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Poszsumox eenuxux micm npu winbHiti MicoKitl 3a0Y0068i HEMONCIUBUL Oe3 OCBOEHHS NIO3EMHO-
20 npocmopy. Take 0c80€HHA 30€0iMbUIO20 NOG A3AHO 3i CNOPYOCEHHAM myHenis. Ix 6yoieHuymeo
ROONU3Y HAZEMHUX CROPYO CNPUYUHsE 000amKosi depopmayii tpynmy nio ocmannimu. Ilpoenosyean-
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Hsl PIBHA Maxkux deghopmayiti — axmyaavHa 3a0aia Oe3neku sUKOPUCMAanHs cnopyo 3a 0yodieHuymed
nobnu3y niosemHozo myHearo. Memorw cmammi € opmMyn08aHHA AHANIMUYHO20 MEMOOY BUSHAYEHHSL
npO2UHY petiko8oi Koalii ma ii 0OCHOBU Ni0 MUCKOM MYHeIbHO20 YKIa0aia naum, Wo eUKOpUCmogyeno-
¢ nio yac cnopyodicents myHeno. 3a0is peanizayii nocmasnenoi memu 3anponoH08aHo aHATIMUYHUL
Cnocib susHayenHs Hanpyceno-oegopmosaroeo cmary (HIC) tpynmoeoi ocnosu naniebesmedicHol
sucomu K 00 €KMUBHO NPYHCHO20 Mind. 3 BUKOPUCMAHHAM Memooi8 KiacuyHoi NiHiluHOI meopii
npyxcHocmi, a came Qyukyil Hanpyscenv Epi, cpopmynrvoeana KomMnieKcHa mMamemamuina Mooeib
630EMO0Ii 080WAPOBOT PElK080T KO ma IPYHMOBOI OCHOBU 3 YPAXYBAHHAM CIMAMUYHO20 TMUCKY HA
KOJiI0 CKami6 YCMAaHo8Ky O0OKIAOAHHA MYHeno Naumamu. AHAIIMUYHO pO38 A3aHaA KOMNIEKCHA Mda-
memamuyuna moodens. Hasedeni supaszu noxasnuxie H/[C 012 3a2anbH020 8Unadky po3nooiny MexaHiy-
HUX 61acmugocmeti ma napamempis eleMeHmis cucmemu — «petixa - niopetKosa niuma - [pyHmosa
OCHOBAY 34 00BIILHO NPUKIAOCHO20 30CEPEONCEHO20 MUCKY 3 OOKY YCMAHOBKU OOKIAOAHHS MYHENO
naumamu. Ananimuune KiibKicHe 8UsHauerHs Oehopmayill petiku AK 080uUaposoi KOHCMpPYKYii Ha Ha-
nigoe3MedNCHill nO GUCOMI IPYHMOBIL OCHOBI 00380JIAE BUBHAYUMU HANPYHCEHO-0epOPMOBAHUTI CTHAH
(HC) nanisbezmedncnoi no sucomi IpyHmosoi 0CHO8U 6 PatioHi petikogol KOl yKiadaua nium myHe-
0. ¥Ypaxyeanus KinbKiCHUX 3HAYeHb NPOCIOAHb TPYHMOBOI OCHOBU 8 PAllOHI KOl 8 npoyeci npoexmy-
8aHHsA OYOigHUYMEA NIO3eMHO20 MYHEN0 00380A€ NIOGUWUMU PigeHb O0CMOGIPHOCHI OMPUMAHUX
pesyrbmamie ma 0OIPYHMOBAHOCMI NPUUHAMUX NPU NPOEKMYBAHHI MYHENIO IHICeHEePHUX DilieHb
CHPAMOBAHUX HA 3a0e3neyenHs 00CMAMHbO20 PIGHs HAOIUHOCME ma 6e3nexku cnopyod*CeHHs Ni03eMHO-
20 myHeno. B nodansuiomy 0oyinbHo po3pooumu Memoo po3paxyHKy 3d HABAHMANCEHHS PEUKU CYyMi-
CHO HOPMATILHUM Ma OOMUYHUM 3YCUNIAM.

Knwowuogi cnosa: mynenv; Haganmagicents petikosoi Kouii; Hanpyiceno-0epopmosanuti cman
IPYHMOB0I 0CHO8U;, (hyHKYIs HanpyiceHsb Epi.

Problem’s Formulation

The development of large cities with dense urban development and an acute shortage of free
areas for construction is impossible without the development of underground space. Mining is also
associated with the further development of underground space. Such development is mostly associated
with the construction of tunnels.

