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STOCHASTIC MODELLING OF SINGLE-PRODUCT GROWTH MACROECONOMICS
WITH ENDOGENOUS SCIENTIFIC AND TECHNOLOGICAL PROGRESS UNDER
INVESTMENT LAG

A stochastic model of a single-product growth economy with endogenous scientific and techno-
logical progress under investment lag with Wiener and Poisson processes is proposed. In the stochastic
economic-mathematical model it is taken into account that the final output is used for consumption, for
investment in the expansion of fixed assets, for improving production, taking into account the cost-
effectiveness of "science", for taxation, for government expenditures, for the balance and for the elimi-
nation of environmental pollution. This model takes into account the impact of research on economic
production in the system itself, i.e. this impact is an endogenous variable. Stochastic sufficient condi-
tions of optimality are used to study the stochastic optimal ecological-economic model.

An algorithm for calculating the optimal process when choosing the necessary economic
boundary mode at the initial stage, as well as an algorithm for calculating the optimal process when
choosing the economic main mode when choosing at the initial stage, is constructed.

Keywords: endogenous scientific and technological progress, boundary process, main proc-
ess, control switching moment, optimal process.

3anpononosana cmoxacmuuna mooenb 0OHONPOOYKMOBOI eKOHOMIKU 3POCMANHA 3 eHO02eH-
HUM HAYKOBO-MEXHIYHUM NPOSPECOM NpU IHBECMUYIIHOMY 3aNi3HEeHHI 3 GIHEPIBCbKUMU MA NYACCOHIG-
CcoKUMU npoyecamu. B cmoxacmuyniti exonomixo-mamemamuyHiti MoOeni 6paxo8aHo, wo KiHyesut
BUNYCK NPOOYKYTT GUKOPUCIOBYEMBCA HA CNONCUBAHHS, HA KANIMALOEKIAOCHHS 8 PO3ULUPEHHS OCHOG-
HUX (POHOI8, HA NOKpAWEHHS BUPOOHUYMBA 3 YPAXYBAHHAM epEeKMmUGHOCMI 3ampam «Ha HAYKY», HA
ONOOAMKYB8AHHS, HA YPAO08i GUMPAMU, HA CATLOO MA HA NIKEI0ayil 3a0pyOHeHHs HABKOIUUHBO2O
cepedosuwya. Ll mooenv 8paxosye 6naus HAYKOBUX OOCHIONCEHb HA eKOHOMIYHE GUPOOHUYTNGBO Y CAMIl
cucmemi, moomo yeii 6NIUE € eHOO2EHHON 3MIHHOW. [ 00CIONCEHH CTNOXACTMUYHOT ONMUMANLHOT
€K01020-eKOHOMIYUHOT MOOeNT BUKOPUCAHO COXACMUYHT 00CMAMHI YMOBU ONIMUMATLHOCHIL.

Ipu docrioocenni cmoxacmuyHoi eKOHOMIKO-MaAmemMamuyHol Mooeni no6yo008aro ar2opumm
PO3PAXYHKY ONMUMATLHO20 NPOYecy npu euOOpi HeoOXioH020 eKOHOMIYHO20 KPAato8020 pPenicumy Ha
nOYamKOoGil cmadii, a MaxKoHc ancopumm po3paxyHKy ONMUMAIbHO20 HPoyecy npu 6UOOPi eKOHOMI-
HO20 MAZICMPAIbHO20 Pedrcumy npu subopi Ha nowamrositi cmaoii.

Knrouoei cnosa: enoozennuili HayKo80-mMeXHIYHUIL npocpec, Kpaosull npoyec, MazicmpaibHuil
npoyec, MOMEHM NePeMUKAHHsL KepYBanHs, ONMUMATbHUL npoyec.

Problem’s formulation
The impact of scientific and technological progress on the nature of growth in the economic
system is manifested in various forms, in particular when considering non-autonomous, that is, time-
varying macro-production functions. Failure to take into account some economic indicators in eco-
nomic and mathematical models, uncertainty and inaccuracy of input information leads to stochastic
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modelling in the study of economic systems and processes. This article considers a stochastic eco-
nomic-mathematical model with the use of Wiener and Poisson processes, where the impact of scien-
tific research on production is programmed in the system itself, that is, in the model with internal (en-
dogenous) consideration of scientific and technological progress. Therefore, it is relevant, both in
theoretical and practical terms, to study the impact of scientific research on production in the endoge-
nous system itself and with an investment lag.
Analysis of recent research and publications

The paper [1] proposes a deterministic model of single-product macroeconomics of growth
with endogenous accounting of scientific and technological progress. However, it does not include
consumption. The model was studied using the necessary conditions of optimality (Pontryagin's prin-
ciple). And in [2], a study was conducted using sufficient optimality conditions for deterministic sin-
gle-product macroeconomics of growth, taking into account consumption, labor resources (labor
force) and endogenous scientific and technological progress. In [3], the use of Wiener and Poisson
processes in stochastic modelling of economic dynamical systems is economically justified.

