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THERMODYNAMIC CHARACTERISTICS OF SUPERSATURATED SOLID SOLUTIONS 

IN THE Ni–Al SYSTEM:  

COMPARISON OF DIFFERENT APPROACHES 
 

Thermodynamic characteristics (the formation enthalpy and Gibbs energy) of nickel- and 

aluminum-base supersaturated solid solutions in binary system Ni-Al are estimated using the semi-
empirical Miedema model and the CALPHAD approach. The comparison of these two approaches is 

made and the limitations of the Miedema model are revealed. 

Keywords: Ni-Al system; supersaturated solid solution; thermodynamic properties; formation 

enthalpy; Miedema model; CALPHAD approach. 

 

Термодинамічні характеристики (ентальпія утворення та енергія Гіббса) перенасиче-

них твердих розчинів на основі нікелю та алюмінію в бінарній системі Ni-Al оцінені за допомо-
гою напівемпіричної моделі Міедеми та підходу CALPHAD. Проведено порівняння цих двох під-

ходів та виявлено обмеження моделі Miedema. 

Ключові слова: система Ni-Al; перенасичений твердий розчин; термодинамічні влас-
тивості; ентальпія утворення; модель Міедеми; підхід CALPHAD. 

 

Problem’s Formulation 

Supersaturated solid solutions are formed in many binary and multicomponent systems during 
mechanical alloying (MA) — intensive grinding of a mixture of powders in a highly loaded grinding 

device, for example, a vibration or planetary mill, attritor, etc. [1—3]. In MA, as a result of collisions 

of the “ball-particle-ball” or “ball-particle-wall” type, the initial particles of pure components are de-
stroyed and cold welding along the formed juvenile surfaces occurs, with the formation of composite 

(most often layered) particles. In the course of further intense periodic plastic deformation of such 

composite particles, in which the characteristic layer size is 0.1—0.5 µm, accelerated diffusion of 
components and metastable phase transitions occur. This leads to the formation of nonequilibrium 

phase and structural states, such as nanostructures, supersaturated solid solutions, amorphous and qua-

sicrystalline phases. 

It is also known that mechanical activation of powder components in similar devices is used to 
influence the processes of self-propagating high-temperature synthesis (SHS). This process is called 

mechanically activated SHS (MA-SHS) [5—8]. In this case, a decrease in the ignition and combustion 

temperatures, a change in the speed of the SHS wave, and a significant decrease in the effective acti-
vation energy of the process are observed. Moreover, during SHS in a Ni + Al powder mixture sub-

jected to preliminary mechanical activation by intense short-term (up to 4.5 min) grinding in a planeta-

ry mill with centrifugal acceleration of balls up to 60 g, a new phenomenon was discovered — purely 

solid-phase combustion, when the interaction temperature was found to be below the melting point of 

the most low-melting component — aluminum (Tm (Al) = 660 °C) [ 9, 10].  
In this regard, it should be noted that the process of mechanoactivation of the powder charge 

can be considered as the initial stage of mechanoalloying. The Ma duration is ~ 1—10 h, and its pur-

pose is to obtain powder materials with a metastable phase and / or structural state [1—3]. In contrast 
to ML, the purpose of mechanical activation as a preliminary stage of MA-SHS is to grind reagent par-

ticles and increase the contact area between them. Grinding is usually stopped when the composite 

particles are formed and lasts several minutes. At the same time, as noted in a number of works, the 
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effects observed during MA-SHS can be associated with the formation of metastable phase and struc-
tural states at the boundaries of component interlayers in composite particles, i.e. at the nanoscale [11]. 

Formulation of the study purpose 

To assess the physical mechanism of MA effect on the subsequent SHS, it is necessary, first of 
all, to evaluate the thermodynamic characteristics (enthalpy and Gibbs energy) of supersaturated solid 

solutions based on pure metals. Carrying out such studies is associated with significant experimental 

difficulties. 
In this regard, the purpose of this work is to theoretically estimate the thermodynamic charac-

teristics of supersaturated solid solutions in the Ni-Al system, in which a strong effect of mechanical 

activation on SHS was observed [9—11], and to compare the results obtained using different ap-

proaches. 

