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FULFILLMENT OF THE ASSOCIATIVE PROPERTY IN MULTIPLICATION AND
THE DUALITY OF ZERO IN THE SET OF VOLUMETRIC NUMBERS

BUKOHAHHSA BJIACTUBOCTI ACOHIATUBHOCTI ITP MHOZKEHHI TA
AYAJIBHICTD HYJIA Y MHOKHUHI OB'€EMHUX YU CEJ

This paper theoretically proves that for the set of volumetric numbers, which are located in a
plane passing through the real axis and positioned at an arbitrary angle relative to the complex plane,
the associative property holds for multiplication. It is established that any mathematical operations
involving the number zero, as an element of the set of volumetric numbers, are valid. Additionally, a
«paradoxy» of the density of the numerical space of volumetric numbers has been discovered, as the
cardinality of a finite numerical set is equal to the cardinality of an infinite numerical set.
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Teopis 00'emuux uucen ne MinbKy iICMOMHO POUUPIOE MONCIUBOCII, a Tl CAPOUYE Mamema-
MUYHe MOOeNOBAHHS PIHUX 00'€KMi6 HABKOIUUWHBbO2O CGIMY, 0COONUBO AKI XaApAKMepu3yiombcs Cy-
nepeuiusuMu YU O08OICMUMU BAACMUBOCMAMU, WO O00360JULO PO3POOUMU THHOBAYIUHY (Di3UKO-
Mamemamuuny Mooens 00'emnoco Beecgimy.

Y pobomi nposedeno pozwiupenul ananiz ymMosu SUKOHAHHS ACOYIAMUSBHOCE NPU MHONCEHHT
00'€EMHUX YUCeN, A MAKONC BUSHAUEHHS YHIKAIbHUX 81ACMUBOCMEL HYIA, K YUCId, WO € EOUHUM elle-
MEHMOM, AKUL HANEHCUNMb MHONCUHT OIUCHUX, KOMNJIEKCHUX Md 00'€MHUX Yucesl 0OHOUACHO.

Bracmusicms acoyiamuerHocmi npu MHOXCEHHI 00'€MHUX Yucen 8UKOHYEMbCA 3d YMOSBU, WO
000yMOK NpOmMuLeNHCHUX OICHUX KoehiyicHmie npu VA6Hil mMa NpoCmopo8O-HeSUSHAUEHI 0OUHUYL
nepuio2o ma mpemv0o20 MHOJNCHUKA pi6Hi. Bionogionuii 0006ymox sa6se coborw niouy 0eskux npamo-
KVMHUKIB, 3 PO3MAULYSAHHAM OIICHUX KOepiyicHmis YseHOI ma npocmoposo-HeeU3HAUeHOI 0OUHUYL
Ha 2inepboniuniil kpusitl. Bukopucmosyouu eracmusocmi 2inepOoaiuHoi Kpueoi, a maxoic ymoay, wo
BIOHOWEHHS OIlICHUX KOeiyieHmié npoCcmopo8o-HesUHAYeHIll OOUHUYE 00 VA8HOI OOPIBHIOE MAHEEHC)Y
Kyma Haxuy, 6y10 008e0eH0, Wo acoyiamusHa 81acmueicms npiu MHONMCEHHI GUKOHYEMbCSL O MHO-
JHCUHU 00 'eMHUX HUCeN, AKI POZMAUOBYIOMBCS 8 NIOWUHI, WO NPOXOOUmMb Yepe3 OIlCHY 8icb Nio 008i-
JIbHUM KYMOM NO 8i0HOUEHHIO 00 KOMNAEKCHOL NIOWUHU.

