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The article investigates the application of methods of mathematical statistics in the processing
of data on parametric failures of measuring instruments (MI). Calculations and comparative analysis
of the method of maximum likelihood and the method of least squares in estimating the parameters
and confidence intervals of the functions of the distribution of probability of failure. An expert ap-
proach to estimating the parameters of the failure model based on statistical data is proposed.
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B cmammi docniosxceno 3acmocysanms memoodie MamemMamuyHoi Cmamucmuxu npu 0opooyi
OaHUX NPO NApaAMempudti 8i0Mosu 3acodis eumipiosaus(3B). [Iposedeni po3paxyuku i NOPIGHANbHULL
amaniz memoody MaxKcumMaibHoi npasoonodiOHoCmi i Memoody HAUMEHUUX K8AOPamie npu oyiHyi na-
pamempis i 008IpouHUX IHmMepsanie GyHKYil po3nodiny UMOSIPHOCHEN SUHUKHEHHS 8I0MO08. 3anpo-
NOHOBAHUIL eKCNepMHULL NIOXI0 OYIHIOBAHHS NAPAMEMPIE MOOE 8iI0MO8 HA OCHOBI CIMAMUCHUYHUX
OaHuXx.

Knrouoei cnosa: ougysiiini poznodinu, mooeni 6i0M08 3acobi6 GUMIPIOBAHb, MEMOO MAKCUMATb-

HOI npago0onooibHOCH, Memoo HAUMEHUUX K8AOPamis.

Problem’s formulation

The practice of using measuring instruments for various purposes has shown that without the
installation and conduct of special work to ensure metrological reliability, which is determined by hid-
den failures, such devices are not effective enough. The peculiarity of hidden (parametric) failures in
MI is the hidden nature of their appearance. Probabilistic-physical (diffusion) models of failures are
used to mathematically describe the process of hidden failures. Therefore, the task of estimating the
parameters of diffusion distributions on the basis of failure statistics in the process of MI operation is
relevant.

Analysis of recent research and publications

The analysis of the results of Monte Carlo modeling of samples from different types of empir-
ical distributions of object developments conducted in [1] shows that for qualitative approximation of
failure statistics it is expedient to use DM (diffusion-monotone) and DN (diffusion-nonmonotonic)
distributions In this work, simulations were performed and 1,200 samples with a volume of 100 values
of up to (on) failure were processed and a number of statistical tests were performed. As theoretical
models of the distribution functions of the failure time were adopted: DM and DN-distribution func-
tions, normal distribution (N), logarithmically normal (LN), Weibull (W). Distribution parameters are
evaluated as sample unbiased estimates & and v for the case of the full test plan (NUN) [1].

As we can see, the efficiency of diffusion models is confirmed by the results of statistical
modeling. Unfortunately, in real operating conditions, the specialists of the metrological service do not
always have a sufficient amount and different origin of information on failure statistics. In this case,
the main advantage of DM and DN-models is to take into account a priori information and the nature
of the random diffusion process, which leads to the parameter exceeding the allowable limits.

Formulation of the study purpose

The purpose of the work is to study the methods of processing statistical data on metrological
failures of measuring instruments and to develop methods for estimating the parameters of diffusion
laws of distribution of failures based on the results of controlled operation.
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Presenting main material

For research we will use statistical data on failures of induction single-phase electricity meters.
The term of verification of such electricity meters according to passport data is 16 years, and operation
is at least 30 years (for some models at least 40 years). The source of information on the operational
characteristics of the MI is the data obtained from the results of controlled operation. Picture 1 shows
the points of the empirical distribution function according to the data of controlled operation (NUr
plan) of two similar groups of MI. The calculation of ordinal statistics and the corresponding values of
the distribution function were performed by the Johnson method. Since the results of data processing
of controlled operation of devices during the first 13 years coincide well, and then the data for the cal-
culation of the distribution function are missing in the future we will consider only the first group of
devices.

Using the statistics of failures of induction single-phase electricity meters from a sample of
n =60 (m = 22 — refused, s = 38 — not refused) we estimate the parameters of diffusion models of
metrological failures by the method of maximum likelihood (MML) and compare with the results ob-
tained for Weibull's law.

For a truncated and censored sample n, the plausibility function in the case of diffusion distri-
butions takes the form

L=T]re [Iu-Fepn, M
i=1 j=1

where f(r) — the density of the distribution of operating time to failure, and F(¢) — the distribution
of the time of failure-free operation (values 7;and 7; are given in Annex B, Table B.1). The vector of

parameters of diffusion distributions ® =[,v] at which the function L(X,®), or InL(X,®) reaches

the point of local optimum (maximum) is the most plausible estimate of the parameters of the theoreti-
cal distribution ( X -matrix of random values of developments).

OL(X,0)
0

To obtain a numerical solution of the equation =0, we use the following method.