Formulation of study purpose

The purpose of the work is construction of stochastic model of single-product macroeconom-
ics of growth taking into account endogenous scientific and technological progress and investment lag
using Wiener and Poisson processes and conducting its research.

Presenting main material

First, we formalize a deterministic model of a single-product growth macroeconomy with en-
dogenous technological progress and investment lags. We describe the assumptions for the construc-
tion of a deterministic economic-mathematical model.

Assumption 1. Labor resources (labor force) L at a point in time ¢ —7 (¢>¢,, t, >0 — the be-
"7 with

known initial state of the labor force L, >0 and the growth rate of the labor force n >0 and is a solution

ginning of time, 7 >0 — investment lag) are subject to an exponential law L(t —2') =Le

to the initial task L(#)=nL(t), L(t,)=L,, where L(t) = dLT(tt) — is the increment of the labor force.

Assumption 2. Let gross (intermediate) output X is decomposed into final output ¥ Tta and
production consumption W [4]: X (1—7)=Y(t—7)+W(t—1), t, 20; production consumption % is
directly proportional to gross output X : W(t—7)=aX(t—7), t2t,, a<(0;1). Then the final prod-
uct Y is determined by Y (1—7)=(1-a)X(t-7), t 2¢,.

Assumption 3. Final output Y is decomposed into non-productive consumption, general in-
vestments [, government expenditure U, , taxation O,, pollution elimination Z, and balance (ex-

ports minus imports) S, :
Y(t-7)=C(t-7)+1(t-7)+U,(1-7)+0,(t—7)+Z,(t—7)+S,(t—7), t 21,.

Let the total costs of government expenditures U, , taxation O, , pollution elimination Z, and

balance S, are directly proportional to the final output Y :
U (t-7)+0,(t-7)+Z,(t—7)+S,(t—7)=bY (t—7), t 214,.
Then total consumption C' and total investment / are:
Clt—7)+1(1-7)=(1-b)Y (t-7) = (1-a)(1-b) X (t~17). 121,

Assumption 4. Consumption C is directly proportional to the share of final output (1 —b)Y

with the proportionality coefficient s € (0;1) depending on ¢ —7 (consumption rate):
C(t—1)=s(t—-7)(1-b)Y(t—1), t2¢,.
Then the total investment [ is determined by

I(t—7)=(1-b)[1-s(t-7) Y (t—7)=[1-s(t—-7) [(1-b)(1-a) X (t—7), t21,.
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Assumption 5. Total investment is divided into investment in capital accumulation 7, and in-
vestment in scientific and technological progress ("science") I,

[(t-7)=1,(t-7)+ I (t=7), t>1,.

Assumption 6. Let investment in capital accumulation /. are proportional to the share of fi-

nal output (l—b)[l—s(t—r)]Y(t—r):
Iac(t—r)=(l—b)[l—s(t—T)]u(t—r)Y(t—r)=
=(l—a)(l—b)[l—s(t—T)]u(t—r)X(t—r), uel0,1], r>1,
Then the investments "in science" are:
I, (t—r)=(l—b)[l—s(t—T)][l—u(t—r)]Y(t—r)=
=(l—a)(l—b)[l—S(t—T)][l—u(t—r)])((t—r), 1>t
Assumption 7. Gross output X is a macro production function F(K,L) with endogenous
technological progress

X(t-7)=A(Q(t-7))F(K(t—7),L(t-7)), t 21,
where  F (K ,L) — is a macro production function with properties [4]:
F(0,0)=F(0,L)=F(K,0)=0, F(K>0,L>0)>0 — twice continuously differentiated, monotoni-
cally increasing by K and L (Fy>0,F/>0), concave by K and L (F" <0,F) < 0);

lim F (K, L)— lim F(K L)=ow, limFy =limF; =0, lim Fy =lim F; =0; homogencous degree

K—w K—0 L—0 K—w L—ow

ve(0,2). Function F(K,L)=L"F(K/L,1)=L" f(k) with specific macro-production function: twice
continuously differentiable, monotonically increasing, concave and f (0)=0; where k=K/L —

capital intensity (specific capital); A(QZ 0) >0 — the effectiveness of the impact of scientific and
technological progress on production; ) — the volume of investments in scientific and technological

progress.
Assumption 8. The dynamics of capital flows is described by a differential model — invest-

ment in capital accumulation equals the sum of capital gains (net investment) and depreciation ( uK ) :
K(t)+,uK(t)=Iac (t—r) =(1—a)(1—b)[l—s(t—r):|x
xu(t—7)A(Q(t—7))F (K (t-7),L(t—7)), t 21,

Assumption 9. Increase in investment in scientific and technological progress is equal to in-
vestment "in science"

O(1)=1,(t-7)=(1-a)(1-b)[1-s(t—7)][1-u(t-7)]x
xA(Q(t—7))F (K (t-7),L(t—7)), t 21,

From assumptions 1—9 we obtain the mathematical model
K(t)=-pK(t)+(1-a)(1- b[l s(t—7)]x

xa(t=r)4(Q(t-7))F (K( -7)),

o(t)= ( a)(1- b)[l s(t-t ][1 u(t—7)]x (1)
xA(Q(t-7))F(K(t- -7)), 0<u(t—7)<1,121,
K(y) o(¥), 0(r)=0 ()yE[ —74 ) K(T) =K.
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with a constraint on the rate of capital accumulation and on the final state of capital of the system and
under given initial conditions with prehistory.