Analysis of recent research and publications

Constructing tunnels within urban areas [8] often introduces several engineering challenges,
including the potential lowering of existing buildings' basement levels and changes in the stress-strain
state (SSS) of adjacent structures. The vaults of tunnels are lined with slabs during construction using
a tunnel paver [11]. The paver in the tunnel moves along rails. Vehicles that remove rock mass from
the space of the tunnel being formed move along the rails. The rails, through reinforced concrete slabs,
rest on the soil. The vault slabs also rest on it. The movement of the paver is accompanied by defor-
mation of the soil base, which accordingly affects both the vaults and the soil under ground structures.
Soil deformations depend on the pressure of the paver, vehicles on the rails, their mechanical interac-
tion with the concrete slabs under them and their soil base. As a result, the level of soil deformation
can only be determined by considering the rail, which rests on the soil via concrete slabs, as a unified
mechanical system. In the article [10], the feasibility and substantiated possibility of eliminating the
deformed state of buildings and structures by controlling the stiffness of their foundations — soils are
shown. In the study [5], using the mechanism of load formation on underground structures, the influ-
ence of soil properties on the formation of rock pressure on the underground structure and the for-
mation of maximum bending moments in structures is substantiated. In the article [7], the bending of
an elastic rectangular three-layer plate on an elastic Winkler base is considered. In the study [4], using
the Winkler model, a model of an elastic base is proposed taking into account the friction between the
plate and the base. In the work [12], an analytical-numerical approach to solving the problem of bend-
ing a rectangular plate on an elastic Winkler-Pasternak base is considered. Thesis [1] is devoted to the
study of the SSS of the sub-rail base with intermediate rail fasteners taking into account the forces of
interaction of the rolling stock and the railway track. The issue of soil deformation was not considered.
In the article [6] it is proposed to consider the rail as a beam loaded with a distributed load that pro-
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vides equivalent deflection when supported on two supports. In [9] only the stress on the surfaces of
discrete sleepers and soil is taken into account.
Formulation of the study purpose

Analysis indicates that current mathematical models for building foundations do not fully ac-
count for the soil base as an elastic semi-infinite in height material body, but is simulated by the Win-
kler-Pasternak model. In this model, the base is modeled by a system of unrelated springs. Their com-
pression stiffness is determined by the bed coefficient. The structure on such a base is modeled by a
beam or plate and does not allow taking into account the real values of the mechanical parameters of
the rail on the sub-rail plate. In general, in solving the problems of determining the SSS of a rail of
limited length, which through the sub-rail plate rests on the soil base, there is no approach to modeling
a two-layer track built on the soil base, as a single system that takes into account the external influence
on the rail track, semi-infinite in height soil base and the mechanical interaction of the track layers and
the soil base, their mechanical properties. The use of humerical methods for solving a problem involv-
ing a semi-infinite height of the soil base does not allow obtaining analytical expressions for the SSS
indices of the components of the specified system based on their known parameters and mechanical
properties. The absence of analytical expressions for determining the specified indices as functions of
a significant number of factors does not allow predicting the results of implementing the proposed
technical solutions with a high level of reliability. The latter complicates multivariate design aimed at
ensuring a sufficient level of reliability and safety of operation of the tunnel slab lining installation. In
order to eliminate the specified shortcomings, the following tasks must be solved. 1. To propose an
analytical method for determining the SSS of a semi-infinite height soil base as an objectively elastic
body. 2. To formulate a complex mathematical model of the interaction of a double-layer rail track and
a soil base of semi-infinite height, taking into account the static pressure on the track of the tunnel lin-
ing installation. 3. To construct an analytical solution of the formulated complex mathematical model
with the definition of each of the indicators of the SST for the general case of the distribution of me-
chanical properties of all elements of the system — "rail - sub-rail plate - soil base", the heights of the
rail and sub-rail plate under an arbitrarily applied concentrated pressure of a unit value from the side
of the tunnel lining installation.

Presenting main material

The components of the complex system "rail - sub - rail plate - soil base", its layers, from bot-
tom to top, will be given numbers from zero to two. The numbers of the layers of the system k will be
entered in the indices of the quantities that concern them. We will solve the problem within the limits
of static, flat, linearly elastic deformation in the xz plane. We will direct the x axis along the track. We
will place the reference point of the xz coordinate system in the middle of the track section on the soil
surface. We will combine it with the vertical axis of their symmetry of the foundation and base. We
will denote the z coordinate of the rail surface more distant from the base as Z», the less distant one as
Zi. The SSS of the system elements will be given by the functions of the Erie stresses of the linear the-
ory of elasticity. This approach was used in models of layered composite materials [2,3]. Its applica-
tion will provide the possibility of implementing a comprehensive approach to determining the SSS of
all components of the layered system "rail - sub - rail plate - soil base" since the SSS indicators
(stresses and displacements) of the system components are determined by the same type of dependen-
cies only with different coefficients. The solution of the model will consist in determining these coef-
ficients given by the Erie stress functions. The SSS indicators of the components of the layered system
for the given functions have the form.