To find the maximum L(X,®) using the optimization procedures of the Matlab package, we find the
minimum of the likelihood function with the opposite sign (—L(X,®) . The search for the minimum

was performed using an algorithm that implements the simplex Nelder-Mead method (does not require
gradient calculation).
The result of the calculation for the case of DM-distribution showed that the iteration process

coincides with the accuracy of the argument of the equal function 10~ . The number of estimates of
the objective function — 153, the number of iterations — 75. The most plausible estimates of the pa-
rameters z = 22,0915 and v = 0,7630. To verify the results of the calculation, we construct the sur-

face (three-dimensional model) of the plausibility function Z ( v,z ) and its projection on the plane of
values XY = (v u) (Fig. 1).

For convenience of calculation we will round off values of parameter of scale to tenths
4 =221, and parameter of form to hundredths v=0,76 (in fig. 2 designations mu = # and v=v ) and

we will present their vector-line m = [22,1; 0.76]. We will change the value x4 in the range [15; 34]
with a step of 0.1, and v=0.1... 2 with a step of 0,01.

First, we calculate the values of the elements of the matrix L, which are equal
L; j =L(y;,vj,7,t) toi=j=1.191. The result will be a surface matrix of the likelihood function,

which is calculated as the ratio Z= L(4;,v,7,t)/ L(m,7,t) . As can be seen from fig. 1 Z =1 at a point

with coordinates X =v=0,76 and Y = g =221 which confirms the reliability of the calculation of
estimates of the parameters of the DM-distribution.
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Fig. 1. Graph of the surface of the likelihood function Z( v, u )

The interval estimation of the DM-distribution parameters according to the NUr test plan for
the lower and upper confidence limits of the parameters uy, vy and upg, vp accordingly, is calcu-
lated using the expressions given in [1—2]

il v, ;U‘f,/4 v2U,/ 2)
= + - +v m|;
HH =H m 2@ q

1+252)U?2 U
vy =7 1+Q_—q\/[8m+(1+232)U§](1+292 ; A3)
4m 4m
=1 \72Uq ;Uq '4 NZU/ 4)
= + +—= +v m{;
Hp = H 2m ZM 1
142522 U
v =T 1+Q+—q\/[8m+(1+2\72)U,§](1+252 , (5)
4m 4m

where ¢ — is the reliability of the estimate, v — the number of recorded failures (in this example m =
22), U, — the value of the quantile of the normalized normal distribution.

Tabl. 1 presents the calculations of the values of the confidence limits for the values of the pa-
rameters of the scale # and v in the case of DM-distribution for a number of values of reliability g.
To compare the diffusion distributions of failures, similar calculations were performed under the as-
sumption of the law DN-distribution of the occurrence of metrological failure (tabl. 2).

Estimation of the DN-distribution parameters by the MML method gave the following values:
4 =30,1752 and v = 0,8644. It should be noted that the sample weighted estimates of the estimated

parameters are z,= 20,8675 and v,= 0,5046 and belong to the confidence interval for the parameters
of DM and DN-distributions at specified values of reliability g [3—4].
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Table 1. Confidence limits for DM-distribution functions

q DM
0,95 M € [16,9182;28,8467] v € [0,5308; 1,0967]
0,99 M € [15,1667;32,1801] v € [0,4580; 1,2710]
0,999 M € [13,4317;36,3344] v € [0,3894; 1,4951]
0,9999 M € [12,1713;40,0971] v € [0,3418; 1,7033]

Table 2. Confidence limits for DN-distribution functions

q DN
0,95 M € [22,3095; 40,8142] v € [0,5857; 1,2757]
0,99 M € [19,7189; 46,1762] v € [0,5002; 1,4937]
0,999 M € [17,2001; 52,9381] v € [0,4207; 1,7761]
0,9999 M € [15,4004; 59,1245] v € [0,3662; 2,0404]

Consider another example of processing and analyzing data on failures of electricity meters. In
this case, the number of failures r; in the group N ; with Ml in the interval is known [0;7].

The authors of this monograph propose to calculate the values of the empirical distribution

function by the formula F; = l—e % , where 4; = ZI:;\;—J the accumulated failure rate is, and to de-
i=1""J

termine the parameters of the theoretical model byjthe method of least squares. We will use this as-

sess.rnent approach to study the quality of the approximation of failure statistics using diffusion distri-

buUons'The parameters of diffusion failure models are obtained using the least squares method (LSM)

k
by minimizing the objective function of the form ¥(®) = Z(Fz —Fpy (¢7,0)) = min, where & —
j=1
number of options, F, — the value of the empirical distribution function, ® =[g, v] — the parame-
ters of the theoretical model £, . The problem of nonlinear programming was solved using numeri-

cal methods for optimizing the Matlab environment (modified simplex Nelder-Mead method). As a
result, received ©® =[11,5390, 0,4129].

Based on the analysis of the obtained empirical distribution functions and the monotonic na-
ture of random processes of change in time of metrological characteristics MI, it is shown that the DM
distribution function better approximates empirical distribution functions based on different sources of
statistical information compared to Weibull distribution results (Fig. 2).

