first cycles. The initial temperature fluctuations on the surface 710, ¢), instantane-
ous equilibrium fluctuations u(x,#) and deviations v(x,¢) at the indicated points are also shown.
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Fig. 1. Temperature deviation w(1,7), nstantaneous equilibrium u(1,7) and resulting 7(1,7)
temperature fluctuations at the D-point of the sample /, = 20 mm in the conditions of the B-mode of
processing; 7(0,7) — initial temperature fluctuations on the active surface of the sample
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Fig. 2. Temperature deviation v(1,7), instantaneous equilibrium u(1,#) and the resulting 7(1,¢)
temperature fluctuations at the D-point of the sample /, = 20 mm in the conditions of the C-mode of
processing; 7(0,f) — initial temperature fluctuations on the active surface of the sample

As can be seen from the graphs, the amplitude and phase deviation increase with increasing
speed of heat treatment. The point of maximum deviation of temperature v(x,#) from its equilibrium
value is shifted to the active surface (for these models, it was localized near the coordinates x;=~6 mm
and x,~3 mm).



Poznin 2. MoznentoBaHHS Ta ONTHUMI3aLlisl B TEXHOJNOTT KOHCTPYKIIMHIX MaTepiaiB 41

In Fig. 3 shows the resulting temperature fluctuations at the D-point of the sample /; = 20 mm
in the case of high-speed thermal action (D-mode) for the first and remote (101-102) cycles. As can be
seen from the figure, at the control point there is a significant increase in background temperature over
time.

600
i S e
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- 500

450 w14 cycles

= 101-102 cycles
400 l
0 0,0004 0,0008 0,0012 0,0016
t,s

Fig. 3. The resulting temperature fluctuations at the control point 1 mm under conditions of
D-mode processing for the first (1—4) and remote (101—102) cycles in the sample /, = 20 mm

The phase shift of the temperature oscillations at the points of the surface layer of the sample,
in relation to the initial oscillations on the active surface, can be interpreted as the propagation of the
temperature pulse in the medium — the temperature wave. The speed of temperature waves in the in-
vestigated metal ¢ depends on the length of the model and the processing mode and was of the order of
several mm/s [10], [11].

Conclusions

By analyzing the temperature field of a one-dimensional homogeneous metal model of finite
length under conditions of periodic (sinusoidal) temperature action on its treated surface, a Fourier
method was used to deviate the temperature from its instantaneous equilibrium distribution depending
on the distance to the surface and processing time. The obtained solution has significant differences
from similar analogues, due to the different formulation of the problem in relation to the time of the
process. This solution was applied to a sample of low carbon steel of a given length.
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HECTAINIOHAPHE TEMIIEPATYPHE I1OJIE IOBEPXHEBOI'O LHIAPY METAJIY
IIPU NEPIOANYHIN EHEPTETUYHIN JIi HA IOBEPXHIO
Houko B.1., dino6opeus O.U., Kneuxos O.M.

Pedepar

Merany, HaniBIPOBIAHKUKH, OUTBIIICTD 1HIIMX MaTepiasliB y TBEpAOMY CTaHi mepeBaxxHO (yH-
KLIOHYIOTh B YMOBaX 3MiHHUX Temrepatyp. [1ig BIUINBOM TeMIiepaTypHHX KOJIMBAaHb BIACTUBOCTI Ma-
TepiaiiB MOXKYTh HE 3BOPOTHO 3MiHIOBaTHCS. TepMonuKkiIidyHa oOpoOka MeTalliB, 30KpemMa craiei, sk i
HIMPOKUH Kiac iHIIMX BUCOKOIHTEHCHBHUX IMITYyJIbCHUX TEXHOJOTIH, HO3BOJSIOTH MPUCKOPUTH (a3y
00poOKkn a00 3eKOHOMHTH BUTpaTH pecypciB. YiTka TemmepaTrypHa 3yMOBJIECHICTh JU(Y3iHHUX OTO-
KiB Ta (a30BUX MEPETBOPEHL B 00pOOIIIOBAHOMY IIapi MeTairy noTpeOye BUSBICHHS 3aKOHOMIpHOCTEH
HecTal[iOHApPHOIO TEMIIEPaTypPHOTO TOJII B HhOMY B YMOBaX IMITYJIbCHOT €HEPreTUYHO1 Aii Ha MoBepX-
HIO /715 TPOBEIEHHS BUBAYKEHOT'O IIOTOYKOBOI'O BIUIMBY HA JAHHH IIap.

Bimomi aHaMiTHYHI JOCTIIKEHHS HE OXOIUTIOOTH 3 JOCTATHHOI TOYHICTIO BECh IHTEPBAJ IIHK-
Ji4HOT TepMOOOPOOKH TTOBEPXHEBOrO MIapy METally, OCOOJIMBO B IIOYATKOBIM HOro cTaii, o € MpHH-
LUIOBO ISl IMITYJICHOTO PEXHUMY 0OpPOOKH.

Byna mocraBneHa 3agada 3HaXOMKEHHS IOJISI TEMIIEPATYP OIHOBHUMIPHOI OJHOPIIHOI MeTaTi-
YHOI MOZIENl KOHEUHOI JOBXKMHM B YMOBaX MepiognydHOi (CHHYcOifaiabHOI) eHepreTuyHoi Aii 3 3aaa-
HOIO YacCTOTOIO Ha il aKTUBHY MOBEPXHIO, IIPU MIATPUMII CTaj0l TeMIlepaTypy Ha iHIIIH, rpaHUYHIHA 3
MiAKIaAKOI0, TIOBEPXHi YIPOAOBK YCHOI0 4acy 0OpOOKH.

MeronoM po3noniny 3MiHHHX OyJI0 OTPUMaHO BUpa3 AJIsl BIAXUICHHS TEMIIEPaTypH Bill BENH-
YMHA MUTTEBOIO PIBHOBAXXHOTO 11 pO3MOALIY B 3aJI€KHOCTI Bill BiICTaHi 1O MMOBEPXHI Ta yacy o0poO-
ku. OpepxaHuil Po3B’sI30K Ma€ iCTOTHI BiIMIHHOCTI BiJ MOAIOHMX aHAJIOTiB, IO 3yMOBIIEHO Pi3HOIO
MOCTAaHOBKOIO 3aJ[ayi MO BiAHOLIEHHIO 10 Yacy mpouecy. BkazaHe pimeHHs Oyno 3acTOCOBaHO AJIS
3pa3ka i3 HU3bKO BYIJIELEBOI CTaji 3aJaHol JOBXHHH. BusBieHa 3aJIeKHICTh TTTMOWHU TPOHUKHEHHS
TEeMIIepaTypHOro 30ypeHHs BiJ YaCTOTU TepMivHO]I Aii Moxke OyTH BUKOPUCTaHA IJIsl KEPYyBaHHSA CTPY-
KTYpOIO Ta (pi3MYHUMH BJIACTUBOCTSIMH ITOBEPXHEBOI'0 IIAPY METAY.
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