Ha ocnoei enacmusocmi, 32i0H0 K0, 3a62cOU 3HAUOYMbCS MAKI 084 00BLILHUX 00 EMHUX YU-
Caa 01 SIKUX BUKOHYEMBCS ACOYIAMUBHA BIACMUBICING NPU MHOJICEH] POZMAUOBAHT NO PIi3HI CHMOPOHU
BIOHOCHO 00 €MHO20 HUCIA PO3MAULOBAHO20 HA PIGHOOIYHIL 2inepOoni, OYIo 6CMAano61eHo, o 6y0b-
SAKOMY YUCTTY HECKIHYEHHO20 8i0pI3Ka Gi0N0GI0AE YUCIO KiHYe8020 GiOpi3Ka, mobmo Mae micye 83aem-
HO 00HO3HAauHe 8i000padicenis. Omoice, NOMYIICHICMb KiHYeBOI YUCA080I MHONCUHU OOPIBHIOE NOM Y-
JHCHOCMI HECKIHYEHHOI YUCIO080I MHONCUHU, WO 3YMOBIIOE «EKBIBAIeHMHICIbY HYAA HeCKIHUeHHOCHI
abo napadoxc HeCKiHUeHHOCIE Ma HeBUHAYEHICMb HY L.

ii 3 Hynem y MHOMCUHI 00'eMHUX YUCes, 3 YPAXYBAHHAM WO HYIb € e1eMeHMOM MiNbKU MHO-
JHCUHU 00'EMHUX YUCEN, NOKA3AMU YHIKATbHI 6AACMUBOCTE HYJISL (000YMOK HYI Camozo Ha cebe 0opis-
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HIOE 00UHUYT), SKI MOJICYMb OYymMu SUKOPUCTHAHI NPU MAMEMAMUYHOMY MOOENI08AHHT CYNEPeyugux
abo 06oicmux acnekmis HagKOIUHLO20 CEIMmY.

bazcamosapianmuicme pezyromamie 0ii 3 Hylem 06yMO8ieHA OYANbHICIIO HYISL MAd He8UKO-
HAHHAM YMOBU ACOYIAMUBHOCMI NPU MHOJNCEHHT 8 OAHOMY BUNAOKY, MAK SIK YMOBHA Ma NPOCMOPOBO-
HeBU3HAYeHa 0OUHUYI POZMAUIOBAHT 8 PISHUX NIOUWUHAX.

Kniouosi cnosa. o6'emni uucna; eracmusicmes acoyiamu@HOCMI; MHOJNCUHA;, HYIb, Koeqhiyi-
€EHN; NIOWUHA.

Problem’s Formulation

The theory of volumetric numbers, which is still in its formative stage, not only significantly
expands possibilities but also simplifies mathematical modeling of various objects in the surrounding
world, especially those characterized by contradictory or even mutually exclusive properties. When
studying such objects, it is often necessary to operate with infinitely large or infinitely small quanti-
ties, as well as with zero, which introduces an element of uncertainty in the interpretation of final re-
sults. Therefore, a deeper investigation of the properties of elements in the set of volumetric numbers
for their application in mathematical modeling is of significant interest.

Analysis of recent research and publications

The expansion of the numerical space by transitioning from a two-dimensional numerical field
to a three-dimensional numerical field was achieved through the introduction of the concept of a spa-
tially indeterminate unit j,(j &{C}) [1,2]. According to studies [1,2], the algebraic formula for a vol-
umetric number is expressed as:

V =a+bi+cj,

where: a,b,c — are real numbers; i — is the imaginary unit; j — is the spatially indeterminate unit.

In trigonometric form:

V = p(sin@cosp+isindsinp+ jcosH),

where: p — is the length of the radius vector of the corresponding point; ¢ — is the longitude; 8 —

is the polar distance.
Thus, volumetric numbers can be repre-
sented both as points in space and as vectors

bi+Gj (Fig. 1).
A The algebraic and trigonometric formu-
. L las for representing volumetric numbers allow
V =a+bi+c] for operations such as addition, subtraction,

multiplication, and division. Additionally, vol-
umetric numbers exhibit all the properties of
addition and multiplication except for the asso-
Im ciative property in multiplication, which, how-
- bi ever, holds under certain conditions
by xc3 =bgxcy, [2]. A detailed analysis of the
condition for the fulfillment of associativity in
multiplication is not conducted in this study;

Fig. 1. Geometric interpretation of a volu-  Instead, the property of reciprocal mirror reflec-

metric number: Re — real axis, Im — imaginary ~ tion is examined in greater depth.
axis, Sp — spatial axis In [3], the trigonometric formula for

representing volumetric numbers enabled the
establishment of a harmonic law governing the variation of the sum of real coefficients of volumetric
numbers, depending on their positioning on a sphere. In [4], the nature of the distribution of the set of
volumetric numbers with integer coefficients a,b,c on corresponding spheres was determined.
The findings from [1-4] are of significant interest in mathematical modeling and have facili-
tated the development of an innovative physical-mathematical model of a volumetric universe [5,6],
which has been further developed in works [7,8].
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Formulation of the study purpose

The aim of this study is to conduct a deeper investigation into the properties of elements with-
in the set of volumetric numbers. Specifically, it seeks to perform an extended analysis of the condi-
tions under which the associative property holds in multiplication, as well as to determine the unique
properties of zero as a number that is the only element belonging simultaneously to the sets of real,
complex, and volumetric numbers.

