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PROPERTIES OF VOLUME NUMBERS WITH INTEGER COEFFICIENTS AND
MATHEMATICAL MODELING

BJACTHUBOCTI OB'€EMHUX YNCEJI 3 HIJIMMHU KOE®IINIEHTAMMU 1
MATEMATHYHE MOJIEJIIOBAHHS

The nature of the distribution of volumetric numbers with integer coefficients on the corres-
ponding spheres has been established, according to which the sets of numbers forming a family of rays
of the first, second and third order, outlining a circle on the spheres beyond which there is a distribu-
tion of volumetric numbers with integer coefficients, have been determined. A theorem was also
formulated about the possibility of the existence of at least a single volumetric number with integer
real coefficients that would be located in the middle of the circles outlined by a family of rays of the
first and second order on the corresponding spheres.
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O6'emni yucaa 3abe3neyyoms npu MOOENIOBAHHI HABKOAUWNHBO20 C8IMY OOHO3HAUNY iHmMepn-
pemayiio He MiNbKU Cynepeynusux, a i ogoicmux acnexmig. Tomy wupuie 00cniodcenHs 61acmueoc-
metl 00'eMHUX YUCen 3 MemOoI0 GUKOPUCIAHHS 8 MAMEMAMUYHOMY MOOENI08AHH] NPeOCMABIAE iCmo-
muutl inmepec. Kpim moeo, epaxogyrouu, wo yini yucia, sk i ix KomOiHayii' y euensioi cymu, micio uu
THWLOI0 MIPOTO XAPAKMEPU3YIOmyb HABKOIUWHIL C8IM, MO 032180 30HU ZHAXOOICEHHS. MHONCUHU 00 '¢-
MHUX YUucen 3 Yylnumu KoeiyicHmamu Ha 8i0N0GIOHUX chepax € 0OHUM 3 OCHOBONOLONCHUX.

Bcmanoeneno xapaxkmep po3noodiny o0'emuux uucen 3 yinumu OiticHUMU KoeiyieHmamu
{a, b, C} Ha 8i0nosionux cghepax padiycy p, (p € {N }), 32I0HO 3 AKUM OYNI0 BUHAYEHO MHOJICUHU HU-

cen {a,b,c}:{n,Zn,Zn}, {a,b,c}={4n,4n,7n}, {a,b,c}:{lOn,lOn,ZSn}, Wo po3mawlosyromucs Ha

cgepax paoiycy py = 3k n, ode: k=123 — nomep cimeticmeéa, N — nomep 6ionogionoi cepu, i
VMEOPIOIONb CIMEUCMB0 NPOMEHIE NEPULO20, OPY2020 Md MpPembo2o NOPOKY.

Yucna, AKi ymeopeHi MHONCUHOIO {a, b,C} € {Z} Ha 8IONOGIOHUX Cepax, XapaKmepuzyomocsi
pienicmio cymu koegiyicnmis a,b,C i posmawosyiomoca na oouiii éiocmani éionocno mouku (Vo ,

a=b=c), axa e ceomempuunum yeHmpom cghepuunoco mpuxymuHuxa. A 0as yucen nepuiozo ma opy-
2020 NOPAOKY GIOHOUWEHHS padiycy cqhepu 00 CymMu KoepiyieHmie € NOCMitiHUM.
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Takooic 6cmanosneno, wo 30Ha po3noodiny 06'emMHux uucen 3 yinumu Koeghiyicnmamu posma-
WOByEMbCA 3a Medcamu obnacmi, AKy oomedcye 6ionogione kono 3 yeumpom Vg, sKe ymeopooms

yycna nepwoi ma opyeoi epynu.

Ha niocmaei ompumanux pesyivmamis 0yia cpopmyibo8ana HACMYRHA meopemd, Os 4im-
K020 00KA3y OMPUMAHUX PE3VIbMAmi8 Y 3a2aibHOMY GU2ISOL.