Let us write model (1) in specific indicators: k = K / L — capital intensity (specific capital),

=(Q/L — specific volume of investments in scientific and technological progress, &, =K, /L,,

q0=0y/ Ly, kr ZKT/L(T)'
From (1) and the equations

L(t-7)/L(t)=e" k=(K/L) =K/ K/ L K/ k., q:%—nq

we obtain the economic-mathematical model in specific indicators
k(t)z—(y+n)k(t)+(1—a l—b)l:l—s(t—T):lu(t—r)A(Q(t—r))x
XLV 1 ( )) n(t—ty—7) vnr’

()——nq( )+(1 a) 1 b [1 s t— ][l—u(t—r):lA(Q(t—r))x
XLV 1 ( T))e Dn(t—tg—7) vnr’
0<u(t—7)<1, Q(t—7)=Lyq(t—7)e"" ™), 1>1,, k(T)>k;,

k(y)=ky(¥), 4(»)=a0(»). y[to — 7.1 ]-

Now, based on the deterministic economic-mathematical model (2), we formalize the stochas-
tic model. To do this, we use the results of [3], according to which the use of Wiener and Poisson
processes in stochastic modelling of economic systems is economically justified.

Stochastic economic and mathematical model. Let {Q, S,P} is a probability space with o —

@)

algebra {S,,t € [tO,T ]} c o, with a set of elementary events () and to the extent (probability) P;
& (1)=& (1, w) e R (R — set of real numbers) e 3, — measurable standard Wiener process with zero
mathematical expectation M ¢, (t) =0 and unit variance Mfl.z (z) =1, weQ, t>t,, i=12,
n(t)=n(t,@)eR is 3, — measurable Poisson process with mathematical expectation
Mn,(1)=2(t-1)), A =const, i=12, weQ, t=t,, where, Wiener processes & (¢) and Poisson
processes '7,~(t) , i=12, t>1t, re independent random processes [5].

On the probability space {Q, S,P} are given random processes of specific capital

k(t)

q(t)
- equation of dynamics of movement of specific capital and specific volume of investments in
scientific and technological progress in the form of Ito [5,6]

F(1) = (s + n)k()+ (1—a)(1=B)[1=s(t ) Ju(t ~ ) A(O(t - 1))
(k) s (1) i),

3(0) =-na(0)+(1-a) (1-D)[1=s(e-e)[1-u(e-e)]a(@(-)x @
Xf(k(t_7))8(V71)H(HW)7VM +a,5, (1) + B (1),

Q(t - Z') = Loq(t - T)e"(HO*T), t2t,,
- initial conditions with background

k(J’)Eko(J’)a ‘I(J’)ECIO(J’)a ko 6310 > 9o 63,0, ye[to _T’to] > 4)
- restrictions on the final state of the specific capital

k(T)=k; . )

k(t,w) and specific volume of investments in scientific and technological progress

q(t,0), weQ, t 21, and satisfying
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Here the derivatives of the Wiener processes & (¢), i=1,2 and Poisson processes 7, (t),
i =1,2 should be understood as generalized, i.e. derivatives of functionals [7]; functions &, and ¢, —
are piecewise continuous on [7, —7,1,].
Restrictions are imposed on the rate of capital accumulation
0<u(t-7)<1, t=t,. (6)
Let D, ={(k,q)eR?|k—e<k(t)<k+&,q(t)20,121} (¢>0 — a sufficiently small
given number) — ¢ -closed envelope of the final state of the system 4. Let T, (k,q) denote the
moment of the first reaching of the set D, by the system (3), starting the motion of the point (ko,qo)
at ye[t,—7.4,].
This stochastic optimal performance problem consists in choosing such a control u,,, (t - Z') ,
t > t,, at which the average time of the first reaching of the set D, by the moving point is minimal
T (k,q)z(r)gngE (k.q). (7)

uomn

Let us study the stochastic optimal performance of (3)—(4), (7) using stochastic sufficient
conditions of optimality [8].
Control. Write the Bellman equation with boundary condition

inf R(1.k(1).q(1).5(1 7)., (t),(,)z(t),u(t_f)’y)Eirulf{a%t+
+8%k[—(y+ n)k+(1-a)(l _b)LB’l (1_S)uA((Dl)f((Dz)e(vfl)n(t—to—r)—vm:|+
+a%q|:—nq+(1—a)(l—b)lffl(1_S)(l_u)A((Dl)f((oz)e(vfl)n(tfto—r)—vm:|+
+0,50t; az%kz +0,50; az%qz + AV (Lk+ Brg.on0) =V (k.00 |+ ®)

