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PO KBAJAPATHE KOPIHHA B CUCTEMI 3AJIMIIKOBUX KJIACIB

B pobomi docnidoiceno cucmemy 3anumKo8ux Kiacié wjo0o MOACIUBOCHI peanizayii Hemooy-
JILHOI onepayii 3HaAX00HCeHHs K8AOPAMHO20 KOPEHS HO MOOYIIO.

Kniouoei cnosa: 3anuwxosi xnacu, cucmemu Mooyiig, 0ianazon ducei, K6aOpamHuii KOpiHb,
pamue yuca.

The system of residual classes on the possibility of realization of a nonmodular operation of
finding the square root by modulus is investigated in the work.
Keywords: residual classes; module systems; range of numbers; square root; number rank.

IHocTanoBka nmpodJemMu
Cucrema uncnenss 3anumkoBux knaciB (C3K) — 1e cucrema, B sKiil TOBUTbHE YUCIIO TIPEI-

CTaBJIEHO Y BMIVIAI HAOOpy HaMMEHINMX HEBIA'€MHHUX 3aJMUIKIB 110 MOAYIAX mM,,M,,...,M, , TOOTO

N= (al,az,. A n). Tyt a, = N(modm,). Ilpu 1jpoMy, SIKIIO YHCIa ml, B3aEMHO IIPOCTi, TO TAKO-

My NpEICTaBIEHHIO BIIMOBIIA€ TUIBKU OJHE YUCcIO0 /N B Alana3oHi [O, M ) , e M =mymy..m,,.

[lepeBaru ta neponiku C3K neransHO posrsiHyTi B KiacuuHiid po6oti [1]. Ho nepesar C3K,
30KpeMa, BiTHOCATHCS MaJia PO3PSAHICTh 3aJIMINKIB, BUCOKA TOYHICTh 1 HAAIHHICTh, 31aTHICTh CHCTEMH
1o camokopekii. Hegomiku o6ymoBiIeHi TpyAHOILIaAMU MpH peaiizanii HeMOIyIbHUX onepauiid. Y 6a-
raThOX OOYHCIIOBAIBHUX 3aBIAHHSX, IO BUKOHYIOThCS B C3K, omHi€ro 3 HaWOUIBIIT TPYAOMiCTKUX
HEMOJIyJTbHUX OIEpalliii € oreparris 3HaX0/PKSHHS KBaIPATHOTO KOPEHS 110 MOYIIIO.

AHaJi3 0CTaHHIX JOCTiIKeHb i my0aikamin

VY psai poOit, Hanpukiaf [2, 3] 3amponoHoBaHi pi3Hi 3a CKIQIHICTIO METOM peaizallii JaHoi
orieparlii, oJJHaK, pPo3B’s3aHH il JaJIEKe BiJ JOCKOHAIIOCTi. Pe3ynbTaTi BUKOHAHHX JIOCITIKEHb CBif-
YaTh TIPO MOXJIMBICTh OTPUMAaHHS OUTBII €()EKTHBHOIO PIIICHHS, SKE JO03BOJSE JEMIO CIIPOCTUTH
MPaKTUYHY peati3allito oreparlii 3HaXOKEHHsI KBAJAPATHOTO KOPEHSI 10 MOIYITIO.

DopMyJTHOBAHHS METH JOCTITKEHHS

Meroro mocrmipkeHHss € aHamitnaHuid posrisg C3K is peamizamii HEeMOIYIHHOI omepartii
3HAXODKEHHS KBaIPATHOTO KOPEHS 110 MOAYITIO.

BukJsax ocHoBHOTO MaTepiaay

Hexait N,, m> N, >20. Toxi kBagpaTHUM KOpPEHEM i3 uncia N, 10 MORYIIO m HA3UBAEThH-
cs Take uucno N,, m> N, 20, mix gac 3BeeHHs SKOro y KBajapar oTpuMmyeMo uucio N,, To0To,
N, = N,*(mod m). Tax, vanpuxax, npu m =13 mis N, =3 N,=3*(mod13)=9 i zus N, =10
N, =10%*(mod 13) =9.

Hexait o, =N,(modm) i a,,, =N, (modm)=a, +A, ne A=1,2,...,m—13anumku
yucen N, i N,,, 3a MoAyldeM m TaKi, 110 3aJMIIKU KBaJpaTiB IUX YUCEI 32 MOMYJEM m DiBHI.
Toxi MOXHA 3AUCATH & 4, ~ Oy =0 + 20, A+ A’ —a®, = Am , ne J— panr uncna.

Am— A’
20
Hanpuxnan, mis m=13npu A=1, A =1 orpumyemo o, =6 i ,,, =7.

