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CONCERNING THE IMPLEMENTATION OF THE MATHEMATICAL MODEL
LOTKA-VOLTERRA AT THE RESEARCH OF ECONOMIC PROCESSES

I[OJ0 PEAJIZAIIII MATEMATUYHOI MOJIEJI JIOTKU-BOJIBTEPPU
nrPU JOCJILIZKEHHI EKOHOMIYHUX ITPOLECIB

The work considers the well-known Lotka-Volterra mathematical model. Examples are given
that testify to the active use of this model in the study of various economic processes. It is emphasized
that the nonlinearity of the mathematical model necessitates the use of numerical methods and means
of their computer implementation. The proposed approach is based on the use of the well-known
Runge-Kutta numerical method implemented in the MS Excel spreadsheet environment. The problem
is solved in data manipulation mode without the need for programming. The described approach is
implemented for the case of the study of the rational use of resources in the railway sphere of activity.
The obtained results are in good agreement with the data of other authors.

Keywords: model Lotka-Volterra, research of economic processes, numerical methods, table
processor MS Excel, mode of manipulation data.

YV pobomi posensioaemvcs mamemamuuna mooenv Jlomxu-Bonvmeppu, nepeunHum npusHa-
YeHHAM AKOI OY6 aHANi3 8IOHOULEHHSL MIdIC 080MA OION0TUHUMU BUOAMU, NPEOCMABHUKU OOHO20 3 SIKUX
BUCYNANU K XUANCAKU, NPEOCMABHUKU THUL020 — K Jcepmeu. Biosnaveno, wo dana modens 3 ycnixom
Modice Oymu BUKOPUCMAHA | 8 THWUX 2aY35X, OIS AKUX XAPAKMEPHI YUKITYHI npoyecu 3MiHU CIaHy
83AEMOO0IIOUUX A2eHMi8 MA CUIbHA HeliniuHicmb. Hasedeni npuxnadu, axi ceiouams npo akmuene u-
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KopucmawnHs mooeni Jlomxu-Boromeppu npu 00CHiOHMCEHHI PIZHOMAHIMHUX eKOHOMIYHUX npoyecie. B
Mo Jice uac RiOKPecieHo, ujo 00 KOHKPEMHUX KilbKICHUX pe3yIbmamis ciid IOHOCUmMuUcs 3 obepedic-
HICMIO, OCKIIbKU 8OHU CUNILHO 3ANeNHCaAmb 610 NAPAMEmpie MOOei, MOYHI 3HAYEHHs SAKUX 3A36UYall
HegiooMi.

Heninitinicme mamemamuynoi mMooeni 3yMO6II0E HeOOXIOHICMb 3ACTOCYBAHHS  YUCETbHUX
Memooi6 po36’A3aHHA CUCmeM 36UYAlIHUX Oupepenyianbhux pisHaHb. B moil jce uac 6esnocepeons
peanizayis MamemMamuiHoi MoOeli 8 KOHKDEMHUX 8UNAOKax OJis (haxieyie 6 2any3i eKOHOMIKU MOiCe
BUKIUKAMU NesHI MPYOHOW, OCKIIbKU Nompebye 3HAHb He MINbKU MamemMamuxu, a U 3aco0is
KOMI TOMepHOI peanizayii MamemMamuyHux memoois.

Jns peanizayii mamemamuunoi modeni Jlomxu-Boarwsmeppu 3anpononosanuil nioxio, 8 0CHO8I
K020 NeAHCUMb GUKOPUCMAHHS 8I00MO20 YucenbHo2o memody Pynee-Kymma, peanizoeanozo 6 cepe-
dosuwi mabauunoeo npoyecopa MS Excel. Posg’szanns 3a0aui npoeooumscsi 8 pejicumi Maninyio-
8aHHs OaHuMu Oe3 HeobxioHocmi npoepamysants. OCHOBHI PO3PAXYHKOGT (YOPMYIU 86005IMbCS 8 OOUH
3 pAOKi6 enekmpoHHOi mabauyi. [{is opeanizayii YukiiyHux 0OuUCieHb Gopmyau KORimscs 6 iHuli
PAOKU 30 OONOMO2010 Memody “‘nepemsenymu i 3arumumu’. BUKOHAHHS YMOBU 3A8EPUICHHS YUKTY
KOHMPOJIOEMbCA BI3YANbHO 34 3HAYEHHAMU Hacy nepedicy npoyecy abo QYHKYIl, wo xapakmepusy-
F0Mb NOBEOIHKY 83AEMOOIIOYUX 8 CUCEMT A2eHMIB, 3ANEHCHO 8I0 Yilel O0CHIONCEHH .