Presenting main material
According to the axioms of volumetric numbers:

ixi=iZ=-1:
ixj=j%=-1,
ixj=]jxi=0,

all algebraic operations can be performed on them, similar to ordinary trinomials or complex numbers.
The properties of addition and multiplication hold for all volumetric numbers, except for the
associative property of multiplication, which is valid under certain conditions [2].
This study examines the conditions under which the associative property of multiplication
holds for volumetric numbers

V1 x (V2 xV3) = (V1 xV) xV3, 1
where: Vi =a; +bji+¢1j; Vo =ay +boi+Cyj; V3 =ag+hgi+C3j, are arbitrary volumetric numbers.
Accordingly:
V1 x (V7 xV3) = (aqap85 — &qbbg — 24CoC3 — abybg — aghyby — ap¢iC3 —ageiCy )+
(aqapbs +agagh, +apaghy —bibobs —bycyca )i +(2ga,C5 + a1a3C, +apa3e1 —bobacy —€1CoC3) ]
and
(Vi x V) xV3 = (agap85 — aghybs — &4CoC3 — @by —aghiby —ayic5 — ageiCy )+
(aqapbs + agagh, +apaghy —bibobs —baeiCy )i +(ga,C5 + aazC, +apa3e1 —bibyCs —€1CoC3) j
Substituting these expressions into equation (1) and performing simple transformations, we obtain:
—yCoCai —bohaCy j # —3C1Coi —bybacsj
Thus, equation (1) does not hold for arbitrary volumetric numbers.
For equation (1) to hold, it is necessary that:

{blCZCS =b31Co, -
b3y =bybycs,
{bl xC3=h3 %y,
by x¢p =y xc3,
by xCg =bgx . )
Since the coefficient a does not appear in equation (2), for simplicity, we consider the projec-
tions of numbers V;,V3 onto the complex-spatial plane ImSp, (Vl’,Vé), (Fig. 2).

The product of the corresponding coefficients by, bs,c;,c3 represents the area S of certain rec-
tangles (Fig. 2)
by xc3 =S,
@)
b3 XC = S.
This system can be rewritten as:

(}l:

C3 =

&l &lo

which corresponds to the equation of an equilateral hyperbola.
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Fig. 2. Projections of numbers Vy,V3 onto the complex-space plane ImSp

Consequently, S =%(p{))2 =bxc, (Fig. 2).

Thus, for an arbitrary number V;, there exists a number V3, such that condition (1) holds,

since:
S S
b3 =—,; C=—.
il by
However, for the projections Vy(qy and V3, the following condition holds:
by =¢; by=c;,
which ensures that V; and V3 lie in the same plane, oriented at an angle « =45° to the complex plane
(Relm).
By dividing the equations in system (3), we obtain:
bl XC3 _ 1
byxc;
which leads to
a9 = G =tgo.
by bs

Thus, for the set of volumetric numbers located in a plane inclined at an angle « to the com-
plex plane, the associative property of multiplication holds.

To refine this conclusion, we consider an arbitrary plane inclined at an angle « to plane
Relm (Fig. 2).

Assigning a small increment V' =byi +¢;j to the projection coefficients of an arbitrary num-
ber +Ab,xAc , we obtain a projection of another arbitrary number V4 = (b, = Ab)i +(c; £ Ac)j (Fig. 2).

For the associative property to hold, it is necessary that,

by x(c; £ Ac)=c; x(by £ Ab).
Thus:
+Acxby =+tAbx¢,

which leads to



Poszmin 1. MaremaTudHe MOIETIOBaHHS B IPUPOJHUINX HayKax Ta iHPOpMAIliiHI TEXHOJIOT11 59

Since:
_|_
a =tga = £ac =tga
by +Ab

It follows that number V3 lies in the same plane as V.

