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FEATURES OF MATHEMATICAL MODELING OF SOME INVERSE PROBLEMS
IN GEOPHYSICS

OCOBJIMBOCTI MATEMATHUYHOI'O MOAEJIOBAHHA JEAKUX 3BOPOTHHUX
3AJAY 'EO®PI3ZUKHN

The article conducts a mathematical study of some aspects of the phenomenon of mobile voids
that can cause landslides. This class includes natural phenomena — karst craters, the cause of which
is the geological structure and groundwater. In addition, there are similar phenomena that are man-
made. They occur in mining enterprises — mines and quarries. In particular, great difficulties arise in
the process of open-pit mining of iron ore in quarries. Sometimes local voids appear in the walls of
quarries for geological reasons. Under the influence of explosions, they move to the surface and can
cause catastrophic landslides. These phenomena are united by the fact that they are difficult to pre-
dict. And after a landslide, it is not clear whether further landslides are possible?

At present, there are no effective means for solving such problems. Of all the methods of geo-
physics, the most suitable for solving such problems are gravimetric methods. The aim of the research
is to create methods and algorithms for detecting potentially dangerous moving cavities based on ob-
servation of the gravitational field by systematic measurements using high-precision gravimeters. The
authors proposed methods for building a system for detecting the presence of moving cavities and de-
termining their parameters. Based on these algorithms, numerical experiments were conducted that
significantly reduce the risk of such disasters. In addition, in the event of local cavities, their parame-
ters can be established, which will allow diagnostic drilling — the ultimate means of diagnosing the
presence of dangerous cavities.

Keywords: filtration; smoothing; least squares method; ill-posed problem; integral equation
of the first kind; ill-conditioned problems; computational experiment.

Y cmami nposooumvca mamemamuyne 00CHIONCEHH OESAKUX ACNEKMIB ABUWA PYXOMUX HYC-
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Ananoeiuni mpyoHowi UHUKAIOMb 8 NPoYeci UOOOYMKY 3ani3HOT pyOU GIOKPUMUM CROCOOOM
6 Kap’epax. lLleii npoyec cynposodicyemuvcs nocmiiHumu, we OLIbUL NOMYICHUMU THEXHOTOSIYHUMU
subyxamu IH00i 6 cminkax Kap '€pié 3 2e0102IYHUX NPUYUH BUHUKAIOMb JOKAAbHI nycmomu. 11io ennu-
60M GUOYXI6 BOHU PYXAOMbCSA 00 NOGEPXHI | MOJNCYMb CAPUMUHAMU Kamacmpoghiuui obsanu. Bci yi
mpu asuwa 06’ €OHye mou paxkm, wo ix sanxicko nepeddavumu. A nicisi 0068any He 3pO3YMILO YU MOJIC-
el nooanviui 0o6anu?

Ha cvocooniwniti momenm He icHye eghekmuenux 3acobig 0nsi gupiuienHs nodioHux 3aday. 3
yeix Memodis 2eoizuxu HAUOIILW NIOXONHCUMU 051 BUPIUEHHS NOOIOHUX NPobIeM € Memoou 2pasi-
Mmempii. Memoiwo 00cniodcents € CmeopeHHst Memoodie ma ancopummis OJisl GUABLEHHST NOMEHYIUHO
Hebe3NeUHUX PYXOMUX NOPOICHUH HA OCHOBI CNOCMEPEIICEHHS 34 2PAGIMAYIUHUM NOJEM WISIXOM CUC-
MeMaMU4YHUX GUMIPIE 3a OONOMO20I0 UKOPUCTNAHHS BUCOKOMOYHUX SPAGIMEMPIB.