Onucanutl nioxio peanizo8anuti 0is 6UNAOKY 00CHIONHCEHHS PAYIOHATLHO2O SUKOPUCMAHHS Pe-
cypcie y 3anizHuyHil cghepi disnvrocmi. Odepoicani pezyibmamu 006pe y32004CYIOmMbCs 3 OAHUMU TH-
wux agmopis.

Keywords: mooens Jlomku-Boabmeppu, 00Ciodicentss eKOHOMIYHUX NPOYeEcis, YucevHi me-
moou, mabauunuii npoyecop MS Excel, pescum maninymosanns oanumu.

Problem’s Formulation

Various mathematical models are widely used in the study of economic processes. The special
popularity of such models is not least due to their universality: the same mathematical model can be
successfully used to solve problems related to completely different fields of science and technology.
Thus, at one time, the efforts of A. Lotka and V. Volterra created a "predator-prey" model to describe
the relationship between two biological species, representatives of one of which acted as predators,
representatives of the other — as victims. As a result of modeling, the nature of changes in the number
of representatives of each species over time was studied [1,2]. Later, it became clear that this model
can be successfully used in other industries, which are characterized by cyclical processes of changing
the state of interacting agents and strong nonlinearity. In particular, in economics, the mathematical
model of Lotka-Volterra describes the processes of competition quite well [3,4].

Thus, the problem of implementing the mathematical model of Lotka-Volterra does not lose
its relevance and needs further study to form an appropriate methodology for the study of economic
processes.

Analysis of recent research and publications

The issue of using the Lotka-Volterra mathematical model was studied in the works of many
domestic and foreign scientists. The general principles of construction and the main properties of the
model were reflected in works [1—2]. Papers [3—8] are devoted to the peculiarities of the application
of the Lotka-Volterra mathematical model in economics. At the same time, the authors give examples
of specific economic processes in which the roles of predators and victims are distinguished; discuss
the principles of determining model parameters. Considerable attention is paid to actual modeling us-
ing various methods and tools. In particular, paper [9] describes the procedure for implementing the
Lotka-Volterra mathematical model using the classical Runge-Kutt method, paper [10] uses the
MathCAD mathematical package, and papers [4, 6] use the MATLAB/Simulink package. In [3], a
fairly simple Euler method was implemented using the MATLAB package to solve a system of ordi-
nary differential equations corresponding to the Lotka-Volterra model.

Formulation of the study purpose

The purpose of the study is to show the possibilities of using the Lotka-Volterra mathematical
model in the economy and to determine the features of its implementation using various methods and
tools.
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Presenting main material

As mentioned above, the classical mathematical model of Lotka-Volterra was created to de-
scribe the coexistence of two biological species, representatives of one of which acted as predators,
representatives of the other — as victims (food for predators). When building a mathematical model, it
was taken into account that an increase in the number of potential victims leads to an increase in the
number of predators; satisfying the need for food of the latter leads to a decrease in the number of vic-
tims. This, in turn, causes a decrease in predators, as they lack food and weaker or less adapted organ-
isms simply die. Those that remain eventually adapt to new conditions and the cycle of changes in the
number of predators and prey repeats.

The process considered above is well described by a system of two nonlinear differential equa-
tions of the first order with appropriate initial conditions:

%:x(t)‘(a—b‘y(t))_ {X(to)zxo

% —y(t)-(~c+d-x(t) y(to) = Yo
where x(t), y(t) — the number of victims and predators at a moment in time t; a, b, ¢, d — parameters
of the model that characterize the interaction of victims and predators.