Therefore, for the set of volumetric numbers located in a plane passing through the real axis
Re, the associative property of multiplication holds. The complex plane (Relm) is a special case of
(a=07).

From these results, the following property emerges: There always exist numbers V; and Vj
that satisfy the associative property of multiplication and are located on opposite sides of V , which
lies on an equilateral hyperbola.

To determine the corresponding numbers V; and V3, we use a proportionality coefficient
n,(ne{R}). Since the projection of number V is located on the equilateral hyperbola V' =bi+cj,

then bxc=S. Considering the coefficient n (for instance, n>1), the projection Vé(n) =i +c3j will
lie on the same line as V', since by =bxn and c3 =cxn (Fig. 2).
Therefore, for the associative property to hold, the projection coefficients by,c; of Vy(, are

determined by system (3):
b= =1b;
c3 N
bs n
For the considered case (n>1), the following inequalities hold:
by <b<bg;
c; <C<Cz,
which determine the positioning of numbers V; and V3 relativeto V .
The positioning of V' and V3 with respect to V' can be determined by the ratio of the radius

vectors of their projections,

=n.

. [5-

P
pL
[ / 1
o =Vb%+c?; pP3 =N b2 +c?; pizﬁ b2 +c?.

It follows that any number V4 from an infinite segment [V', 0] corresponds to a number Vy
from a finite segment [O,V'], for which condition (1) holds. Therefore, the cardinality of a finite numeri-
cal set is equal to the cardinality of an infinite numerical set, which, on the one hand, implies the «equiv-
alence» of zero to infinity or the paradox of infinity, and on the other hand, the indeterminacy of zero in
the set of volumetric numbers {\/ } .This ambiguous or dual conclusion directly supports the theory of the
energy-information-time continuum of the volumetric universe, one of whose postulates states: «The
infinitely large is the infinitely small, and the infinitely small contains the infinitely large» [6].

From the geometric interpretation of volumetric numbers, zero is the only element that belongs
simultaneously to the sets of real, complex, and volumetric numbers, defining its unique properties.

Let us examine operations involving zero within the set of volumetric numbers, considering

that zero is an element exclusively of the set of volumetric numbers, leading to a phenomenon akin to
«mathematical annihilation» (ix j=0= jxi).

Since:
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Multiplication and division of zero by itself:
0x0=(ix j)x(ixj)=(ixjP=i®xj?=(-1)x(-1)=1,
(ixj) 1

Al VSV )

o) i i
0 —(I X J) x% =1.
i i
Consequently, in the set of volumetric numbers { }

Oszgzl.
0
Multiplication and division of an arbitrary volumetric number V =a+bi+cj by zero:
(ai —b)x j = —hj,
i i[xj=
B [ R o N B}
—bj+0x j= . .
-bj+0xj=...,
(a+bi+cj)x(ixj)= _ o
(aj—c)xi=—ci,
C - j-ci,
b =
[(a+ |+CJ)><J]><| (aj +0—c)xi = o {—j—ci,
Oxi—ci= ..
Oxi—ci=...,
(ai —b)x j =—bj,
a+bi+cj 1 —bj i,
i j |@i-b+0)xj= _bj—i
! J —bj+0><j:{ T
a+bi+cj —bj+0x j=...,
i ] (aj —c)xi = —ci,
a+bhi+cj 1 - j—ci,
i i |(aj+0-c)xi= —j-ci
: ! ) Oxi—ci:{ o
Oxi—ci=....

It should be noted that when using the formulas for multiplication and division of volumetric
numbers [2]:

(aq +byi+¢1 J) < (ag +bpi +Cz J) = (898 — by —1C2) + (B9by + @0l )i+ (89Cp + @20 ) J
b+ _aap+biby+0C;  ah —ab, . a0 —ac; i
ay+byi+Cyj  ad+bS+cd  ad+bi+csd  ad+bi+cs

we obtain the following result:

_bj,

(a+bi+cj)x0=(a+bi+cj)x(ix J):{_C.,

a+bi+cj a+bi+cj |-bj,
0 ix ] —Cj.
The variability of the results of operations with zero in the set {V} is due to the duality of zero

and the failure of the associative property in multiplication since the imaginary unit (i) and the spa-
tially indeterminate unit ( j ) are located in different planes.