Asmopamu 3anponoHo8anull Memoou nodyo0osu cucmemu 0s GUABIEHHs (Hakmy HAAEHOCMI
PYXOMUX HOPOJICHUH ma GusHaueHnHs ix napamempis. Ha 6a3i yux aneopummie nposedeHHi yucenbHi
excnepumMenmu, wo 00380AI0Mb ICHOMHO 3HUUMU PU3UK n00iOHUX Kamacmpogh. Kpim moeo, @ pasi
BUHUKHEHHS JIOKANbHUX NOPOICHUH MONICHA BCTNAHOBUMU IX NApAMemp, o 003601UMb GUKOHAMU
diaeHocmuune OYPIHHA — OCMAMOYHULL 3aCiO OIAeHOCMUKY HASABHOCI HeDEe3NeUHUX NOPONCHUH.

Knwwuosi cnosa:. ginempayis; 3e1a02cy8anms; Memoo HAUMEHUUX K8AOpamia;, HeKopeKmHd
3a0aua; iHmMespanivHi PIGHAHHS NEPULO20 POOY, NO2AHO 0OYMOGAEH] 3a0ayi;, 0OUUCTIOBATbHUL eKChe-
puMmeHm.

Problem’s Formulation

Systematic landslides have become a commonplace phenomenon in many countries around
the world [1]. Often, these are sinkholes that occur naturally. They are caused by the processes of dis-
solution and mechanical erosion of soil by groundwater. Such phenomena can threaten buildings, hy-
draulic structures, and cause difficulties in agriculture. At the initial stage of their formation, they can
lead to deformation of structures. This usually leads to their destruction. There are also cases of de-
struction of transport infrastructure, railways and highways, bridges and tunnels. In addition, such
phenomena are dangerous for mining companies. There have been cases of mine flooding and destruc-
tion of mine structures. This phenomenon leads to large losses and even human casualties.

The most dangerous thing is that there is no reliable way to predict the occurrence of such
geological phenomena. Moreover, it is impossible to assert that the evolution of a sinkhole is complete
and it is in a stationary phase, i.e., it is not expanding.

Similar phenomena, but mainly of anthropogenic nature, occur in mining enterprises, mines
and quarries. Here, technological factors play a major role, primarily explosions for mining. In particu-
lar, the city of Kryvyi Rih, which has a long mining history, is notable for such disasters. The case of
violations of iron ore mining technologies in the past.

he local press in Kryvyi Rih reports specific cases of such accidents. The most recent example
is a sinkhole over a hundred meters deep that formed on 29.03.24. The process has not stabilized to
this day. It is difficult to estimate the depth of the sinkhole because its edges are constantly collapsing.
A similar landslide occurred in 2010 in the yard of a shopping center.

In the same year, a sinkhole was created in a mine as a result of blasting. One person died
when he fell into the pit with his car.

Similar difficulties arise in the process of open pit mining. The fact is that this process is also
accompanied by constant technological explosions. And they are much more powerful than in mines.
As a result, local voids sometimes appear in the sides (walls) of quarries for geological reasons. Under
the influence of explosions, they move to the surface and cause catastrophic collapses. This causes
large economic losses and can lead to human casualties. All three phenomena are united by the fact
that they occur suddenly at the stage of collapse, not expected. And after the collapse, it is not clear
whether the destructive process is over or not. In other words, are further collapses possible? This rais-
es several questions.

First, to prevent a possible collapse. This means being able to detect potentially dangerous
voids at the earliest possible stage of development, underground, when they are still moving towards
the surface. This way, it is possible to limit the presence of people and equipment in the area of possi-
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ble collapse and thus minimize economic losses. For this purpose, it is highly desirable to be able to
determine the approximate geometry and volume of the dangerous cavity.

Secondly, if a collapse has already occurred, one must be able to answer the question: has it
already ended, or is the process continuing deep down and further development of the failure possible?
At the moment, there are no effective tools for solving such problems.

Of all the methods of geology, the most suitable for solving these problems are the methods of
gravity exploration, the oldest and most versatile part of geophysics.

The purpose of the research is to create methods for detecting potentially dangerous moving
cavities based on systematic observation of the gravitational field by using high-precision gravimeters.
The authors propose methods for building a system to detect the presence of moving cavities and de-
termine their parameters.