The cyclic course and competitive nature of the processes described by the mathematical
model (1) also occurs in many other cases, in particular, in the economy. This gives reasons for vari-
ous researchers to use the mathematical model of Lotka-Volterra for ... analysis of the course of many
economic phenomena and objects, calculating, for example, the number of potential workers as "pre-
dators™ and the number of workplaces — "victims", the state budget and GDP; the number of capital-
ists and workers; the number of employees employed in the private sector of the economy and in the
state; the number of consumers and producers; supply and demand™ [3, p. 171 ]. In fact, the transition
from one meaningful task to another is determined by the interpretation of functions x(t), y(t) and pa-
rameters a, b, c, d. Tabl. 1 shows examples of such an interpretation for some problems.

(1)

Table 1. Examples of using the Lotka-Volterra model

Model (task)

x(D), y(t)

Model parameters

Classical biological
model [3]

Victims and pre-
dators

a — prey growth factor during the absence of the predator;

b — loss ratio of prey during encounters with predators;

¢ — predator loss ratio in the absence of prey;

d — coefficient of frequency of encounters between predators
and victims ending in a «meal».

Dynamic change of
the capital of the
economic system [4]

Specific profits,
specific costs per
unit of capital

a — coefficient of «<monopoly»;

b — coefficient of influence of expenses on obtaining profit
(the rate of decrease of profit due to expenses);

¢ — coefficient of accounting for costs not related to profits;

d — growth rate of costs in subsystems secured by profits.

Rational use of re-

Number of brake

a — coefficient of supply of brake pads to the depot;

sources in the rail- pads; b — coefficient of use of pads on locomotives;
way sphere of activi- | the number of c — rate of reduction in the number of locomotives during the
ty [6] locomotives absence of brake shoes;
equipped with d — utilization ratio of locomotives equipped with brake pads.
pads
Competition of po- Future workers, a — rate of growth of vacancies in the absence of potential

tential workers for
jobs [3]

working places

workers;
b — coefficient of efficiency of "hunting” workers for places;
¢ — coefficient of reduction in the number of potential workers;
d — rate of appearance of new potential workers on the labor
market.
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Continue of the table 1.

Project knowledge a — probability that the amount of useful and necessary in-

management [8] formation will increase;

b — probability that available useful and necessary informa-
tion will turn into knowledge;

¢ — probability that the necessary information for the forma-
tion of knowledge will be missing;

d — the probability that available useful information and es-
tablished communication channels at the enterprise dur-
ing project implementation will be sufficient to form and
increase the amount of knowledge.

So, the mathematical model of Lotka-Volterra is quite actively used in the study of various
economic processes. At the same time, the direct implementation of a mathematical model in specific
cases for specialists in the field of economics can cause certain difficulties, since it requires knowledge
not only of mathematics, but also of means of computer implementation of mathematical methods.

Considering the nonlinearity of the mathematical model (1), one of the numerical methods for
solving systems of ordinary differential equations should be recognized as the most acceptable method
for solving the problem. In particular, the Runge-Kutta method has proven itself well (see, for exam-
ple, [9]). It has a fairly high fourth order of accuracy, is logically not very complex, although it re-
quires a large amount of calculations.

With respect to problem (1), the Runge-Kutta method is given by the formulas:

tig =t +h,

X4 = X +%(k1 +2k, +2kg +ks4), i=012..,n-1 (2)

1
Vie = ¥i + (0y +202 + 203+ 4 ),
Intermediate coefficients ki, Ko, ks, K4, O1, 02, 03, Q4 are calculated by formulas:

kp =h-xj(a=b-y;) a hyI —c+d-x)

O I e
g .[yi+q72]] = (1) o3

X.+k3) (@a-b-(yi +a3)) ds =h y.+q3) (a—b-(xj +k3))

In fact, to implement the algorithm of the method, it is necessary to set the initial values (Xo,
Yo, &, b, C, d, =0, h); organize a cycle of sorting through the values of time t with a step h (t;,;=t;+ h,
i=0, 1, 2, ...); within the cycle, calculate the intermediate coefficients according to formulas (3) and
the values of the required functions x;.1=X(t+1), yvi+1=y(tx1) according to formulas (2), output ti.1, x:1,
ving Tor printing.