Teopema. Icuye xoua 6 o0ne odunuure yucio N 3 yinumu OilicHUMU Koeghiyicumamu {a, b, C},

Ha 006iNbHIl chepi padiyca py = 3*n , CYMA AKUX 3A0080JIbHAIA O YMOBI:

Z{a,b,c}> Z{n,Zn,Zn}.

Lini yucna, 6 miti yu iHwWil Mipi xapakmepusyloms HAGKOIUWHIN CGIM, MOMY OMPUMAHI pe-
3YAMAmy PO3NOOINY MHONCUHU 00'€MHUX yucen 3 yliumu KoegiyicHmamu Ha 6i0N0GIOHUX cgepax
MONCYMb OYMU GUKOPUCIAHT O151 MAMEMAMUYHO20 MOOETIO8AHHS He MINbKY NOOitl AKI 00CMYNHI Ha-
ULOMY PO3YMIHHIO, ajle U ROOIU IHMYIMUBHO YCBIOOMIEHUX.

Knrouoei cnosa: 06’ emui yucna, cghepa, cimericmeo npomeHis, Yiii Yucia, po3nooii.

Formulation of the problem

Expanding the number space through the introduction of the concept of a volume number sig-
nificantly increases the range of use of algebra and mathematical analysis to describe and model com-
prehensive aspects of the surrounding world. The properties of the reciprocal mirror image of volume-
tric numbers provide an unambiguous interpretation of not only contradictory, but also dual aspects
when studying the surrounding world. Therefore, a broader study of the properties of volume numbers
for the purpose of using them in mathematical modeling is of significant interest.

Analysis of recent research and publications

The introduction by the authors of works [1, 2] of the concept of a spatially indefinite unit
made it possible to move from a two-dimensional number field to a three-dimensional number field. It
should be noted that a spatially indefinite unit is not an element of a two-dimensional numerical field
and necessitates the expansion of the concepts of imaginary units in number theory.

According to [1, 2], the algebraic formula for the volume number is written as

V =a+bi+cj,

where a,b,c — real numbers; i — imaginary unit; j — a spatially indeterminate unit.

In trigonometric form

V = p(sin@cos e +isin@sinp + jcoso),

where p — the length of the radius vector of the corresponding point; ¢ — longitude; & — polar

distance.

The properties of volume numbers and their coefficients a,b,c were used in the development
of a physical and mathematical model of the volumetric Universe [3—5]. These properties made it
possible to mathematically model the location of the space-time continuum in the energy-information-
time field of the volumetric Universe [6].

Despite the fact that the theory of volume numbers is only at the stage of its formation, its use
makes it possible to model objects and processes of the surrounding world more qualitatively [3—6],
which necessitates further research into the properties of these numbers.

Formulation of the research goal

An analysis of works [1—6] indicates that the set of volume numbers, which includes com-
plex and real numbers, makes it possible to describe not only events that are accessible to our under-
standing, but also events that are intuitively realized. In addition, given that integers, as well as their
combinations in the form of a sum [7], to some extent characterize the world around us, then consider-
ation of the area where the set of volumetric numbers with integer coefficients a,b,c is located on the
corresponding spheres is one of the fundamental ones.

Presentation of the main material

According to the geometric interpretation [1, 2], the volume number and its mirror images can

be represented as follows: fig. 1.
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Fig. 1. Geometric representation of a volume number and its mirror images: Re — the real
axis, Im — the imaginary axis, Sp —the spatially indefinite axis

In this paper, the task is to determine the nature of the distribution of volume numbers with in-
teger coefficients on the corresponding spheres of radius p,

p:\ja2+b2+02 :
According to [7], the maximum sum of real coefficients Ay, =3a of the volume number
V =a+bi+cj with coordinates

0 =54°44'8"
takes place under the condition that a=b=c.
Hence

{(p = 45°

p=a3.

Accordingly, on a sphere with radius p = av/3 there is at least one volume number with integ-
er coefficients {a,b,c}: Z , for which condition a=b=c is satisfied. But the corresponding radii do
not satisfy condition p e {N } These spheres will be denoted by the radius p, .