+/12[V(t,k,q+ﬂ2,(01,(02)—V(t,k,q,(ol,(oz)]+l}=0,
0 (1)=0(t-7)=Lyg(t-7)e"" ™), 0,(t) =k(t~7), >4,
V(t.kr.q(T),0(T).0(T))=0, Vo, (T)=0,0,(T)>0,

where the desired function V(t,k,q, (ol(t),(oz (t)) — is continuously differentiable once by ¢ and

twice by k£ and ¢ at all piecewise continuous on ¢ > ¢, the functions ¢, and ¢, , where ¢, and ¢, are
the parameters in the Bellman equation (8). The unknown function ' will be sought in the form
V(Z,k,q,¢)1,¢)2)= K + C]2 +hk+1q- k% - C]2 (T) —lLky _12‘I(T) > )
where constant /, and /, are determined (selected).
Substitute (9) into the Bellman equation (8). The function R is linear by u, and therefore on
the interval [0,1] by u the smallest value is obtained at ¢, =Q(¢—7) and ¢, =k(7—7) and boundary
controls by the rate of capital accumulation

1 at 5%k—5%q=2k+11—2q—12<0,
u,(t-7)=10 at a%k—@%q=2k+11—2q—12>o, (10)

anyof [0,1] at 5%k—5%q =2k+1,-2q-1,=0,t>t¢,,
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where 9V, 8k:2k+11 — characterizes the rate of efficiency of capital accumulation,

a%q =2g+1, — rate of efficiency of investments in scientific and technological progress (in sci-
ence), accordingly.

Let's consider a special case, when @(k,q)=57, Ok —a%q =2k—-2q+1 —1,=0 — is a spe-

cial curve in phase space kOg . Under the special curve @(k,q)>0 marginal control by the rate of

capital accumulation is u,(¢—7)=0, and above — is the boundary control u,(1—7)=1, ¢ >t,. This

special curve determines the control switching moments as well as the so-called main control, because
the special line can be called a main line.

Let's define the main controls. On a special curve @(k,q)=0
k(t)—q(1)+0,5(L,—1,)=0, t>¢,, (11)
we write down the Bellman equation at ¢, (1)=Q(¢t—7) and ¢, (¢t)=k(t—7):
—(u+ n)[2k(t) + lljk(t) + n[Zq(t) + 12:|q(t) +(1-a)(1-0)Ly" [1 —s(t- Z'):'X
xA(Q(t - T))f(k(t - T))e(vfl)"(HO*T)*V"T [2q(t) +1, ] +
v+ 4| (6(0)+ A) +4 (k1) + )= ()= k(1) |+ (12)
+/12[(q(t)+ﬂ2)2 +L(q(t)+B) -4 (t)—12q(t)]+1=o, k(1)20, ¢(t)=0,

t21y, k(y)=Mky(v), 4(v)=Mg,y (). y e[ty —7.5]-
The system of nonlinear algebraic equations (11)—(12) is obtained by determining the optimi-
zation quantities k;,, (¢) and ¢, (¢), ¢ >¢, and which can be solved by using the method of steps [9]

and one of the numerical methods for solving a system of nonlinear equations [6,10] or one nonlinear
equation obtained by substitution ¢(¢)=k(¢)+0,5(/, —1,) into equation (12). If the system of equa-
tions (11)—(12) has no nonnegative solutions k(¢)>0 and g(¢)>0, t=¢,, then it is necessary to
relax the conditions for the input information of the economic-mathematical model (3)—(4).

Let the vector of nonnegative solutions (k1112 N/ ) of the system (11)—(12) exist. There can
be at most two vectors of nonnegative solutions, since equation (12) is quadratic in k£ or ¢ .

According to the found optimization values k;, and ¢;, (there are no more than two pairs of

them) from the average dynamics of specific capital and specific volume of investments in scientific
and technological progress of the system (1). Using the properties of Wiener and Poisson processes

ME(1)=(M& (1)) =0, Mij (1) =(Mn, (1)) = (4 (t=1,)) =4
for the system (3) formally write down the system of mean dynamics (should be included in the sto-
chastic optimality conditions)

k(t)==(u+n)k(t)+(1-a)(1 —b)[l —s(t —T)]u(t - Z')A(Q(l‘ —Z'))X
xf (k(t=7))e o428,

q(t) = —nq(t) + (1 —a)(l —b)[l —s(t —Z'):”:l —u(t - T)]A(Q(l‘ - Z'))X
xf(k(t—7))e 0L 0B, 124,

From the system (13) we obtain the main controls:
- from the average dynamics of the specific capital

(13)
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u, (t—17)= |:klll2 (£)+(u+ n)klll2 (1)- 4B }(1 - a)fl (1 —b)fl X
sl )] (@ () (K- )P e

- from the average dynamics of the specific volume of investments in scientific and techno-
logical progress

u (t - T) =1- [c'],llz (t) +nqy, (t) -45 ](1 - a)71 (1 —b)71 X
msl-o)] A7 (G (1) (g (1))

where O, (1-7)=Lyg,, (- r)e"(H‘ﬂ) L 121

(15)

It should be noted that the choice constant /; and /, it is possible to achieve that the main con-
trol by the rate of capital accumulation u,, [0,1], u,, €[0,1] and such pairs can be no more than two.