Presenting main material 

At present, the following approach is used to describe the thermodynamic characteristics of 

multicomponent condensed phases (melts, substitutional solid solutions, and compounds) with a cer-
tain homogeneity region [12]. All phases, even the so-called “linear” compounds, which do not have a 

visible region of homogeneity on the phase diagram and are depicted as a vertical straight line, are 

considered as solutions, and their thermodynamic parameters (Gibbs energy G, enthalpy H and entro-

py S) are not determined by formula unit (for example,TiB2), and for 1 mol of solution (in this exam-

ple, for the formula Ti0.33B0.67). The expressions for the Gibbs energy and phase enthalpy ϕ are as fol-
lows: 
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ϕ

mag,iG , 
ϕ

mag,iH  are quantities describing the contributions of pressure and 

magnetic ordering to the Gibbs energy and enthalpy of the ith element in the phase state ϕ, Hi
SER

 is the 
standard value (Standard Element Reference), ai, bi, ci and di,n — are the numerical parameters for of 

the i-th element, n — is an integer. The value 
SER
iH  = Hi(T=298) – Hi(T=0) is small and it makes 

sense to correct when passing from T=298 K to T=0 K as to the standard reference temperature for 

thermodynamic quantities G and H. 
All parameters included in formulas (5) and (6) are given in the SGTE (Scientific Group 

Thermodata Europe) thermodynamic database [13] for all metallic and non-metallic elements (except 

gases) in various phase states — as in liquid, and in a solid with different crystal lattices. It also con-
tains calculated data for hypothetical phase states of solid elements, i.e. states with such a crystal lat-
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tice, which for a given element does not exist in a free form in nature. These values are used for situa-
tions where the type of crystal lattice in which a given element is located as a solute differs from its 

own lattice in equilibrium. 

The main problem in calculating the thermodynamic characteristics of stable and metastable 

phases is to determine the excess enthalpy of mixing ϕ
exH . For this, various approaches are used. 

Assessment of thermodynamic characteristics of phases according to the Miedema model 
The semiempirical Miedema model is used to estimate the enthalpy of formation of com-

pounds (for example, multicomponent intermetallics, carbides, etc.) for which there are no data in the 

reference literature, as well as for metastable phases, primarily amorphous [14]. It is also used to pre-
dict the range of compositions of the liquid phase in the phase diagram, where it is possible to obtain 

amorphous alloys [15, 16].  

According to this approach, the change in enthalpy during the formation of phase ϕ from 

components in a given phase state, i.e. in fact, the excess enthalpy of mixing ϕ
exH , is defined as 

 elchem
ex HHH ∆+∆=ϕ , (7) 

where ∆H
chem

 — is the enthalpy of the chemical, and ∆H
el
 — is the elastic interaction of atoms, the 

latter being taken into account only for solid crystalline phases. 

In the Miedema model, the quantity ∆H
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 for the multicomponent phase is calculated as 
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where xi — is the molar concentration of the ith component, x
s
i — is the concentration of atoms of the 

ith sort at the boundary of Wigner-Seitz, chem
jiniH∆  — is the enthalpy of dissolution of element i in j, 

i≠j, k — s the number of components, fij — is the parameter , depending on the type of phase. 
The quantity x

s
i has the meaning of the fraction of the surface of atoms i, which is in contact 

with atoms j, i≠j, and for each pair i–j it is determined by the formula: 
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where Vi — is the molar volume of the i-th element, the values of which for some substances are cor-

rected taking into account the type of the crystal lattice [17]. 

The parameter fij, i≠j, has the form 
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where γ=5 for the amorphous phase, 0 for disordered solid solutions and 8 for ordered phases (solid 

solutions and intermetallic compounds) [18]. 

