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CONCERNING THE IMPLEMENTATION OF THE MATHEMATICAL MODEL
LOTKA-VOLTERRA AT THE RESEARCH OF ECONOMIC PROCESSES

ЩОДО РЕАЛІЗАЦІЇ МАТЕМАТИЧНОЇ МОДЕЛІ ЛОТКИ-ВОЛЬТЕРРИ
ПРИ ДОСЛІДЖЕННІ ЕКОНОМІЧНИХ ПРОЦЕСІВ

The work considers the well-known Lotka-Volterra mathematical model. Examples are given
that testify to the active use of this model in the study of various economic processes. It is emphasized
that the nonlinearity of the mathematical model necessitates the use of numerical methods and means
of their computer implementation. The proposed approach is based on the use of the well-known
Runge-Kutta numerical method implemented in the MS Excel spreadsheet environment. The problem
is solved in data manipulation mode without the need for programming. The described approach is
implemented for the case of the study of the rational use of resources in the railway sphere of activity.
The obtained results are in good agreement with the data of other authors.

Keywords: model Lotka-Volterra, research of economic processes, numerical methods, table
processor MS Excel, mode of manipulation data.

У роботі розглядається математична модель Лотки-Вольтерри, первинним призна-
ченням якої був аналіз відношення між двома біологічними видами, представники одного з яких
виступали як хижаки, представники іншого – як жертви. Відзначено, що дана модель з успіхом
може бути використана і в інших галузях, для яких характерні циклічні процеси зміни стану
взаємодіючих агентів та сильна нелінійність. Наведені приклади, які свідчать про активне ви-
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користання  моделі Лотки-Вольтерри при дослідженні різноманітних економічних процесів.  В
той же час підкреслено, що до конкретних кількісних результатів слід відноситися з обереж-
ністю, оскільки вони сильно залежать від параметрів моделі, точні значення яких зазвичай
невідомі.

Нелінійність математичної моделі зумовлює необхідність застосування  чисельних
методів розв’язання систем звичайних диференціальних рівнянь. В той же час безпосередня
реалізація математичної моделі в конкретних випадках для фахівців в галузі економіки може
викликати певні труднощі, оскільки потребує знань не тільки математики, а й засобів
комп’ютерної реалізації математичних методів.

Для реалізації математичної моделі Лотки-Вольтерри запропонований підхід, в основі
якого лежить використання відомого чисельного методу Рунге-Кутта, реалізованого в сере-
довищі табличного процесора MS Excel. Розв’язання задачі проводиться в режимі маніпулю-
вання даними без необхідності програмування. Основні розрахункові формули вводяться в один
з рядків електронної таблиці. Для організації циклічних обчислень формули копіюються в інші
рядки за допомогою методу “перетягнути і залишити”. Виконання умови завершення циклу
контролюється візуально за значеннями часу перебігу процесу або функцій, що характеризу-
ють поведінку взаємодіючих в системі агентів, залежно від цілей дослідження.

Описаний підхід реалізований для випадку дослідження раціонального використання ре-
сурсів у залізничній сфері діяльності. Одержані результати добре узгоджуються з даними ін-
ших авторів.

Keywords: модель Лотки-Вольтерри, дослідження економічних процесів, чисельні ме-
тоди, табличний процесор MS Excel, режим маніпулювання даними.

Problem’s Formulation
Various mathematical models are widely used in the study of economic processes. The special

popularity of such models is not least due to their universality: the same mathematical model can be
successfully used to solve problems related to completely different fields of science and technology.
Thus, at one time, the efforts of A. Lotka and V. Volterra created a "predator-prey" model to describe
the relationship between two biological species, representatives of one of which acted as predators,
representatives of the other — as victims. As a result of modeling, the nature of changes in the number
of representatives of each species over time was studied [1,2]. Later, it became clear that this model
can be successfully used in other industries, which are characterized by cyclical processes of changing
the state of interacting agents and strong nonlinearity. In particular, in economics, the mathematical
model of Lotka-Volterra describes the processes of competition quite well [3,4].

Thus, the problem of implementing the mathematical model of Lotka-Volterra does not lose
its relevance and needs further study to form an appropriate methodology for the study of economic
processes.

Analysis of recent research and publications
The issue of using the Lotka-Volterra mathematical model was studied in the works of many

domestic and foreign scientists. The general principles of construction and the main properties of the
model were reflected in works [1—2]. Papers [3—8] are devoted to the peculiarities of the application
of the Lotka-Volterra mathematical model in economics. At the same time, the authors give examples
of specific economic processes in which the roles of predators and victims are distinguished; discuss
the principles of determining model parameters. Considerable attention is paid to actual modeling us-
ing various methods and tools. In particular, paper [9] describes the procedure for implementing the
Lotka-Volterra mathematical model using the classical Runge-Kutt method, paper [10] uses the
MathCAD mathematical package, and papers [4, 6] use the MATLAB/Simulink package. In [3], a
fairly simple Euler method was implemented using the MATLAB package to solve a system of ordi-
nary differential equations corresponding to the Lotka-Volterra model.