Analysis of recent research and publications

Theoretically, the problem of localizing any cavities in the domain P can be solved using the

three-dimensional gravimetry equation [2]:

[(z-2,)- p(x,y,2)IR®-dV = F, (M) /G, (1)

where p(M) — density of the medium at point M with coordinates x, y, z, where M € P, R — dis-

tance between point M, and Ms, G — gravitational steel. Ms in (1) denotes the observation point
whose coordinates are known. It usually lies on the Earth's surface. It measures the vertical component
of gravity Fz. Choosing the number and location of observation points is at the discretion of the sys-
tem user. So, based on this information, it is necessary to identify areas of voids, that is, it is necessary
to determine the areas where the volume density o(M) close to zero.

Problems of the type of equation (1) are known in mathematics. This is an integral equation of
the first kind [2—3]. These problems belong to the so-called inverse problems and are ill-conditioned
[3—5]. Typical and very important problems of this class are the study of the structure of an object by
the secondary fields generated by the object. For example, the inverse problem of magnetostatics,
where it is necessary to find the distribution of the magnetization vector in this object given the exter-
nal magnetic field of a ferromagnetic object. This problem is very important, but it is characterized by
the fact that sometimes it does not have an unambiguous solution.

The solution of (1) in general is very difficult. These equations are very difficult to solve be-
cause they are poorly conditioned. The fact is that the inverse nonlinear integral operator is degener-
ate, or almost degenerate, and at least very sensitive to errors in the measurement of the gravitational
field [4]. This leads to large calculation errors even with small errors in gravitational field measure-
ments. To solve such problems correctly, it is necessary to filter the input data and smooth them.

Therefore, equation (1) is always solved in practice with various simplifications [6,7]. In prac-
tice, such a way to solve the problem is very difficult at the present stage of development of geophysics.

Formulation of the study purpose

Objective of the research is to mathematically model the process of localization of moving
voids (MV). This includes, first of all, a confident statement of the presence of MV.

In addition, if an MV exists, questions about the parameters of the MV, such as its location
and volume, must be answered. Based on the results of the study of MV parameters, diagnostic drill-
ing is performed. This procedure is very expensive; one such well costs about 50 thousand dollars.

It is difficult and often dangerous to perform, as there is a possibility of a collapse.

The authors propose a much simpler and more reliable algorithm to answer important ques-
tions about MV research. Let us replace the solution of equation (1) with the study of a plane unsteady
vector field, where each point of the plane is associated with a vector — value of the normal gravity
(NG). It depends both on the coordinates of the measurement point and on time. Measurements at cer-
tain moments of time NG provides a discrete analog of this field. Based on this information, it is nec-
essary to answer the main question that has already been formulated: is there an MV in the area under
study? This question will be studied on the example of a mining quarry, because in cases of sinkholes
and collapses of old mines, funding is minimal for various reasons, resources are unsatisfactory, and it
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is difficult to apply the proposed methods. In these cases, systematic NG measurements are usually not
performed. And in the case of quarries, there is a full-time service that researches this issue.
Presenting main material

Obviously, if the vector field NG is stationary, then no MV exist and there is no danger of col-
lapse. But almost always this field is non-stationary. This is not always due to the presence of signifi-
cant MV.

Additional reasons for the non-stationarity of NG, in addition to the existence of MV, are:

1. Gravimeter measurement errors. This is the most significant cause of NG non-stationarity.

2. Fluctuations in the regional background. This phenomenon is caused by the movement of
large masses of rock at considerable depths, about several kilometers or more, inside the Earth. The
regional background fluctuation will be the same at all measurement points and it is relatively small,
but not zero, and must be taken into account.

3. Much smaller errors than the influence of the regional background on the results of gravity
measurements can be caused by heavy precipitation (rain and snow), after which the density of the
topsoil can change.

4. Theoretically, ore extraction in an open pit has a very minor impact on the change in NG.
This factor is very small.

The numerical values of factors 3 and 4 are much smaller than the error of the gravimeter, so
we will not take them into account.