3BiacH @ =

Y tabn. 1, Tabn. 2, Tabn.3 npencrapieHi 3HaYeHH @, 1 &, ,, 3a pi3HUX A1 A mg m =13,

m=7 1 m=11 BignosinHo.
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Tabnuys 1
m=13
A AL G| T | Pusa | Tiea azk (modm) = a2k+A (mod m)
1 11 6|2 7 3 10
3 31511 8 4 12
5 51411 9 6 3
7 713160 10 7 9
9 91210 11 9 4
11 1] 110 12 11 1
Tabnuys 2
m="7
A A% | T | Fhia | Tera azk (modm) = a2k+A (mod m)
1 1] 3 1 4 2 2
3 31210 5 3 4
5 5 0 6 5 1
Tabnuys 3
m=11
A A % | T | Phen | Tioa azk (modm) = a2k+A (mod m)
1 1| 5]2 6 3 3
3 31411 7 4 5
5 51310 8 5 9
7 71210 9 7 4
9 91110 10 9 1

Amnaniz Tabmn. 4, Tabn. 5, Tabm 6, moOymoBaHWX Ha miAcraBi Tabm. 1, Tabm. 2, Tabm. 3
Bi/IMOBITHO, MOKA3Y€, 10 IO KOXHOMY MOJYJIIO JUIs ACAKHUX uncen Bifg 1 1o m —1 BiacyTHI KopeHi, a
IHIII YKCITa MalOTh IO JIBa KBAaJIPaTHOTO KOpEeHs. 3BijcH, IS 17 — MOJYJIBHOI'O YUCIIA, 10 Ma€ KBaJl-

paTHe KOpiHHS, iX KiibKicTh g = 2",
PosrnsiHeMO, 3HaXO/PKEHHS KBAJPATHOTO KOPIHHSA, HANPUKIAA, YHCIA, IO Ma€ 3ajUIIKd
B =9, 5,=4, B, =3 y cucremi moagynis m, =13,m, =7,m, =11.

I3 Tabn. 4 mia sammky S =9 Bubupaemo )y, =3, 7, =10. I3 tabn. 5 ana 3amumky
B, =4 Bubupaemo y,, =2, 7,, =5.131a0n. 6 nus samuuiky [, =3 Bubupaemo 5, =35, 75, =6

Orxe, wumcna i3 sammukamua S, =9,4,=4,,=3 B cucreMi MoxyiuiB
m, =13,m, =7,m, =11 mators g =2’ =8 kopeni:

5 =16=(3,2,5),s, =380=(3,2,6), s, =159=(3,5,5), 5, =523=(3,5,6),
s =478=(10,2,5), 5, =842=(10,2,6), 5, = 621=(10,5,5), 5, =985 =(10,5,6) .



26 Marematiane MonentoBanHs Ne 2(45) 2021
Tabnuys 4 Tabauys 5 Tabauys 6
m=13 m="17 m=11
3auIKu 3aaunku 3aauIKu
Yucno | Ilepumit | dpyruit Yucno | Ilepumii | dpyruit Yucno | Ilepumii | [dpyruit
KOpIHb | KOpiHb KOp1Hb KOp1Hb KOp1Hb KOp1Hb
1 1 12 1 1 6 1 1 10
2 --- --- 2 3 4 2 - -
3 4 9 3 - --- 3 5
4 2 11 4 2 5 4 2
5 - - 5 - - 5
6 - - 6 - - 6 - -
7 - - 7 - -
8 - - 8 - -
9 3 10 9 3 8
10 6 7 10 - -
11 -—- -—-
12 5 8
[losicHrO€ETRCST  1e  pi3HUMH ~ paHramMu  [4] umMcenmn 3  OJHAKOBHMH  3aJTUIIKAMH

B =9,5,=45,=3.
Takum 4MHOM, Ha HACTYIIHOMY €Talli BUHMKAE 3aBAaHHS BU3HAUUTU SKHUH 13 IUX KOPEHIB €
KOPEHEM CaMe YHcia S, , par sKoro A,.

TMosuaunmo R =+/(A+ M| — mait6mmxae menme 1o +/(A+1)M uine uncno. Hexait
)<s, <R 5]

R(A,_,) ana A, Ta R(A,) ana A,. Toni, sxmo BukoryeTbes ymosa R(A4,_ , came

1€l KOpiHb € mrykanuM KopereM. st yncna 3 HynsoBuM parrom 0 <s ;SNM J.
Hexaii 3a nanoto Meroaukoro Tpeba BU3HAUMTH SIKUH 13 HABEIECHUX BHIIEC KOPEHIB € KOPEHEM

=9, 3, =4, B, =3 tapanr 4, =273.

1) =522 ta R(A,)=523. IlepeBipsieMO MOCITITOBHO, IOUYMHAIOYH 3

YKCIIa, 3AIMIIKK SKOro /3,

Hunst nanoro panry R(A4,
5, =16= (3, 2,5) Bukonanns ymosn R(A4, ) <s;, <R(A). Ila ymoBa BHKOHyeTbCA JHIIE VIS
s, =523 = (3,5,6) . Otxe, 5, =523 = (3,5,6) i € KopeHeM ymcIa.