Formulation of the study purpose
The purpose of the study is to show the possibilities of using the Lotka-Volterra mathematical

model in the economy and to determine the features of its implementation using various methods and
tools.
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Presenting main material
As mentioned above, the classical mathematical model of Lotka-Volterra was created to de-

scribe the coexistence of two biological species, representatives of one of which acted as predators,
representatives of the other — as victims (food for predators). When building a mathematical model, it
was taken into account that an increase in the number of potential victims leads to an increase in the
number of predators; satisfying the need for food of the latter leads to a decrease in the number of vic-
tims. This, in turn, causes a decrease in predators, as they lack food and weaker or less adapted organ-
isms simply die. Those that remain eventually adapt to new conditions and the cycle of changes in the
number of predators and prey repeats.

The process considered above is well described by a system of two nonlinear differential equa-
tions of the first order with appropriate initial conditions:
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where x(t), y(t) — the number of victims and predators at a moment in time t; a, b, c, d — parameters
of the model that characterize the interaction of victims and predators.

The cyclic course and competitive nature of the processes described by the mathematical
model (1) also occurs in many other cases, in particular, in the economy. This gives reasons for vari-
ous researchers to use the mathematical model of Lotka-Volterra for "... analysis of the course of many
economic phenomena and objects, calculating, for example, the number of potential workers as "pre-
dators" and the number of workplaces — "victims", the state budget and GDP; the number of capital-
ists and workers; the number of employees employed in the private sector of the economy and in the
state; the number of consumers and producers; supply and demand" [3, p. 171 ]. In fact, the transition
from one meaningful task to another is determined by the interpretation of functions x(t), y(t) and pa-
rameters a, b, c, d. Tabl. 1 shows examples of such an interpretation for some problems.

Table 1. Examples of using the Lotka-Volterra model

Model (task) x(t), y(t) Model parameters
Classical biological
model [3]

Victims and pre-
dators

a – prey growth factor during the absence of the predator;
b – loss ratio of prey during encounters with predators;
c – predator loss ratio in the absence of prey;
d – coefficient of frequency of encounters between predators

and victims ending in a «meal».
Dynamic change of
the capital of the
economic system [4]

Specific profits,
specific costs per
unit of capital

a – coefficient of «monopoly»;
b – coefficient of influence of expenses on obtaining profit

(the rate of decrease of profit due to expenses);
c – coefficient of accounting for costs not related to profits;
d – growth rate of costs in subsystems secured by profits.

Rational use of re-
sources in the rail-
way sphere of activi-
ty [6]

Number of brake
pads;
the number of
locomotives
equipped with
pads

a – coefficient of supply of brake pads to the depot;
b – coefficient of use of pads on locomotives;
c – rate of reduction in the number of locomotives during the

absence of brake shoes;
d – utilization ratio of locomotives equipped with brake pads.

Competition of po-
tential workers for
jobs [3]

Future workers,
working places

a – rate of growth of vacancies in the absence of potential
workers;

b – coefficient of efficiency of "hunting" workers for places;
c – coefficient of reduction in the number of potential workers;
d – rate of appearance of new potential workers on the labor

market.



160                                                                                                  Математичне моделювання № 1(48) 2023

Continue of the table 1.
Project knowledge
management [8]

a – probability that the amount of useful and necessary in-
formation will increase;

b – probability that available useful and necessary informa-
tion will turn into knowledge;

c – probability that the necessary information for the forma-
tion of knowledge will be missing;

d – the probability that available useful information and es-
tablished communication channels at the enterprise dur-
ing project implementation will be sufficient to form and
increase the amount of knowledge.

So, the mathematical model of Lotka-Volterra is quite actively used in the study of various
economic processes. At the same time, the direct implementation of a mathematical model in specific
cases for specialists in the field of economics can cause certain difficulties, since it requires knowledge
not only of mathematics, but also of means of computer implementation of mathematical methods.

Considering the nonlinearity of the mathematical model (1), one of the numerical methods for
solving systems of ordinary differential equations should be recognized as the most acceptable method
for solving the problem. In particular, the Runge-Kutta method has proven itself well (see, for exam-
ple, [9]). It has a fairly high fourth order of accuracy, is logically not very complex, although it re-
quires a large amount of calculations.