According to the found boundary controls u, (t—7)=0, u,(t—7)=1 piecewise continuous on
1

m?

t>1, the main controls u, =u. , u, =u_ the corresponding marginal trajectories k,, g, piecewise
differentiable on ¢ > ¢, the main trajectories k,,, ¢, by the specific capital and the specific volume of
investments in scientific and technological progress are defined from the corresponding stochastic

initial problems with rehistories, and the averages are k.° (1)=Mk,(1), g (1)=Mq, (1),
k) (1) =Mk, () and ¢\ (1) =M, (t), 1> 1,.

m

Thus, we have obtained two boundary processes {k, (¢).q, (¢).u,(t=7), t21,} at least two

m

and no more than four main processes {k (1),4, (t),u,, (t—7), t2 to} , that is, we have obtained at
least four and maximum six economic modes, including two boundary modes.

The economic system moves along the boundary trajectories k,(¢) and g, (¢) until it reaches
a special straight curve CD(k,q) =0 in the phase plane kOg under the boundary control u,, then
moves along a special straight curve under the chosen main control until to the descent from it and
further movement — along new boundary trajectories at the boundary control u, (t - r) =1, t>1¢, until
reaching the final state by specific capital k.

The algorithm for calculating optimal processes is presented depending on the location of the
initial point (k,,q, ) : under, above and belonging to a special curve ®(k,q)=0.

Algorithm for calculating the optimal process when choosing an boundary mode at the initial stage
1. Let us choose the necessary stochastic and mean boundary conditions, and accordingly the

boundary process I, = {kb (2),q,(t)u, (t—7),22 to} : when the inequality is satisfied
DMk, (), Mgy (y))=2Mk,(y)-2Mg, (y)+(4 —1,) <0, ye[ty-z.4,] (initial state (Mky,Mg,)
lies under the special straight curve @(k,q)=0) with boundary control u,(t—7)=0, ¢>¢,, and at
inequality <D(Mk0 (v), Mg, (y)) =2Mk,(y)—-2Mg,(y)+(}, -1,)>0, ye[t,—7.t] (the initial state
(Mk,, Mg, ) lies above the special straight curve @(k,q)=0) — with boundary control u, (¢—7)=1,
121,.

2. The economic system moves along boundary trajectories k,(¢) and g, (¢) with boundary

control u, (¢—7), t > ¢, until meeting with a special straight curve ®(k,q)=0. The moment of meet-

ing ¢, is the moment of switching control and is defined by one of the numerical methods [6, 10, 11]
from the nonlinear algebraic equation (equation of the special straight curve)

D(k, (1).q, (1)) =2Mk, (1) 2Mq, (1) +(L —1,) =0, 12 1,.
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After that, the economic system moves along the selected main trajectories &, (¢) and ¢, (¢),
t > ¢, under the selected main control u,, (#—7), main process IT,, = {km (1).q, (¢)>u, (t=7), t2 ;’1}
to the moment ¢, descent from the special straight curve ®(k,q)=0, t>¢;.

3. The moment ¢, is the moment of control switching and is the greatest root (solution) of the
equation <D(km (1).4, (t)) =2Mk,, (t)-2Mq,, (1)+(, —1,)=0, ¢t>¢,. The moment ¢, can be found

by the search method.
4. Further movement of the economic system is carried out according to the new boundary re-

gime (process) IT{" = {k,g”) ().q5" (¢)uy (t=7) =1, t2 4’2} to the moment 7 (the end of the research
of economic process), which is the solution of the nonlinear algebraic equation k" (T) = ;.

The new stochastic piecewise differentiable on ¢ > ¢, boundary trajectories k", g under the
new control k;g”) =1 are solved by one of the numerical methods [6,12] from the stochastic system (3)
in stochastic initial conditions with prehistories k(y)=k,(») and ¢(y)=g,(»), ye[{, -7.4].
Average new boundary trajectories k4 and g3, are calculated as k$s? (¢)= Mk (¢) and
45 (1)= Mgy (1), 12 1.