To determine the location zone of the set of volume numbers with integer coefficients
{a,b,c}=Z on the corresponding spheres, the radii of which satisfy the condition p < {N}, we solve
the system of equations

{pz ~a?=p

p— b2 =c?
successive selection of full squares of coefficients a,b,c that satisfy the condition:

a’< p2
b? < p2
For the sake of compactness in presenting the results, Tabl. 1 shows only positive numerical
values of the coefficients a,b,c of the first octant.
The numbers that are formed by the set of coefficients of the form
{{a,o,o}; {0,b,0};{0,0,c}

{a,b,0};{a,0,c};{0,b,c}

are not given in this table.
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Table 1. The value of the coefficients a,b,c of the first octant

P {a,b,c}=2

1 | {0}

2 | {0}

3 {122} Po {a,b,c}=2
4 | {0} 1732 | {1, 1,1}

5 | {0} 3464 |{2,2,2}

6 | {2 4, 4} 5196 | {3,3,3} {1, 1,5}

7 | {236} 6,928 | {4, 4,4}

8 | {0} 8,660 | {5, 5,5} {1,5 7}

9 |{3,6,6) {447} {1,4,8} 10,392 | {6, 6, 6}; {2,2, 10}

10 | {0} 12,124 | {7,7,7} {1,5, 11}

11 | {0} 13,856 | {8, 8, 8}

12 | {4,8,8} 15,588 | {9, 9, 9}; {3, 3, 15}; {5, 7, 13}; {1, 11, 11}
13 | {3, 4,12} 17,321 | {10, 10, 10}; {2, 10, 14}
14 | {4,6, 12}

15 | {5, 10, 10}; {2, 5, 14}; {2, 10, 11}

16 | {0}

17 | {8,9, 12}

18 | {6, 12, 12}; {8, 8, 14}

19 | {1, 6, 18}; {6,6,17}; {6, 10, 15}

20 | {0}

21 | {7, 14,14}; {4,5, 20}; {4,8,19}; {6,9, 18}; {4, 13, 16}; {8, 11, 16}
22 | {4,12,18}; {12, 12, 14}

23 | {3,6,22}; {3, 14, 18}; {6, 13,18}

24 | {8, 16, 16}

25 | {9, 12, 20}; {12, 15, 16}

26 | {6, 8, 24}

27 | {9, 18, 18}; {12, 12, 21}; {10, 10, 23}; {2, 7, 26}; {2, 10, 25}; {2, 14, 23}; {3, 12, 24}

An analysis of the set of volumetric numbers with integer coefficients indicates the existence
of regularities in the distribution of a group of numbers on the corresponding spheres whose radii sa-

tisfy the condition p e {3n |ne N}, where n — is the number of the corresponding sphere. Namely:

p =3n — there is a distribution of the | group of numbers {n,2n,2n};

o =9n — in addition to the | group, there is a distribution of the Il group of numbers {4n,4n,7n};

p =27n — except for I and Il groups, the distribution of the 111 group of humbers {10n,10n,23n}.
The data of the groups of volume numbers of the first octant are presented in Tabl. 2.
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Table 2. Groups of volumetric numbers of the first octant

P | Ng VNC=a+bi+cj P | N VNC=a+bi+cj P | Ng VNC=a+bi+cj

1+2i+2] 10+20i+20j 19+38i+38]

3 I 2+1i+2]j 30 | | 20+10i+20]j 57 | |1 38+19i+38]j

2+2i+1]j 20+20i+10] 38+38i+19]

2+4i+4] 11+ 22i+22] 20+40i+40]j

6 I 4+2i+4] 33 I 22+11i+22] 60 I 40+20i+40]j

4+4i+2] 22+ 22i+11j 40+40i+20]

3+6i+6] 12+24i+24 ] 21+42i+42]

I 6+3i+6] I 24+12i+24] I 42+ 21i +42]

6+6i+3] 24+ 24i+12 ] 42 +42i+ 21

o 4+4i+7] 36 16+16i+ 28] 63 28+28i+49]