O1iHMMO YacoBi BUTPATH.
B HaiiripuiomMy BUMaAKy JOCSITHEHHS pe3yabTaTy BUMarae g —1 irepartiii.
OpHak y peadbHUX IPoIiecax mapaMeTpu OMUCYIOTHCS YUCIIaMU, PO3MOIUIEHUMH BUTIAIKOBUM

ypHOM. Hampuknan, npe piBHOMIPHOMY PO3MOILUT 4mcen HMOBIpHICTh s I = 2,3,...,7 IOpiBHIOE
1 . .
D; :Tl)' SIKmo mpouec BU3HAYEHHS YSBUTH Y BHIUIALI JepeBa MOXKIMBUX PE3YJbTATiB, TO
g-U-

MOBHA HMOBIPHICTh KOXKHOT'O PE3yJIbTaTy BU3HAYAETHCS, SIK CyMa BCiX HMOBIpHOCTEH, IOYMHAIOYH Bil
LBOr0 PE3yJbTATY 1 3aKIHUYIOUM KOpEHEM JepeBa (II0YaTKOBOrO cTaHy). B pe3ynbTati KinbKicTh iTe-

partiit
T=1p()+2(1-pM)p(2) +3(1=pO)X1-p(2)p3) +.. +i1=p(D)1=p(2)...(1-pli— 1))p(l)+ +

Hg=DA-pM)A=pQ2)...(=-pg =2)p(g—D+(g—I1-p)A-p(2))...A-p(g - 1))—*21+1
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g1
Tax, manpuknan, s g =8 3uagodurses [ =§ % [+1=4,37, to6T0 n'are irepauiii. Ilinsu-

mieHHs meuakonii @ =1,4.
Tabn. 7 Ta rpadik (puc. 2) IMIOCTPYIOTh 3aJIEXKHICTD MABUIIEHHS! IIBUAKOIIT BiZl KUTBKOCTI KOPEHIB.
Takum 9rHOM, PO3MIIIHYTHH Minxin 3a0e3mnedye 3HaXOMKEHHS KBaJpaTHOrO KOPIiHHS 4Hcia B
CHCTEMI 3aJIMIIKOBUX KIIACIB.
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Puc. 1. ]lepeBo MOXKITUBUX pe3yIbTaTIB Puc. 2. I'padix mBuaKomii
Tabnuys 7
Kinekicts | Kinekicts | IlinBumenas
MOJTYJIiB KOpEHIB IIBUAIKOIIT
2 4 1,2
3 8 1,4
4 16 1,7
5 32 1,8
6 64 1,9
7 128 2,0
8 256 2,0
9 512 2,0
10 1024 2,0
BucHoBkn

JocnimpkeHo MeToa peamizalii B CHCTEMI 3aJMIIKOBHX KJaciB mpoOieMHOi omepamii BU3HA-
YeHHs KBaJpaTHOro kopeHs. IlokazaHo, 10 3anporoHOBaHUN METO] 3a0e3nedye OTpUMaHHs IIyKaHO-
ro pe3ynabTaty. Ha OCHOBI 3a1IpONOHOBAHOr0 MiAXO4Y MPH PIBHOMIPHOMY PO3MOIiI YUCEN AOCITAETh-
Csl MBUIIEHHS MIBUAKOAI] BUKOHAHHS OIlepallii BU3Ha4eHHs KBaJpaTHOro kopens. [IpencrasisieTses
JOLUTFHUM 3aCTOCYBATH 3allPOMOHOBAHUN MigXiJ B SKOCTI MEPCIEKTHBHOTO HAMPIMKY JOCHTIKEHb
CKJIaJJHUX OMepamiii B CHCTeMI 3aJIMIIKOBUX KJIacCiB.
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ON SQUARE ROOTS IN THE SYSTEM OF RESIDUAL CLASSES
Polissky Yu.

Abstract

When performing a number of computational operations in a non-positional number system of
residual classes, there is a problem of determining the square root of a number modulo. A number of
works offer different methods of implementation of this operation, however, its solution is far from
perfect. The purpose of the study is an analytical consideration of the system of residual classes for the
implementation of a nonmodular operation of finding the square root of the modulus. Thus the square
root from some number on the module is called such number during which reduction in a square we
receive initial number. The tools of the research methodology are systems analysis, number theory and
the Chinese residual theorem. The research methodology is based on the analysis of special tables of
residuals modulo for different values of difference and rank of number. The rank of a number is a
characteristic that shows how many times you need to subtract the value of the range from the
resulting number to return it to the range. This analysis shows that for each module there are no roots
for some numbers, and other numbers have two square roots. Determining a particular root from this
number is done by checking that it belongs to one of the intervals constructed based on the rank of the
number. The time estimation of the proposed method is given, based on the fact that in real processes
the parameters are described by numbers distributed randomly. This estimate is illustrated by a tree of
possible results, a table and a graph of performance. The result of the work is a completed theoretical
justification of the proposed approach to the effective solution of the problem of determining the
square root of a number.The method of realization in the system of residual classes of the problem
operation of determining the square root is investigated. It is shown that the proposed method provides
the desired result. On the basis of this approach at uniform distribution of numbers increase of speed
of performance of operation of definition of a square root is reached. The proposed approach is
algorithmically simple and it is expedient to consider it as one of the directions of research of ways of
increase of efficiency of calculations in system of residual classes.
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