The implementation of this kind of algorithms is traditionally carried out on personal comput-
ers using independently created programs or special mathematical packages such as MathCAD or
MATLAB [3, 4, 10]. Both approaches require skills that are not always available in economics. At the
same time, the task can be solved in the environment of the MS Excel table processor, which is well
known to all PC users. To do this, it is enough to create an MS Excel workbook sheet similar to the
one shown in fig. 1.
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Fig. 1. Organization of the MS Excel worksheet

Cells Al, A2, C1, C2, E1, E2, G1, A4:K4 of the worksheet in Fig. 1 contain explanatory text;
cells B1, B2, D1, D2, F1, F2, H1 — the values of the corresponding parameters of the model (the de-
signations on the worksheet and in the text match).

The starting point of time (t = 0) and the initial values of the functions x(t), y(t) are entered in
cells A5:K5. The rest of the cells of the worksheet contain formulas with the help of which the algo-
rithm described above is implemented.

Formulas in cells D5:K5 and A6:C6 are entered manually using standard methods of working
with the MS Excel spreadsheet (see, for example, [11, 12]). Other formulas are obtained by copying
the specified formulas into the cells below using the drag-and-drop method. Content of formulas in
cells D5:K5; A6:C6 is given in the tabl. 2.

Table 2. Calculation formulas of the worksheet "Implementation of the Lotka-Volterra model"”

Cell Formula
D5 =F$2*B5*(B$1-D$1*C5)
E5 =F$2*C5*(-F$1+H$1*B5)
F5 =F$2*(B5+D5/2)*(B$1-D$1*(C5+E5/2))
G5 =F$2*(C5+E5/2)*(-F$1+H$1*(B5+D5/2))
H5 =F$2*(B5+F5/2)*(B$1-D$1*(C5+G5/2))
15 =F$2*(C5+G5/2)*(-F$1+H$1*(B5+F5/2))
J5 =F$2*(B5+H5)*(B$1-D$1*(C5+I5))
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Continue of the table 2.

K5 =F$2*(C5+15)*(-F$1+H$1*(B5+H5))
A6 =A5+F$2

B6 =B5+(D5+2*F5+2*H5+J5)/6

C6 =C5+(E5+2*G5+2*15+K5)/6

Let's pay attention to the fact that copying formulas by the "drag and drop™ method with this
organization of the worksheet actually ensures the organization of cyclic calculations in accordance
with the algorithm of the method. At the same time, the fulfillment of the cycle completion condition
is visually controlled by the values of t, x(t) or y(t), depending on the research objectives [13].

The worksheet was tested using an example from work [6]. At the same time, the functions
x(t) and y(t) were interpreted as the number of hundreds of brake pads and the number of dozens of
locomotives equipped with pads; the meaning of the model parameters is given in Tabl. 1, and the
used values of the parameters are in the worksheet in Fig. 1. For clarity, the results of the test example
are displayed in the form of a graph that fully corresponds to that given in [6]. Thus, the operability of
the proposed quite simple approach to the implementation of the Lotka-Volterra mathematical model
is confirmed.

Note that in most of the known works, a qualitative analysis of the studied process was carried
out on the basis of the Lotka-Volterra mathematical model. Specific quantitative results should be
treated with caution, as they are highly dependent on model parameters. This is clearly visible from
fig. 2—3, which show the results of calculations for the above example with different values of para-

meters a and b.

003115225335445535566377,58859953510 00511522533544555566577588599510

Fig. 2. Influence of model parameters on the course of the researched process (a = 3)
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Fig. 3. Influence of model parameters on the course of the researched process (a = 4)
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In practice, the exact values of model parameters are usually unknown, so approximate values
obtained by processing statistical data are used. As a result, the calculated values of the functions x(t)
and y(t) are also approximate, but in general they well reflect the laws of the studied process and pro-
vide an opportunity to propose measures to improve certain of its characteristics.

Conclusions

The mathematical model of Lotka-Volterra can be used in the study of regularities in the
course of various economic processes. Specific quantitative results should be treated with caution, as
they strongly depend on model parameters, the exact values of which are usually unknown.

To implement the Lotka-Volterra mathematical model, an approach based on the use of the
well-known Runge-Kutt numerical method implemented in the MS Excel spreadsheet environment is
proposed. The problem is solved in data manipulation mode without the need for programming.
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