5. According to the results of [8, 13], the stochastic and mean optimal process
I, = {kOP (2),q0p (1)supp (1=7), te [tO,T]} is the gluing at the moment of switching the control ¢,
of the stochastic and mean boundary process I1, with the stochastic and mean main process I1,, and
gluing at the moment of switching the control ¢, of this stochastic and mean main process I1, with a

new stochastic and mean boundary process I1{", i.e.

ky(t)atte[),$], q, (t) at t €[ty,¢,], u, (¢) at 1 €[ty.$1]s
kop (1) =1k, (t) at t€[£1,80 ], qop(t) =14, (t) at t€[&,8 ), upp () =1u, (¢) at t€[$.8], 1€ty T].
k,g”) (¢) atte[é’z,T], q,()”) (¢) at te[é’z,T], u,()”) (¢) at te[é’z,T],

Moreover, the optimal control by the capital accumulation rate u,, is a piecewise continuous
function on ¢ € [tO,T ] , and the optimal trajectories by the specific capital k., and by the specific vol-
ume of investment in scientific and technological progress ¢, are are piecewise differentiable func-
tions on [#,,T]. There can be at least two and at most four optimal processes I1,,. In addition, the

optimal control u,, and control switching moments ¢, and £, are deterministic values, the optimal

trajectories are stochastic.
Output from the algorithm.
Algorithm for calculating the optimal process when choosing the main process at the initial stage

1. Select stochastic and average main mode (process) I1,, = {km (1).4, (1), (t—7), t2 to} when
performing equality in the phase plane kOq <D(Mk0 (v), Mg, (y)) =2Mk,(y)—-2Mg,(y)+ (L -1)=0,
velt,—1.4].

The economic system moves along the main trajectories by the specific capital %, and by the
specific volume of investments in scientific and technological progress ¢, under the chosen main
control u, (in the phase plane kOg along a special straight curve (main line) CD(k,q) =0) until the
moment & f descent from the special straight line.

2. The moment £ is the moment of control switching and the greatest root (solution) of the

equation ®(Mk,, (¢),Mg, ())=2Mk,, (t)-2Mg,, (1)+(1,—1,)=0, t>1,, is calculated by the search
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method among the solutions CD(k,q) =0, t>1, and the search for the greatest. Note that equality
<D(Mk0 (v), Mg, ( y)) =0 can be satisfied on some interval [¢,—7,y ], that is part of the segment
[t,—7.,] orat one point y =, — 7 .

3. At the moment { the economic system leaves the special straight line CD(k,q)z 0 and
moves along a new boundary regime (process) IT)" ={k;§”)(t), 0 (8)uy” (t-7)=1, t2§} to the
moment 7 (the final moment of the study of the economic process) and which is determined by one
of the numerical methods [6, 10, 11] from the nonlinear algebraic equation Mk " (T)=k;. The new

stochastic boundary trajectories k" and ¢\” under the boundary control u{" =1 are identified by one

of the numerical methods [6, 12] from the system of stochastic dynamics of the movement of specific
capital and specific volume of investments in scientific and technological progress (3) under stochastic

initial conditions with prehistories k(y)=k, (y) and ¢(y)=gq,(»), ye[{-7,{]. The average
boundary trajectories are identified as &y (¢) = Mk," (¢) and ¢ (t)= Mq}" (t).

Note that this stochastic initial task has a piecewise differentiable unique solution on ¢ € [é’ ,T ]
(k,ﬁ”) (1),q" (t)) , t > in the sense of stochastic equivalence [6, 5, 14], as the function s is is piece-
wise continuous on ¢ > t,, the functions k(y) and ¢(y) are piecewise differentiable on [¢ —7,{],
the functionA( 0> 0) >0 is twice continuously differentiable, monotonically increasing and concave,
the function f (k > 0) >01is twice continuously differentiable monotonically increasing and concave.
The average boundary trajectories k" (¢) and ¢ (¢) are given as ki (¢)=Mk"(¢) and
gy (t)=Mgqy" (1), t2t,.

4. The stochastic and average optimal process I, = {kOP (2),q0p (1) supp (t=17), 12 to} ac-
cording to the results of [8] is the gluing at the moment of control switching ¢ stochastic and average
main mode (process) 11, = {km (1).4, (1)u, (t—7), t2 to} and stochastic and average new boundary
mode (process) IT{" = {k,ﬁ”) (1).q5" (¢)us" (t—7)=1, te [(,T]} )

Moreover, the optimal control by the capital accumulation rate u,, is a piecewise differenti-
able function on [tO,T ] , and the optimal trajectories by the specific capital k,, and the specific vol-
ume of investment n scientific and technological progress ¢, are are piecewise differentiable func-
tions on [tO,T ] . In addition, there can be at least two and no more than four optimal modes (processes)
IT,,. Optimal controls by the rate of capital accumulation u,, and control switching moments ¢,
¢, are deterministic values, and optimal trajectories by the specific capital k., and by the specific

volume of investments in scientific and technological progress ¢, are stochastic. Exit from the
algorithm.