The values chem
jiniH∆  are determined in the following form [ 11,  14]: 
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Here e — is the elementary electric charge (electron charge), ϕi
* — s the electronegativity pa-

rameter for the i-th component, ni — is the electron density parameter at the Wigner-Seitz, Pij and 

R/Pij — are numerical parameters depending on the nature of the i–j, the value Q/Pij = 9,4 for all sub-
stances. For the Ni-Al: Pij =0,128, R/Pij = 1,9, and the values of the remaining parameters for nickel 

and aluminum included in formula (11) are given in tabl. 1. 

Miedema's model uses specific dimensions of quantities, which here, as in the original [14, 

17], are given in English notation: [Vi]=cm3, [R/Pij]=V2e, [ni]=d.u., [ϕi*]=V, [Q/Pij]=V2e(d.u.)−2/3, 

[Pij]= V−1cm−2(d.u.)−1/3, where V≡ Volt, e — electron charge, cm≡см, d.u. (density unit) — unit of 

electron density: 1 d.u. ≈ 6⋅1022 cm−3 [ 14]. From such a definition of dimensions, it becomes clear that 

in formula (5) the factor e with the term (ϕ*
i–ϕ

*
j)

2 is written only to maintain the balance of dimen-

sions, i.e. here e=1, and not a physical quantity, which is 1,602⋅10−19 Кл. 
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Table 1. Parameters of the Miedema model with corresponding dimensions for Ni and Al [17, 20] 
 

 ϕi
*, V ni

1/3, (d.u.)1/3 Vi
2/3, cm2 Hooke's module µ, GPa Compressibility ζ, GPa −1 

Ni 5,20 1,75 3,52 26,2 1,385⋅10−2 

Al 4,2 1,39 4,64 76,0 0,538⋅10−2 

 

The quantity
chem

jiniH∆  has the dimension eV (electron volt) per 1 atom, and a conversion factor 

is used to convert to J/mol: 1 J/mol = 1,6021⋅10−19⋅NA eV = 96,494⋅103 eV, where NA = 6,023⋅1023 mol 
−1 – Avogadro's number. 

The term ∆Hel in expression (7), which takes into account the contribution of the elastic inte-
raction of atoms, is determined similarly to the chemical energy in formula (8) [19, 20]: 
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where el
jiniH∆  — is the enthalpy of elastic interaction of atoms for the solution of element i in j, i≠j. 

It is convenient to el
jiniH∆  write expressions for for a pair of atoms A-B, i.e. putting i≡A for the 

dissolved element (solute) and j≡B for the solvent [ 19,  20]:  
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where µB — is Hooke's modulus of solvent B, ζA — s the compressibility of the dissolved component 

A, ζA = KA
–1, where KA is the modulus of uniform compression, WA and WB — are the corrected molar 

volumes of the components for the solid solution. 

The values of µ and ζ for Ni and Al are given in table. 1. The values WA and WB, included in 
(13) are calculated by the following expressions [19]: 
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where VA and VB — are the molar volume of pure substances A and B, and the coefficient αA in B is de-
fined as: 
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Here P0 = 1,5 — is an empirical constant with the dimension cm⋅(d.u.)2/3⋅V–1, and VA
all — is 

the molar volume of element A in the alloy, which is determined by the formula [21] 
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 where αA — is an empirical coefficient taking values 0,14, 0,10, 0,07 and 0,04 for elements with va-

lence v = 1, 2, 3 and  >3, respectively; e.g. for aluminum αAl = 0,07, but for nickel αNi = 0,04 [ 17]. 

Thus, formulas (7)—(16) describe the thermodynamic parameters of the phases per 1 mol of 
solution in the framework of the semiempirical Miedema model. It should be noted that in many 

works where the Miedema model is used, elastic energy is not taken into account without explaining 

the reasons. 
To compare the calculation results and estimate the error of the Miedema model, we will use 

the CALPHAD approach (CALculation of PHAse Diagrams — calculation of phase diagrams) for the 

same phases — supersaturated solid solutions based on Al and Ni in the Ni-Al binary system. 