Here is one of the possible options for expert evaluation of the parameters of the theoretical
model of failures based on statistics of failures of controlled operation and data on the number of fail-
ures at a fixed point in time. For example, if the limits of the confidence interval for the parameters of
the DM-failure model (truncated sample) x e [13,4317; 36,3344] and v e [0,4207; 1,7761] at
g = 0,999, you can choose the parameters of the DM-distribution, which would belong to a given con-
fidence interval and do not contradict the hypothesis in the selection of the theoretical function for data
obtained on the basis of the accumulated failure rate. Checking the adequacy of the statistical model in
the second case can be assessed using the Kolmogorov agreement criterion and calculations of graphs
of distribution functions using a PC (non-parametric statistics method).

In our example, the parameters p =13,4318and v =0,3895 are within the confidence interval
and the selected theoretical model does not contradict the experimental data on the criterion of Kol-
mogorov's agreement at the level of significance & = 0,05 . The maximum difference between the em-
pirical and theoretical distribution does not exceed 0,1884.
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Fig. 2. Approximation of experimental data using DM-distribution: 1 — empirical function of
distribution of failures; 2 — approximating curve of DM-distribution (estimation of function parame-
ters was performed by MNC method); 3 — DM-distribution function (estimation of distribution para-
meters 3 was performed using the MML method)

Conclusions
The conducted research allowed to choose and substantiate the methods of statistical
processing of metrological failures of MI and to set the task of complex application of these methods.
The proposed set of methods increases the reliability of the procedure for processing and analysis of
failure statistics in assessing the reliability of MI. The methods of mathematical statistics developed in
the work expand the results of similar studies of metrological reliability of MI in operation.
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CTATUCTUYHI METOAU OBPOBKHN JAHUX PO BIIMOBU 3ACOBIB
BUMIPIOBAHDb
JInTBuHenko B.A., Mapuenko C.B., C’ssnoB O.M.

Pedepar

Js MaTeMaTHYHOTO OMUCY MPOLeCy BUHUKHEHHS MPUXOBAaHUX BiIMOB 3aCTOCOBYIOTH HMOBI-
pHictHO-}i3muHi (audys3iitai) Moxeni BiaMoB. ToMy akTyaJbHOIO € 3a/aya OLiHKa HapameTpiB audy-
31HUX PO3NOALIIB Ha OCHOBI CTATUCTUKHU BIAMOB B Ipolieci ekciuryaTamnii 3B.

Mera nociipKeHHS MOJsirae B po3poOLi METOAY CTaTHCTUYHOI OOPOOKH JaHWMX ManaMeTphd-
HUX 1 panToBUX BiAMOB. OCOOINBICTh MapaMETPUYHHUX BiIMOB IOJISTa€ B MPUXOBAHOMY XapakTepy ix
nosiBU. [ MaTeMaTH4YHOrO OMMCy MpoLecy BUHUKHEHHS! MPUXOBAHUX BiIMOB 3aCTOCOBYIOTH HMOBI-
pHictHO-di3nuHi (audys3iitai) Moxeni BiaMoB. B po0oTi mpoBeneHi po3paxyHKH 1 MOPIBHSUIHUMA aHa-
713 METOLy MaKCHMaJbHOI MPaBAONOAIOHOCTI i METONy HAaHMEHIINX KBaApaTiB MPH OLIHII MapamMer-
piB 1 1OBipOYHUX iHTEepBaIiB QYHKLIN po3nOAiy HMOBIpHOCTEH BUHUKHEHHS BigMoB. Ha ocHOBI aHa-
73y OTpUMaHMX eMIipHYHUX (PYHKUIH PO3MONLTY Ta MOHOTOHHMH XapakTep BHIIaJKOBHX IPOLECIB
3MiHHU B Yaci METPOJIOTriYHMX XapakTepucTuk 3B mokazano, mo ¢ynkuis DM-po3noziny kpaiue anpo-
KCUMY€E eMITipru4Hi QyHKIIT po3noainy noOyaoBaHi Ha OCHOBI Pi3HUX JKEpeN CTaTHCTUYHOI iHpopMa-
Uil B MOpiBHSHHI 3 pe3ylbTaTaMy OTPUMaHUMU [UIs po3noaity BeiOya.

3anponoHoBaHUil HAOIp METOIB MiBUIILY€E JOCTOBIPHICTH MPOLEAypH 0OpOOKH 1 aHaNI3y CcTa-
TUCTHKH BiIMOB NIPH OL{iHII TOKa3HUKIB HaliiHOCTi 3B. Po3BuHyTI B poboTn MeToan MaTeMaTHYHOT
CTaTUCTUKU PO3LIMPIOIOTH PE3yIbTaTH JOCIIKEHb B 001acTi METpoIoriyHoi HagiHocTi. JlaHi Mero-
I PO3pOOJIEH] ISl CIELiallicTiB METPOJIOTIYHUX CIIYKO MiANPUEMCTB MPHU BHUKOHAHHI CIEHiaJbHUX
POOIT 1Mo 3a0€3MEYSHHI0 METPOJIOTTYHOT HAaIIHHOCTI B CKJIJli aBTOMATU30BAHUX CHCTEM.
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