0 __m+12%™ g _m+1(,n w2 P oo g2 @) 0,
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where Ey, ux — modulus of elasticity and Poisson's ratio of the material of the k — layer; (P( )_

stress functions;
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Additionally, we note that the stress functions can be chosen arbitrarily, but they must satisfy

the condition.
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that is, to be biharmonic. Let us take into account the above condition. Let us assume the following
forms of the Erie stress functions for all components of the complex system.
o0
M) = Z(Ak‘mepmz +By me ? +Cy nz €M% + Dy 2 e_pmz)cos(pmx), )
m=1
m

- -1
where A¢m, Bxm, Ckms Dy m— unknown coefficient vectors; pp =7

; 2a — the length of

the rail section.
Substitute function (2) into the expressions for stresses and displacements (1). We obtain.
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According to the task, press the supporting slopes of the tunnel lining installation with slabs

onto the rail. Let's consider the most dangerous case — the installation is located in the middle of the
rail. The unit load on the rail is given by Fourier expansions.

P=""0Pycos(ppx),
m=1

where ORy, =icos(pmb) ; b — half the distance between the axles of the support wheels of the
a

tunnel lining machine.

Within the limits of the problem, no tangential load is applied to the rail. Two conditions — a
given normal load and the absence of tangential loads on the working surface of the rail allow us to
formulate two ratios of the vectors of unknown coefficients of the Erie stress function (2), and (3), re-
spectively.

[P, ePm?2 2415 —0,5— pnZ 2PmZ2

; (4)
204 Pm ™ 2p
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Let us take into account the influence of the infinite growth of the coordinate z in the negative
direction on the soil base. With the infinite growth of the coordinate in the soil base, an infinite growth
of neither displacements nor stresses is possible. To take into account such deformation of the base,
we will assume the values of the two vectors of the function (2) to be zero.

Pom=Com=0. (6)

Acceptance (6), taking into account the assumption of stress functions (2), corresponds to the
solution of the first of the above problems regarding the formulation of the model of the soil base as an
elastic body of semi-infinite height.

Within the framework of the formulation of the model of the system "rail - sub - rail plate -
soil base", it is necessary to take into account the nature of the interaction of the system elements. At
the boundaries of the interaction of its components, the conditions of equality of displacements and
forces of interaction of layers must be met.

Namely if

(5)

2= 7, ul®) Zul D) G0 2y (kD) 00 _ plken) () (ke) @

The last dependence, expressions (4—=6), the adopted stress functions (3) constitute a flat, linear
mathematical model of the SSS installed on a semi-infinite in height soil base of a layered rail track,
taking into account the pressure of the tunnel lining installation with slabs, corresponds to the solution
of the second of the tasks set. The formulated mathematical model is based on the adopted stress func-
tions (2). The latter have the form of sums. The selected structures of the terms for all components are
similar. They depend on the value of m — the number of the sum term and the layer number. Condi-
tions (7), expressions (4—=6) allow for each value of the value m of the function (2) and expressions (3)
to form a system of linear algebraic equations of the eighth order. The solutions of the formed systems
allow us to determine the elements of the vectors of coefficients of the function (2). According to ex-
pressions (3), the m-th terms of the SSS indicators of all components of the complex system "rail - sub -
rail slab - soil base". By adding the terms, find the SSS of the components of the complex system "rail -
sub - rail plate - soil base" — analytically solve the formulated model in general form, which is the de-
sired result of the last (third) problem set. Let us demonstrate the result of solving the problems set. Let
us consider a special case of the support system of the tunnel lining installation with slabs. A rail 12 m
long with a rectangular cross-section and a height of 50 mm rests on a rectangular plate 150 mm thick.

The rail is loaded by two equal unit forces

applied symmetrically to its middle. The

o,, kPa T I elastic modulus of the rail material

1 L : E=10°MPa, Poisson’s ratio u=0.25. The
corresponding indicators of the plate ma-

: terial and soil are 10°MPa and 0.1MPa,
o Poisson’s ratios 0.2 and 0.3. According to

1 the above sequence, the SSS indicators of
the tunnel lining installation support sys-
tem were determined.