Let's write down all the factors that affect the gravimeter readings at a given point with the
number S, at time T:

FN{ =C, +P, +PG{ +R". )

Here through FNg value of NG at the moment of time T, at the point with the number S,

C, — value NG at this point depends on the constant elements of the geological structure, it depends
only on the observation point, and not on time, PST — value NG at this point from moving cavities,
PG. — absolute error of the gravimeter at time T at the point with the number S. In addition, NG is

influenced by R" — the regional background, we believe that it does not depend on the coordinates
of the point and changes only over time

Only the maximum absolute error of the gravimeter PGST is known, which is very small for

modern gravimeters. We will assume that this error is distributed according to a normal law [6].

It should be noted that gravimetry is constantly improving its parameters. For example, serial
gravimeters from the Canadian company SCINTREX are capable of providing an accuracy of up to
1 microgal, and modern differential GPS provide an accuracy of up to 1 centimeter. This allows you to
automatically operate very accurately with the coordinates of the measurement points.

But as mathematical modeling shows, even gravimeters of the previous generation with a
measurement accuracy one or two orders of magnitude lower than the new models can quite accepta-
bly solve the problem of localizing medium-sized moving cavities.

A certain problem is the assessment of the regional gravity background. Its fluctuations can
significantly exceed the error of the gravimeter. This can cause an erroneous response of the system, it
will show the presence of MV where they do not exist.

Let the following be selected: the number of observation points and their coordinates, the given accu-
racy of the gravimeter, and the known average rock density in the quarry. Also assume that there is

a special, carefully selected so-called base point, which lies in an area where a collapse is not possible.
It should be chosen as far away from the edge of the quarry as possible. We will assume that the im-
pact of potential MVs at this point is minimal.

It is needed to estimate the regional background, which should be assessed as accurately as
possible.

Namely:
FNg =C, +P; +PG] +R", FN;" =C, +P;" + PGJ"™ + R™;
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AFNL =FN{" —FN] =P, " —P] +PG." —PG] +R™ —R". 10 AFN] ~AR! +APG],
since PBT T x PBT , because, given the choice of the reference point, potential moving cavities have vir-
tually no effect on the gravimeter readings. To some extent, this estimate can be distorted by the gra-
vimeter error. As you know, in the worst case, the errors of the first difference, APG., can double.
Therefore, it is advisable to take measurements at the base point K > 1 times and find the average val-
ue. Then, according to the theory of errors, the average value will be VK times more accurate than a
single measurement. In this case, the value of APGg can be neglected, and then we have a fairly accu-
rate estimate for the regional background fluctuation:

AFN{ ~AR!. (3)
Similarly to the previous one, at any point S we can construct a finite difference
AFN{ =FN{" -FN{ =P/* -P/ + PG{" - PG] +R™ —R".
Then
AFN{ =AP] +APG{ +AR". )
Obviously, if there is no MV at the moment, then AFNJ =APG{ +AR"i AFN{ ~AR'. We be-

lieve that the regional background fluctuations are reliably estimated in formula (3). Based on (4), we
can formulate the criteria for the presence of MV.

If the value of (4) exceeds several times (more than 2—3) the error of the gravimeter, then
there are grounds for the presence of MV near this point. Such points will be called suspicious for the
existence of MV. If there are several such points and they are located close to each other, there are
much more reasons for alarm. In this case, it is necessary to increase the number of measurements near
the possible MV and maximize the accuracy of measurements — make them several times and aver-
age the results, if possible.

When the existence of the MV is fixed, it can be considered a ball at considerable depths with
great accuracy [6], then it is necessary to determine its parameters: the coordinates of the center and its
radius. We will assume that at the moment there is only one MV in the field of study. In practice, this
is always the case.

To refine the MV parameters, solve the following problem. There are N fixed observation
points on the Earth's surface of the region P, whose coordinates are known. Let us denote:

Qs =3-F,(Xs,Ys,25)/[(4-7- p-G),
here p — average ore density in the open pit, G — gravitational constant, Fz(xs, ys, zs) — NG at the

point S. Next, let us sign Xk, Yk, zk coordinates of the center of the equivalent MV ball, Rk its radius,
through Rs — distance between the center of the ball and the observation point S.