Calculation of thermodynamic characteristics of phases using the CALPHAD approach 

Within the framework of the CALPHAD approach, which was developed for calculating 

double and multicomponent phase equilibrium diagrams [12], the excess enthalpy of mixing for the 

binary phase ϕ is determined using the regular solution model: 

 ϕϕ = 1221 LxxHex , (17) 
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where x1 and x2=1–x1 — are the atomic concentrations of the components, and the parameter of pair 

interaction of atoms Lϕ
12 is described by the Redlich-Kister-Muggianu polynomial:  

 ( ) 0,211212 ≥−=∑ ϕϕ nxxLL
n

nn . (18) 

According to [ 22], the parameters of polynomial (18) are the same for solid solutions based on 
Ni and Al, since both of these elements have the same crystal lattice — fcc, and have the following 

values (in SI units, that is, J / mol): 
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n the CALPHAD approach, it is important to determine the standard state of the components 

in a given phase — i.e. parametersGi
ϕ, Hi

ϕ, included in formulas (1) and (2). As noted above, Ni and 
Al in equilibrium have the same fcc (phase-centered cubic) lattice, but nickel is ferromagnetic and 

aluminum is paramagnetic. Since to determine the thermodynamic parameters of the components it is 
necessary to take into account the magnetic ordering (see formulas (5) and (6)), the following are tak-

en as the standard states of the components of two solid solutions (based on Al and based on Ni) [22]: 

1) solid solution based on nickel: for Ni — Gibbs energy fcc
NiG  and enthalpy fcc

NiH  of a pure 

element, taking into account magnetic orderingfor aluminum, the Gibbs energy fcc
AlG  and enthalpy 

fcc
AlH of the pure component, i.e. for both substances their equilibrium states are taken;  

2) a solid solution based on aluminum: for Al — the Gibbs energy fcc
AlG  and enthalpy fcc

AlH  of a 

pure element in an equilibrium state; for Ni — the Gibbs energy and enthalpy in a hypothetical para-

magnetic state with an fcc lattice ( para,fcc
NiG  и para,fcc

NiH ), i.e. disregarding magnetic ordering. 

The specified parameters for pure components were calculated based on the values given in 
the SGTE database [13]. 

Calculations of the Gibbs energy and enthalpy using the CALPHAD model were performed 

per mole of the two-component phase for two supersaturated fcc solid solutions — one based on alu-
minum (in the composition range from 0 to 60 at.% Ni) and based on nickel (composition range from 

40 to 100 at % Ni) at room temperature T0=298 K. The results are shown in Fig. 1. It also shows the 

estimates of these thermodynamic parameters according to the semiempirical model of Miedema in 
the entire range of concentrations — from 0 to 100 % Ni. 

A slight difference in the enthalpy and Gibbs energy of supersaturated solid solutions based on 

aluminum (dash-dotted black line in Fig. 1, a,b) and nickel (dash-dotted gray line in Fig. 1, a,b), calcu-

lated using CALPHAD- approach, which is noticeable in the range of compositions 0.4 ≤ xN ≤ 0.6, is 
associated with the fact that different standard states of the components described above were used for 
their thermodynamic description. This is also the reason that the entropy of the saturated solid solution 

based on aluminum (black dash-dotted line in Fig. 1,b) is slightly higher than for the solution based on 

nickel (gray dash-dotted line in Fig. 1,b) within the CALPHAD approach. Note that, in the calcula-

tions using the Miedema model, their equilibrium states were taken as the standard state of the com-
ponents of the fcc solid solution; therefore, the entropy of the supersaturated solution (black line in 

Fig. 1b) coincides with the values for the fcc solution based on Ni, determined by CALPHAD —

models. The ideal entropy of mixing in both models is the same (dotted line in Fig. 1,b), since it is de-

termined by formula (3), and its maximum value is small: max(Sid) = 5,76 J/(mol⋅К) at xNi=0,5. 