I 4+T7i+4] I 16+28i+16 I 28+49i+ 28]

T+4i+4] 28+16i+18] 49+ 28i+ 28]

4+8i+8]j 13+26i+26] 22+ 44i+44 ]

12 I 8+4i+8j 39 I 26+13i+26] 66 I 44+ 22i +44 ]

8+8i+4]j 26+ 26i+13] 44+ 440 + 22 |

5+10i+10j 14+ 28i + 28 23+46i+46]

15 | | 10+5i+10]j 42 | | 28+14i+ 28] 69 | | 46+23i+46 ]

10+10i+5]j 28+28i+14] 46+ 46i + 23]

6+12i+12]j 15+30i+30] 24+48i+48

I 12+6i+12j I 30+15i+30]j I 48+ 24i + 48]

12+12i+6j 30+30i+15j 48+ 48i + 24

18 8+8i+14]j 45 20+20i+35j 72 32+32i+56]

I 8+14i+8j I 20+35i+20] I 32+56i+32]

14+8i+8j 35+20i+20]j 56+32i+32j

7+14i+14] 16+32i+32] 25+50i+50]

21 | | 14+7i+14] 48 | | 32+16i+32] 75 | | 50+25i+50]

14+14i+7j 32+32i+16] 50+50i+25j

8+16i+16 ] 17 +34i+34] 26+52i+52]

24 | | 16+8i+16] 51 I 34+171+34] 78 I 52+ 26i +52]

16+16i+8]j 34+34i+17j 52+52i+26]

9+18i+18j 18+36i+36j 27 +54i +54]

I 18+9i+18] I 36+18i+36 I 54 +27i+54]

18+18i+9] 36+36i+18j 54 +54i+ 27 j

12+12i+21]j 24+24i+42] 36 +36i +63 ]

27 | 1l 12+21i+12] 54 | 1l 24+ 42i+24] 81 | Il 36+63i+36]

21+12i+12j 42 +24i+24] 36+36i+36

10+10i + 23] 20+20i+46 30+30i+69]j

" 10+23i+10]j " 20+46i+20j " 30+69i+30]

23+10i+10]j 46+20i+20] 69+30i+30]
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According to the geometric interpretation of volume numbers [2]
b
@ = arctg —,
a
Va2 +b?
—
Therefore, for a certain group of numbers formed by the coefficients of the set

{a,b,c}={n,2n,2n}, {a,b,c}=1{4n,4n,7n} and {a,b,c}={10n,10n,23n}, regardless of the number n of
the sphere under consideration, the following conditions are satisfied:

0 =arctg

b
— =const,
a

\/a2+b2
c

Accordingly, the set of numbers of the form:
Vi, =n+2ni+2nj, Vi, =2n+ni+2nj, Vi, =2n+2ni+nj

= const.

form a family of rays of the first order N (1) ;
the numbers
Vi, =4n+4ni+7nj, V), =4n+7ni+4nj, Vy, =7n+4ni+4nj
form a family of rays of the second order N.(Il);

and the numbers
V|||1 =10n +10ni +23nj , V|||2 =10n + 23ni +10nj , V|||3 =23n+10ni +10nj

are the family of rays of the third order N, (IlI).
To establish the general dependence of finding the necessary sphere, we use conditions
o = N . Then, for I, Il and Il groups of numbers we have:

N =\/n2 +(2n)2 +(2n)2 =3n;

N =+/(4n)? + (4n)? + (7n)2 =9n =3%n;

N =4/(10n)? + (10n)? + (23n)2 = 27n = 3°n.
Hence
o =N=3n,
where k =1,2,3 — is the family number.

The volume numbers of the corresponding families on certain spheres are characterized by the
equality of the sum of the coefficients a,b,c:

Z{a,b,c}: Z{n,Zn,Zn}:Sn :
Z{a,b,c}: Z{4n,4n,7n}=15n :
Z{a,b,c}: Z{lOn,lOn,ZBn}: 43n .