Thus, the behavior of optimal trajectories is typical: if K, < K, (respectively k, < k; ), then at
first the trajectories enter the special straight line (main line) ®(k,q)=2k—2g+(/,—1,)=0 and and
move along it, after meeting with the control switching straight line, the trajectories leave the special
straight line and move to the given final state &, (respectively K, ). The economic interpretation of

the special straight line is as follows: only on the special straight line the rate of efficiency of accumu-
lation is equal to the rate of efficiency of investment in science.
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Thus, for optimal management in this model we have: if the goal is sufficiently distant ( K,
much less than K ), then all investments should be directed to the area where the rate of efficiency is
the highest. On the main line (special straight line), investments are distributed in such a proportion
that the efficiency rates are equal.

The above is formulated in the form of a theorem.

Theorem. Let the economic indicators for the stochastic model (3)—(7) satisfy the conditions:

1) pe(0l), n>0, ae(01), be(0;1), ve(0;2), 420, T>t, a,B,a,pB.L >0,
ky >0 are constant;

2) the function s €[0,1] — is piecewise continuous on [z,,T];

3) random functions &, and ¢, are piecewise continuous on [z, — 7,7, ];

4) macro-production function f (k > 0) >0 is twice continuously differentiable, monotoni-
cally increasing and concave;

5) the multiplier of scientific and technological progress A( 0> 0) >0 is a twice continuously
differentiable, monotonically increasing concave function;

6) the solution of the system of nonlinear equations (11)—(12) exists.

Then the stochastic economic-mathematical model (3)—(7) has an optimal process. Moreover,
the optimal control by the capital accumulation rate is a piecewise continuous function on [tO,T ] , and
the optimal trajectories by the specific capital and by the specific volume of investment in scientific
and technological progress are piecewise differentiable functions on [tO,T ] . In addition, the stochastic
economic-mathematical model (3)—(7) can have at least two and no more than four optimal proc-
€sses.

In stochastic modelling, it is necessary to know the confidence intervals for a given probability
of the mean values and variances of normal general sets of optimal trajectories by specific capital and
by the specific volume of investment in scientific and technological progress.

Let us consider a computation experiment to determine the optimal trajectories by the specific
capital k,, and by the specific volume of investment in scientific and technological progress ¢, and

have obtained N ensembles of the specific capital k(oi,), (t) , 121, 0 =1,_N and the specific volume of

investment in scientific and technological progress qg), (1), t2¢t,, i=LN.

We have calculated the sample statistics:
- sample averages for specific capital and specific volume of investments in scientific and technologi-

cal progress ko, (t)=N""' Zk(o}, (1), Gop(t)= N’IZq(OI), (1), t21,;
i=l i=1
- sample variances for specific capital and specific volume of investments in scientific and technologi-

cal progress 52, (1) =(N=1)" (K53 (0)~For ()« 52, (1) = (¥ =1 2240 ())~Zr (1)) -

i=1 i=

t>1,.
It should be noted that the sample averages are equal (coincide) to the average values of the
optimal trajectories in terms of specific capital and specific volume of investments in science, defined

above, i.e. kyp(£) =k (1), 6 or (1) =g (2), t21,.
Confidence intervals for a given probability 6 e (0,1) for the specific capital and specific volume of
(N-1)S¢, (1) (N=1)S7(2)

investments in scientific and technological progress are 5 ; 5

b
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(N-1)S. (1) (N-1)S; . (2)

dop dop

2, (V) 2 (V=)

, t>1,, where ;(%(N—l)[;(f—%(N—l)]_%[l_%] _

quantile of the Pearson distribution y* with (N —1) degrees of freedom at the confidence level. Then
the confidence limits for a given probability 6 e (0,1) or real values of specific capital and specific
volume of investments in science look like
t,(N-1)S, (¢ t,(N-1)S, (¢
t,(N-1)S,  (t t,(N-1)S (¢
e e

where ¢, — 0 — is the quantile of the two-sided Student's distribution with (N —1) degrees of freedom

at a given confidence level 6 e (0,1) .

Remarks. The above is the case for the stochastic economic-mathematical model (3)—(7)
when piecewise continuous functions ¢, «,,f, and S, on t>¢,.

Conclusions

1. A stochastic model of single-product macroeconomics of growth with endogenous scientific
and technological progress under Wiener and Poisson processes is proposed and its study is carried out.

2. The proposed stochastic economic-mathematical model has at least two and no more than
four optimal processes.

3. For the proposed stochastic model, the optimal control by the rate of capital accumulation
and the moments of control switching are deterministic, and the optimal trajectories by the specific
capital and the specific volume of investments in scientific and technological progress are stochastic.
The confidence intervals for a given probability for the real values of optimal trajectories by specific
capital and by specific volume of investments in science are given.
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CTOXACTUYHE MOJEJJIOBAHHS OJTHOIIPOJIYKTOBOI MAKPOEKOHOMIKH
3POCTAHHS 3 EHIOI'EHHUM HAYKOBO-TEXHIYHUM ITPOT'PECOM ITPU
THBECTUIIMHOMY 3ANI3HEHHI

Boituyk M.B., Binanuyk O.10., Ckpamyk JI.B.