As can be seen from Fig. 1a, within the framework of the Miedema model, the enthalpy of 

elastic interaction ∆Hel (dotted line in Fig. 1, a) is comparable with the total fcc enthalpy (fcc) of the 

Ni-Al solid solution, since the relative differenc ε = max|∆Hel/Hfcc| ≈ 0,24, i.e. this value makes a sig-

nificant contribution to the estimation of the enthalpy of formation of the crystalline phase. In this 
case, in the entire range of concentrations, the enthalpy, estimated using the Miedema model, taking 

into account the elastic interaction, turns out to be significantly higher (i.e., less negative) than that 

calculated using the CALPAD approach. 
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At the same time, as can be seen from Fig. 1, a, the enthalpy of formation of a solid solution 

without taking into account ∆Hel (i.e., only the enthalpy of chemical interaction ∆Hchem — see the dot-
ted line in Fig. 1,a) is close to the values obtained from CALPAD models. Apparently, this is what 

motivates the fact that in many cases, when estimating the enthalpy of formation of solid crystalline 

phases according to the Miedema model, the elastic interaction is not taken into account — as was 

done, for example, when studying a large number of three-component alloys [23]. 
The Gibbs energy, estimated by the Miedema model with allowance for the elastic interaction 

of atoms (solid black line in Fig. 1,c), differs significantly from the calculation by the CALPHAD me-

thod (dash-dotted lines in Fig. 1,c), which is primarily associated with the contribution of the enthalpy 

component ϕ
exH . Taking into account only the chemical interaction (values ∆Hchem) the free energy of 

the solution is somewhat closer to the results according to the CALPHAD approach, but in this case 
the maximum relative deviation is quite large — about 20 % at xNi=0,6. The data obtained by the 

CALPHAD method are more reliable, since the Ni-Al phase diagram calculated using this method 

[22] is in good agreement with the experimental one. 
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Fig. 1. Thermodynamic characteristics of solid solutions based on nickel and aluminum, calcu-

lated using the Miedema model and based on the CALPHAD approach: a — enthalpy, b — entropy,  

c — Gibbs energy 
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It should be noted that when calculating the enthalpy of formation of solid three-component 
alloys according to the Miedema model without taking into account the elastic interaction of atoms, 

the data [20] were obtained, which significantly differ from the experimental ones. Thus, the relative 

deviation ε = |∆Hchem–Hexp|/Hexp, where Hexp — is the experimental value, was 18 % for the Fe-Ni-V, 
14 % for the Fe-Ni-Zr system, and about 60 %, for Cu-Ag-Au — from 14 to 82 %, for Au-Sb-Zn —  

17—29 %, for Y-Cu-Mg — from 14 to 43 %, for Pb-Sn-Sb — from 29 to 115 %, for Pb-Sn-Zn — 
44—57 %, for Cu-Pd-Si alloys — from 24 % to 50 % [20]. Therefore, the calculations by the Miede-

ma model are estimates, and if possible, the CALPHAD approach should be preferred. 

Conclusion 
Thus, as a result of a comparison of the thermodynamic characteristics of supersaturated solid 

solutions based on nickel and aluminum in the Ni-Al system, calculated using two approaches, it was 

found that the Miedema model, taking into account only the ∆Hchem value, gives a good approximation 
in estimating the enthalpy of supersaturated crystalline solid solutions system, but shows a significant 

deviation in the calculation of the Gibbs energy. When assessing the enthalpy of formation of metasta-
ble phases (amorphous, supersaturated solid solutions) according to the Miedema model, only the 

chemical interaction of atoms should be taken into account (the ∆Hchem in formula (7)). When using 
the semiempirical Miedema model to determine the enthalpy of formation and Gibbs energy of multi-

component compounds for which there are no data in the reference literature, it should be borne in 

mind that it can give a significant error (especially for the Gibbs energy), and such calculations should 
be considered as estimates. The results obtained can be used to assess the thermodynamic parameters 

of metastable phases formed during MA/Ma and to analyze the effect of preliminary mechanical acti-

vation of metal powder systems on subsequent processes of synthesis of new materials, in particular, 
SHS, reaction sintering, etc. 
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