With respect to problem (1), the Runge-Kutta method is given by the formulas:
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Intermediate coefficients k1, k2, k3, k4, q1, q2, q3, q4 are calculated by formulas:
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In fact, to implement the algorithm of the method, it is necessary to set the initial values (x0,
y0, a, b, c, d, t0=0, h);  organize a cycle of sorting through the values of time t with a step h (tі+1 = tі+ h,
і=0, 1, 2, …); within the cycle, calculate the intermediate coefficients according to formulas (3) and
the values of the required functions хі+1=x(tі+1), уі+1=у(tі+1) according to formulas (2), output tі+1, хі+1,
уі+1 for printing.

The implementation of this kind of algorithms is traditionally carried out on personal comput-
ers using independently created programs or special mathematical packages such as MathCAD or
MATLAB [3, 4, 10]. Both approaches require skills that are not always available in economics. At the
same time, the task can be solved in the environment of the MS Excel table processor, which is well
known to all PC users. To do this, it is enough to create an MS Excel workbook sheet similar to the
one shown in fig. 1.
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Fig. 1. Organization of the MS Excel worksheet

Cells A1, A2, C1, C2, E1, E2, G1, A4:K4 of the worksheet in Fig. 1 contain explanatory text;
cells B1, B2, D1, D2, F1, F2, H1 — the values of the corresponding parameters of the model (the de-
signations on the worksheet and in the text match).

The starting point of time (t = 0) and the initial values of the functions x(t), y(t) are entered in
cells A5:K5. The rest of the cells of the worksheet contain formulas with the help of which the algo-
rithm described above is implemented.

Formulas in cells D5:K5 and A6:C6 are entered manually using standard methods of working
with the MS Excel spreadsheet (see, for example, [11, 12]). Other formulas are obtained by copying
the specified formulas into the cells below using the drag-and-drop method. Content of formulas in
cells D5:K5; A6:C6 is given in the tabl. 2.

Table 2. Calculation formulas of the worksheet "Implementation of the Lotka-Volterra model"

Cell Formula
D5 =F$2*B5*(B$1-D$1*C5)
E5 =F$2*C5*(-F$1+H$1*B5)
F5 =F$2*(B5+D5/2)*(B$1-D$1*(C5+E5/2))
G5 =F$2*(C5+E5/2)*(-F$1+H$1*(B5+D5/2))
H5 =F$2*(B5+F5/2)*(B$1-D$1*(С5+G5/2))
I5 =F$2*(C5+G5/2)*(-F$1+H$1*(B5+F5/2))
J5 =F$2*(B5+H5)*(B$1-D$1*(C5+I5))
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Continue of the table 2.
K5 =F$2*(C5+I5)*(-F$1+H$1*(B5+H5))
A6 =A5+F$2
B6 =B5+(D5+2*F5+2*H5+J5)/6
C6 =C5+(E5+2*G5+2*I5+K5)/6

Let's pay attention to the fact that copying formulas by the "drag and drop" method with this
organization of the worksheet actually ensures the organization of cyclic calculations in accordance
with the algorithm of the method. At the same time, the fulfillment of the cycle completion condition
is visually controlled by the values of t, x(t) or y(t), depending on the research objectives [13].

The worksheet was tested using an example from work [6]. At the same time, the functions
x(t) and y(t) were interpreted as the number of hundreds of brake pads and the number of dozens of
locomotives equipped with pads; the meaning of the model parameters is given in Tabl. 1, and the
used values of the parameters are in the worksheet in Fig. 1. For clarity, the results of the test example
are displayed in the form of a graph that fully corresponds to that given in [6]. Thus, the operability of
the proposed quite simple approach to the implementation of the Lotka-Volterra mathematical model
is confirmed.

Note that in most of the known works, a qualitative analysis of the studied process was carried
out on the basis of the Lotka-Volterra mathematical model. Specific quantitative results should be
treated with caution, as they are highly dependent on model parameters. This is clearly visible from
fig. 2—3, which show the results of calculations for the above example with different values of para-
meters a and b.

Fig. 2. Influence of model parameters on the course of the researched process (a = 3)

Fig. 3. Influence of model parameters on the course of the researched process (а = 4)
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In practice, the exact values of model parameters are usually unknown, so approximate values
obtained by processing statistical data are used. As a result, the calculated values of the functions x(t)
and y(t) are also approximate, but in general they well reflect the laws of the studied process and pro-
vide an opportunity to propose measures to improve certain of its characteristics.

Conclusions
The  mathematical  model  of  Lotka-Volterra  can  be  used  in  the  study  of  regularities  in  the

course of various economic processes. Specific quantitative results should be treated with caution, as
they strongly depend on model parameters, the exact values of which are usually unknown.

To implement the Lotka-Volterra mathematical model, an approach based on the use of the
well-known Runge-Kutt numerical method implemented in the MS Excel spreadsheet environment is
proposed. The problem is solved in data manipulation mode without the need for programming.
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