Thus, the results of multiplication and division by zero, as a number, for all elements of the set
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{v} can be presented as follows:

Vx0=0, if 0e{C}0e{V},
V xi)x j= _b.j’ :
Vx0= Vx(ixj): {Si—i_bj)’ if 06{\/},0%{(3}.
(V”)X‘:{_(céﬂ-).
%:Undefined, if 0e{Cloedv),
v _ lxl:{‘tfj' |
o |v ] _(_'+bj)’ if 0e{v}0eiC)
1% ] \LXEZ —cl,
j i {—(ci+j).

An analysis of the obtained results indicates the fulfillment of the condition for mutually in-
verse operations of multiplication and division only for purely imaginary (bi) and purely spatially

indeterminate (cj) numbers:

bix(ixj)ziz—bj, = —bjx(ixj)zﬁzbi,

ixj i x
cjx(ixj)zi‘x’—Jj:—ci, = —cix(ixj)s%:cj.

Thus, in the set of volumetric numbers {\/} zero, both as a number and in operations with it,

possesses unique properties that can be used in mathematical modeling of contradictory or dual as-
pects of the surrounding world. Since the parameters of such objects are characterized by infinitely
small or infinitely large values, this leads to certain uncertainties in the research process, such as the
collapse of the wave function in quantum physics. It should also be noted that according to the physi-
cal and mathematical model of the volumetric Universe [6], the synthesis of energy parameters, which
is the basis for the self-realization of the «Beginning» beyond the point of singular void, can be ex-
panded by considering the multiplication of zero by itself. That is, 0x0=1, consequently, entire
worlds arise from «nothingness».
Conclusions

1. The associative property of multiplication holds for the set of volumetric numbers that are lo-
cated in a plane passing through the real axis and positioned at an arbitrary angle relative to
the complex plane.

2. The «paradox» of the density of the numerical space of volumetric numbers has been discov-
ered, which implies the «equivalencey of zero to infinity or the paradox of infinity and the in-
determinacy of zero.

3. In the set of volumetric numbers {\/} zero possesses unique properties that can be used in

mathematical modeling of contradictory or dual aspects of the surrounding world, as it has
been established that any mathematical operations with the number zero are valid.

References

[1] Romaniuk A.D., & Romaniuk R.A. (2018). [On the question of expansion of numerical space]
Problemi matematichnogo modelyuvannya.: materiali vseuk. nauk.-metod. konf. 23-25 trav. 2018
— Problems of mathematical modeling: the materialsof the ukr. science-method. conf., 23-25
may. 2018. (pp. 9-12). Kam'yanske: DSTU [in English].



62 Maremarrune MmoaemoBanas Ne 1(52) 2025

[2] Romaniuk A.D., & Romaniuk R.A. (2018). [Theoretical foundations of expansion of the
numerical space] Matematychne modeliuvannia — Mathematical modeling, 2(39), 20-28 [in
English] https://doi.org/10.31319/2519-8106.2(39)2018.154200

[3] Romaniuk A.D., & Romaniuk R.A. (2022). [Properties of the sum of real coefficients of volume
numbers and mathematical modeling] Matematychne modeliuvannia — Mathematical modeling,
2(47), 33-40 [in English] https://doi.org/10.31319/2519-8106.2(47)2022.268341

[4] Romaniuk A.D., Romaniuk R.A. (2023). [Properties of volume numbers with integer coefficients
and mathematical modeling] Matematychne modeliuvannia — Mathematical modeling, 2(49),
124-132 [in English] https://doi.org/10.31319/2519-8106.2(49)2023.293117.

[5] Romaniuk A.D., & Romaniuk R.A. (2018). [Mathematical model of the world] Problemi
matematichnogo modelyuvannya.: materiali vseuk. nauk.-metod. konf. 23-25 trav. 2018 —
Problems of mathematical modeling: the materialsof the ukr. science-method. conf., 23-25 may.
2018. (pp. 6-9). Kam'yanske: DSTU [in English].