The pressure distribution s
| shown in Fig. 1.
0 2 4 6 x, M According to the graph, the na-
ture of curve 1 practically corresponds to

Fig. 1. Distribution of normal stresses Zz along ~ the external concentrated load reduced by
the x axis in the foundation and base on the track sec-  three orders of magnitude, and the pres-

tion 0<x<a: 1 — surface of interaction of the plate and  Suré on the soil decreases, its extreme
rail. 2 — soil surface value is two orders of magnitude less than

the extreme pressure of the rail on the
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slab. Thus, the graph shows the redistri-
bution between the components of the
complex system "rail - sub - rail slab -
soil base". It is clear that changes in the
height of the rail, sub-rail slab, as well as
the mechanical characteristics of the ma-
terials from which they are made, as well
as the mechanical properties of the soil
base will be accompanied by changes in
S | the graphs given. The pressure of the
paver on the rail leads to the deflection

' ' of the entire system of its support (Fig.
0 2 4 6 x, M 2)

uZ! mm O I I

According to Fig. 2, the vertical
Fig. 2. Movement u, of the surfaces of the paver displacements of the surfaces of the rail,
support elements on the ground on half of the rail plate and soil practically coincide. Their
surfaces bend almost equally and acquire
similar parabolic shapes. As a result of
the bending of the complex system "rail -
sub - rail plate - soil base", the move-
ment of the opposite surfaces of the
specified paver support system has the
opposite direction (Fig. 3).

According to the given graphs,
the elongations of the opposite surfaces
of the components of the paver support
system are not symmetrical. Installing
the paver track rails with gaps, on the
one hand, minimizes the effect of the
deformation of the rail under the paver
on other rails, on the other hand, they
allow free movement of the ends of the
rail and the sub-rail plate. The latter al-

) ) lows us to state that the obtained solution
Fig. 3. Displacement ux of the surfaces of the g acceptable, and the limited horizontal

Uy, mmO0.5

-0.5

6 x,m

foundation and elastic base at the interval 0<x<a: 1 —  movement of the soil surface points in
slab interaction, 3 — soil surface mations. That is, the inaccuracy of the

results will go into the margin of safety.
We conditionally assumed the paver support base to be 4 m. The analysis performed showed that in-
creasing the distance between the paver axes from 4 m to 6 m leads to a decrease in the deflection of
the soil base by 20 %. Such a change reduces the difference in the elongations of the rail and soil sur-
faces by 10 %.
Conclusions
In the work, a complex mathematical model of the interaction of a two-layer rail track and a
semi-infinite height soil base is formulated using the methods of the linear theory of elasticity, taking
into account the static pressure on the rail of the tunnel lining installation. At the same time, the indi-
cators of the stress-strain states of all components of the model are given using similar Erie stress
functions. The model takes into account the load on the upper part of the rail, the conditions of joint
deformation of all components of the support system of the tunnel lining installation and the objective
impossibility of unlimited growth of either displacements or stresses of the soil base under the condi-
tion of unlimited growth of the absolute negative value of the coordinate z. The representation of the
SSS indices of all components of the complex model using similar Erie stress functions provided the
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possibility of analytical solution of the formulated complex mathematical model with the determina-
tion of each of the SSS indices for the general case of the distribution of mechanical properties of all
elements of the system "rail - sub - rail plate - soil base", the heights of the rail and sub - rail plate un-
der an arbitrarily applied concentrated pressure of a unit value from the side of the tunnel slab laying
installation. It is established. The surfaces of the rail, the slab under it and the soil base bend almost
equally and take the shape of a parabola. Increasing the distance between the axes of the paver from
4m to 6m leads to a decrease in the deflection of the soil base by 20 % and a decrease in the difference
in elongations of the rail and soil surfaces by 10 %. The work was carried out on the initiative of the
authors. Its results are based on the methods of the linear theory of elasticity, the mathematical model
was built without accepting additional hypotheses, and was solved analytically. Its results, within the
limits of static plane linear deformation, considering the soil as an isotropic, not a dispersed medium,
can be considered sufficiently reliable and can be used during the development of tunnel construction
projects. Analytical calculation of the system with its selected parameters allows, in the process of
tunnel design, to make justified engineering decisions aimed at ensuring a sufficient level of reliability
and safety of tunnel operation. It can be recommended for use in practice, in particular when choosing
the optimal option based on the results of calculations of several options. In the future, it is advisable
to develop an algorithm to take into account not only normal, but also tangential load of the rail from
the side of the tunnel lining installation with slabs.
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