Suppose there are M suspicious points, and M > 4. Now we will select only suspicious points

as observation points. Thus, we need to solve the system of nonlinear equations:

(ZK_ZS)'RIi/Rg:QS’ (6)
assuming the coordinates of the center of the sphere and its radius are unknown, S = 1, M. The number
of equations K in (6) can be large. Therefore, (6) will be solved by the method of least squares [7].

It should be noted that the phenomena analyzed in this research do not occur often. They are
very difficult to predict, and in some cases, it is dangerous to investigate directly because of a possible
collapse. There are examples of people dying as a result of an attempt to measure in a dangerous place.
Therefore, mathematical modeling is crucial in the research of the dynamics of moving cavities. The
main parameters on which the quality of mathematical modeling depends are the error of the gravime-
ter and the location of the observation points, i.e. the points where gravity is measured. In addition,
you need to have information about the average density of the rock in the quarry. The latter infor-
mation is always available from geological observations. MV parameters are also an important factor
in mathematical modeling. The success of the proposed algorithms and software depends on the quali-
ty and completeness of mathematical modeling.

Thus, the main tasks of mathematical modeling were as follows:
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1) determination of the presence of MV in researching area;

2) determination of MV parameters.

The absolute error of the gravimeter in the mathematical modeling could take the values of 30,
20 and 10 microgals. They were chosen for the reason that the gravimeter with a measurement accura-
cy of 30 microgals was used at the mining enterprise where the research was conducted,

Other values of this parameter were chosen for the reasons of purchasing a more efficient de-
vice and analyzing the impact of improving this parameter on the efficiency of the system.

It is important to describe in a few words the simplified structure of the quarry in terms of ra-
tional selection of observation points for mathematical modeling. It is a very large depression in the
Earth, in our case 330 meters. Its walls are very steep. It is dangerous to approach the edge of the quar-
ry closer than a few meters. The surface of the pit can be considered flat, at least near the side. It is
also important to note that MVs occur in the quarry wall (side). The choice of observation points near
the wall is very difficult, but this is where the most dangerous places in terms of collapse and the most
accurate observations are.

In addition, the ore is mined in a relatively compact area and process explosions occur in the
vicinity of the mine. Therefore, it is most appropriate to choose observation points near this place.
However, it should be noted that the distance from the measurement point to the center of the potential
MYV at the beginning of its evolution may be large. Only large cavities can be detected in this way, but
they are the ones that pose the greatest danger. A case of an MV with a diameter of more than 35 me-
ters was recorded at the enterprise.

The main result of the numerical
o R G g modeling of the MV search is shown in Fig. 1.

It shows the areas of almost exact
determination of the parameters of the
spherical cavity at three different values of
the absolute error of the gravimeter parame-
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of gravity with a radius of 22 m can be reliably found by the system 170 meters from the surface and
below. This circumstance is crucial for conducting so-called diagnostic boreholes. As mentioned earli-
er, each such well costs about 50 thousand dollars. To confidently diagnose MV, several such wells
need to be performed. Thus, the final decision on the presence of MV can cost about 200 thousand
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Fig 1. Areas of reliable determination of the
parameters of the MV
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dollars. Incorrect operation of the system can lead to the collapse of the quarry side, destruction of
equipment, and loss of life. In this case, losses are very difficult to predict.
Conclusions

Authors have developed a method for detecting moving cavities based on systematic meas-
urements of the gravitational field in a special system of points. In addition, an efficient algorithm for
calculating the parameters of moving cavities is proposed. Numerical experiments have been conduct-
ed to study the effectiveness of the algorithms for detecting moving cavities for several values of gra-
vimeter error. On the basis of the proposed algorithms, a method for calculating the geometry of the
region, at each point of which it would be possible to reliably determine all the parameters of the mov-
ing cavity, is implemented.
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