[6] Romaniuk A.D., & Romaniuk R.A. (2020). [General bases of the physical and mathematical
model of a volume universe] Matematychne modeliuvannia — Mathematical modeling, 1(42), 7—
15 [in English] https://doi.org/10.31319/2519-8106.1(42)2020.206926

[7] Romaniuk A.D. (2021). Enerhetychni aspekty fizyko-matematychnoi modeli obiemnoho Vsesvitu
[Energetic aspects of the physical and mathematical model of the volumetric Universe] Ma-
tematychne modeliuvannia — Mathematical modeling, 1(44), 7-16 [in Ukraine]
https://doi.org/10.31319/2519-8106.1(44)2021.235884

[8] Romaniuk A.D., & Romaniuk R.A. (2021). [Spatial-time continuum in the energy-information-
time field of the volume universe] Matematychne modeliuvannia — Mathematical modeling,
2(45), 140-147 [in English] https://doi.org/10.31319/2519-8106.2(45)2021.247065

Crnucox BUKOPHMCTAHOI JiTepaTypu

1. Romaniuk A.D., Romaniuk R.A. On the question of expansion of numerical space. IIpo6remu ma-
memamuuHo2o moodenosanns. marepiaim Bceeykp. Hayk.-meTon. koH(., M. Kam’sHceke, 23-25
tpas. 2018 p. Kam’sHCbK, 2018. C. 9-12.

2. Romaniuk A.D., Romaniuk R.A. Theoretical foundations of expansion of the numerical space.
Mamemamuune mooemosanns. 2018. Ne 2(39). C.20-28. https://doi.org/10.31319/2519-
8106.2(39)2018.154200

3. Romaniuk A.D., Romaniuk R.A. Properties of the sum of real coefficients of volume numbers and
mathematical modeling. Mamemamuune  mooemosanns.  2022.  Ne 2(47).  C. 33-40.
https://doi.org/10.31319/2519-8106.2(47)2022.268341

4. Romaniuk A.D., Romaniuk R.A. Properties of volume numbers with integer coefficients and math-
ematical modeling. Mamemamuune  mooemosanna.  2023.  Ne2(49). C.124-132.
https://doi.org/10.31319/2519-8106.2(49)2023.293117

5. Romaniuk A.D., Romaniuk R.A. Mathematical model of the world. Ilpo6remu mamemamuunozo
Modemosanns: marepianmu Bceykp. Hayk.-meton. koHG., M. Kam’sHChKE, 23-25 TpaB. 2018 p.
Kam’staebk, 2018. C. 6-9.

6. Romaniuk A.D., Romaniuk R.A. General bases of the physical and mathematical model of a vol-
ume universe. Mamemamuune MOOeN0B8AHHSL. 2020. Ne 1(42). C. 7-15.
https://doi.org/10.31319/2519-8106.1(42)2020.206926

7. Pomanrok O.J]. Eneprernuni acnektu ¢izuko-mMareMaTndHol MoJielni 06’ eMHoro Beecity. Mame-
mamuyne  mooemosanns. 2021,  Ne 1(44). C.7-16. https://doi.org/10.31319/2519-
8106.1(44)2021.235884

8. Romaniuk A.D., Romaniuk R.A. Spatial-time continuum in the energy-information-time field of
the volume universe. Mamemamuune mooemosanns. 2021. Ne2(45). C. 140-147.
https://doi.org/10.31319/2519-8106.2(45)2021.247065

Haoitiwna oo peoxoneeii 02.04.2025


https://doi.org/10.31319/2519-8106.2(39)2018.154200
https://doi.org/10.31319/2519-8106.2(47)2022.268341
https://doi.org/10.31319/2519-8106.1(42)2020.206926
https://doi.org/10.31319/2519-8106.1(44)2021.235884
https://doi.org/10.31319/2519-8106.2(45)2021.247065
https://doi.org/10.31319/2519-8106.2(39)2018.154200
https://doi.org/10.31319/2519-8106.2(39)2018.154200
https://doi.org/10.31319/2519-8106.2(47)2022.268341
https://doi.org/10.31319/2519-8106.1(42)2020.206926
https://doi.org/10.31319/2519-8106.1(44)2021.235884
https://doi.org/10.31319/2519-8106.1(44)2021.235884
https://doi.org/10.31319/2519-8106.2(45)2021.247065