AHoTanis

BB HayKOBO-TEXHIYHOrO MPOrpecy Ha XapaKTep 3pOCTaHHS B €KOHOMIUHINA CHCTEMI BHSIB-
JSIETHCS B Pi3HUX PopMax, 30KpemMa Ipu Po3IIIsiAl HEABTOHOMHHUX, TOOTO 3MIHHHX y Yaci MaKpOBHPO-
OHnumx (yHkuiid. HeBpaxyBaHHS IeSIKMX €KOHOMIYHUX IMOKa3HUKIB Y €KOHOMIKO-MaTeMaTUYHHUX MO-
JeTsiX, HEBU3HAUEHICTh Ta HETOYHICTh BXIAHOI iH(OpMaLii MPUBOAUTH A0 CTOXAaCTHYHOI'O MOJIEIIO-
BaHHS TIPH JOCIPKEHHI EKOHOMIYHHUX CHCTEM 1 TIPOIIECIB.

VY naniif cTaTTi pO3TIAIAETHCS CTOXAaCTUYHA EKOHOMIKO-MaTeMaTHIHa MOJIENb 13 BUKOPHCTaH-
HSIM BiHEPIBCHKHX 1 ITyaCCOHIBCBKHX IPOLIECIB, Ji€ BIUTUB HAYKOBUX IOCIIPKEHb Ha BHPOOHHUITBO
3arporpaMoBaHuil B caMiii CUCTEMI, TOOTO B MOJEINI 3 BHYTPIIIHIM (€HAOr€HHUM) BpaXyBaHHSAM Hay-
KOBO-TEXHIYHOT0 mporpecy. ToMy akTyalnbHUM, SIK Y TEOPETHUYHOMY, TaK 1 MPaKTHYHOMY IUIaHI €
BIUTUB HAYKOBHX JIOCII/PKEHb Ha BUPOOHHUIITBO B CaMili €HIOTEHHIN CHCTEMI Ta Ie 3 IHBECTUIIITHIM
3aIi3HEHHSIM.

3anpornoHoBaHa CTOXaCTUYHA MOJETb OAHOMNPOAYKTOBOI EKOHOMIKH 3POCTaHHSA 3 €HAOTCHHUM
HAyKOBO-TEXHIYHUM MPOIPECOM MpPH IHBECTHLIHHOMY 3aIli3HEHHI 3 BIHEPIBCBKUMH Ta IyaCCOHIBCh-
KHMH TIporiecaMu. B cToxacTudHIl €KOHOMIKO-MaTeMaTH4Hid MOZAEi BpaXxOBaHO, IO KIHIIEBUHA BHU-
MyCK MPOAYKLil BUKOPHCTOBYETHCS HA CIIOKUBAHHS, Ha KaIlITATIOBKIAACHHS B PO3IIUPEHHS OCHOBHHUX
(oHAiB, HA MMOKpAIIEHHS BUPOOHUITBA 3 ypaxXyBaHHAM e€QEeKTUBHOCTI 3aTpaT «Ha HayKy», Ha OIMOoAaT-
KyBaHHS, Ha YPSAJOB1 BUTPATH, HA CAIBJI0 Ta HA JIKBIIAIIIO 3a0pyIHEHHS HABKOJIHUITHLOTO CEPEIOBH-
ma. g Mogens BpaxoBye BIUIMB HAYKOBUX JOCTIKEHb HA €KOHOMiIYHE BUPOOHMIITBO Y caMiid cucTe-
Mi, TOOTO IIeii BIUIMB € CHIOICHHOO 3MIHHO0. JIJIT MOCTIHKEHHS CTOXaCTHYHOI ONTUMAIBLHOI €KOJI0-
r0-eKOHOMIYHOI MOJIeJli BAKOPUCTaHO CTOXaCTUYHI JOCTaTHI YMOBH ONTHMAJIBHOCTI.

[Ipu mocmimkeHHI CTOXAaCTHYHOI €KOHOMIKO-MAaTeMaTHYHOI MOENi MOOYI0BaHO aJTOPUTM
PO3paxyHKy ONTUMAJILHOTO MPOLecy Ipu BHOOPI HEOOXIAHOIO0 €KOHOMIYHOTO KPaoOBOIO PEKUMY Ha



Poznin 3. MatemMaTH4HI METOIM B CYCHUIBHMX 1 TyMaHITapHAX HayKax 139

MOYATKOBIH CTafii, a TAKOXK aJITOPUTM PO3PAXyHKY ONTUMAIBHOIO MPOLIECY MPH BUOOPI EKOHOMIYHO-
IO MaricTpajJbHOr0 PeXUMY MPH BUOOPI HA TTOYATKOBIN CTail.
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