According to [7], the numbers formed by the set {a, b,c}: Z are located at the same distance
relative to the point, which is the geometric center of the spherical triangle (Aymax =3a, a=b=c).

Of particular interest are the volume numbers of the family of rays of the first and second
order on spheres of radius p, = 3%n, since the condition of equality of the sum of their coefficients
occurs a,b,c,

Z{a,b,c}: Z{Bn,2.3n,2‘3n}=15n = Z{a,b,c}: Z{4n,4n,7n}=15n ,
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as well as the ratio of the sphere radius to the sum of coefficients a,b,c is constant:

A 3N 6.
Z{n,Zn,Zn} 5n '
P2 _5n

Z{4n,4n,7n} " 15n

These numbers form a circle on a spherical triangle, the center of which is the volume number
Vo, (Fig. 2).

Notations:
o —Vp;
o —V,, {9 18,18},
o—V,,{12 12, 21},
m—V, {10, 10, 23},
A—V {27, 26}
A —V {2 10, 25},
©—V, {2 14, 23},
& —V {3, 12, 24},

—-—--— > {ab,cj=const.

Fig. 2. Distribution of volume numbers with integer coefficients of the first octant on a sphere
of radius p =27

If through the given numbers of an arbitrary sphere of radius p, = 3%n, draw a plane m—-m
(Fig. 3), then the ray on which the numbers V; are located will be perpendicular to this plane, and the
plane will be tangent to the sphere of radius p, at the point Vo, =5n+ 5ni+5n;j .
From fig. 3 we have
Po = pcos(6) —0),

Sp)\ m since: p = po =9n; cos(f, —0)=0,96225 =
V , Po =8,66025-n~8,66-n.
'’ According to [7], under the condition that
a=b=c
/ =aVv3 = a=— =5-n =
9\/ VooNx Po=a3 1732
2 y Vo, =5n+5ni +5nj
0, Lo ls = Studies show that on an arbitrary sphere of
N T radius p, =3n, (1< p, <81) the zone of loca-
/ —-- p m tion of volume numbers with integer coefficients is
= located outside the area bounded by the corres-

ponding circle with center V, (Fig. 2).

Fig. 3. Cross section m—m at ¢ = 45° An exception is the volume numbers of a
sphere of radius p =21, whose coefficients form
the set {8,11,16}. Since,
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> {abci=> {n2n2n}=>"{71414}=35 = > {a,b,c{=> {81116}=35,

then these numbers are located on the corresponding circle.
The number 21 is a Fibonacci number that is a multiple of three. It is possible that for Fibo-
nacci numbers that are multiples of three 144, 987, etc., this exception will take place.
Conclusion
The nature of the distribution of volumetric numbers with integer real coefficients {a,b,c} on

the corresponding spheres of radius p, (pe {N}), was established, according to which the sets of

numbers located on spheres of radius p = 3Xn were determined, forming a family of rays of the first,
second and third order.

It has also been found that the zone of distribution of volumetric numbers with integer coeffi-
cients is located outside the area that is limited by the corresponding circle with the center Vg, which

is formed by the numbers of the first and second groups.

Based on the results of numerical calculations, we can formulate the following theorem, for a
clear proof of the results obtained in a general form.

Theorem. There is at least one single number V with integer real coefficients {a,b,c}, on an

arbitrary sphere of radius py = 3n , whose sum satisfies the condition:

Z{a,b,c}> Z{n,Zn,Zn}.

An analysis of works [3—®6] indicates that the set of volume numbers with their properties
[1,2,7] makes it possible to describe not only events that are accessible to our understanding, but also
events that are intuitively realized. In addition, given that integers to some extent characterize the
world around us, the obtained results of the distribution of a set of volumetric numbers with integer
coefficients a,b,c on the corresponding spheres can be used for mathematical modeling in various
branches of science. This is especially confirmed by the exception that occurs on the sphere of radius
p =21. Especially if it turns out to be conforming to the laws of nature. Since the Fibonacci numbers

are closely related to the concept of the “golden section”, which is considered one of the most harmo-
nizing laws of the universe.
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