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MATHEMATICAL MODEL FOR DESCRIPTION THE CREEP OF AGING CONCRETE
USING CANONICAL POLYNOMIALS AND LANCZOS T-METHOD

MATEMATHUYHA MOJEJIb OITMCY NOB3YYOCTI CTAPIIOYOI'O BETOHY
3A JOIIOMOTI'OIO KAHOHIYHUMX [TOJITHOMIB TA -METOAY JIAHLIOIIIA

The article proposes a solution to the problem of rheological behavior of aging concrete,
which takes into account both the effects of hereditary nature and the change in the elastic modulus
over time, as well as the influence of the age of the material before loading on the ultimate creep de-
formations using canonical polynomials and the Lanczos method. The polynomials constructed by this
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method approximate the desired solution better than hypergeometric functions. The proposed mathe-
matical model has the following advantages:

- the given solution has the form of a polynomial of low degree, convenient for analysis, is ob-
tained by simple means and does not require the involvement of a rather complex theory of hypergeo-
metric functions;

- such a solution does not require summing the series and evaluating its remainder, which when
using hypergeometric functions leads to additional difficulties. The solution in hypergeometric functions
is a series that quickly converges only in the vicinity of a particular point of the interval. Therefore, solu-
tions of different forms are constructed for different points. The proposed method approximates the de-
sired function uniformly over the entire interval of change of the independent variable;

- the Lanczos method used allows one to construct polynomials that approximate the desired

solution of the differential equation approximately times better than the partial sums of the 2"-th
order of the Taylor series, which are used in the problem under consideration to represent hypergeo-
metric functions.

Keywords: -method, canonical Lanczos polynomials, stress state, creep, rheological behavior.

Yucnosi excnepumeHmanbHi O0CIONCEHHS, RPOBEOEHI Y C8IMI, NOKA3AAU, WO 8 OEMOHHUX Mma
3a1i300€MOHHUX KOHCMPYKYIAX, WO 3HAXOOAMbCA NI0 MPUBanon OI€l0 HABAHMANCEHb, BUHUKAIOMb
HenpyxicHi Oeghopmayii, AKI 8 KiIbKa pa3zie MO*CYMb Nepesunyy8amu NOYamxosi npyxcui degopmayii.
Tomy numanus npoeKmy8anus mpusaioeo 0eQopmy8ants Oemony 8 4aci € aKmyarbHumM ma Mae 6a-
JHCTIUBE ZHAYEHHS.

Y cmammi nasooumscs mamemamuyna mooenb onucy no8yyocmi Cmapiryozo OemoHy 3d
00NoM02010 KAHOHIYHUX noainomie i memoody Jlanyowa. Hasedenuii poss’szox 3adaui peono2iunoi
NOBEJIHKU CMApPilou020 OEmony 8paxosye K epexmu cnadko8o2o xapakmepy i 3MiHy 8 Yaci MOOYisl
NPYICHOCHI, MAK | 6NIUS GIKY Mamepiany 00 MOMEHMY HABAHMANCEHHS HA 2PaHu4Hi dedhopmayii nos-
3yyocmi.

3anpononosana mamemamuiuna MoOeib MA€ HACMYNHI nepesazu.

1) nodanuii po38’a30k mae popmy nOMHOMA HEBUCOKO20 CeNeHs, 3pYUHULL 0I5l AHANI3Y i 00-
CA2AEMBCS NPOCTUMU 3ACOOAMU MA He 8UMALAE 3ATYHeHHs 00CUMb CKIAOHOI meopii 2inepeeomempu-
YHUX DYHKYIU;

2) maxuti po36's130Kk He nos'a3anutl i3 3a60aHHAM NIOCYMOBY8AHHS PAOY MA OYIHKOI 1020 3a-
JUWKY, WO NPpU BUKOPUCAHHI 2inepeeoMempudHux (QyHKYit, He mabynvbo8anux 01s psady 3HAYEHb
napamempie, GUKIUKAE 000amKosi mpyonowi. Po3e’s130k 6 cinepeeomempuunux QyHKYisax A€ co-
6010 psid, Wo wWeUoKo 30icacmvcst auuie 8 oKol mici yu inwoi mouku inmepeany. Tomy 0as pizHux
moyoK 0yoyromvcs pisHi 3a hopmoio po3e’azku. Memoo Jlanyouwia pieHocunbHUL NOULYKY PO38'A3KY Y
Gopmi pozeunenns 3a noainomamu Yeouwosa. Ilpu yvomy docseacmovcs pigHOMIpHA 30idCHICMb HA
iHmepe8ai 8 NOPIBHAHHI 3 BUKOPUCMAHHAM 36UYAUHUX CIeneHesux psodis.

3) 3acmocogaruil memoo Jlanyowia 0036018€ nobydysamu NOAHOMU, SKI HADIUNCAIOMb UL)-
Kanuil po36 30K OupepeHyianbHo20 pieHAHHSA 00 MOuH020 npubausHo ¢ 2™ pasie Kkpawe, HIXC yacm-
KOGI cymu n-20 nopsioxy psaoy Tevinopa, skumu 6 poseisHymii 3a0ayi i € einepeeomempuyti yHKyii.

Ipakmuune 3nauenHs pobomu noia2ac 8 Momy, wo 3anpoOnOHOBAHULL NIOXI0 MOJ*CHA BUKOPU-
cmogygamu 00 po3e 'sa3y8ants NOOIOHUX 3a0a.

Kntouoei cnosa: t-memoo, kaHoHiuHi noninomu Jlanyowa, nanpyxcenuti Cmas, nog3yuicmo,
Ppeonociuna nogedinKa.

Problem’s Formulation
No structure can do without the use of the concrete today. The strength properties of the con-
crete and the ease of manufacture make it a unique material. It is primarily an artificial stone, similar
in characteristics to granite and marble. The concrete and reinforced concrete are a complex composite
of solid particles of silica, alumina, hematite, magnetite and limonite. These particles are interconnect-
ed by a layer of calcium carbonate molecules. Such a composite material has a fairly high strength.
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Reliability and durability of the concrete and reinforced concrete structures and buildings can-
not be ensured without full consideration of the features of concrete deformation. Numerous experi-
mental studies conducted in the world have shown that in concrete and reinforced concrete structures
under prolonged loads, inelastic deformations occur that can exceed the initial, instantaneous (elastic)
deformations by several times. Therefore, the problem of prosthetics during prolonged deformation of
concrete over time is relevant and important. The ability of concrete to deform over time under pro-
longed exposure to constant load is called creep. There are hypotheses that consider the mechanism of
creep deformations under the influence of external load. [1]. The analysis of various types of defor-
mations under load in concrete can be performed using rheological models. Such models that include
ideal springs, dampers, valves, and other elements without revealing the physical mechanism of creep,
offer its phenomenological description. [2].

One of the main factors affecting the creep of concrete is the relative humidity of the environ-
ment. Drying of specimens leads to an increase in the creep of concrete at an early age. When estab-
lishing a hygroscopic equilibrium between the environment and concrete before loading the speci-
mens, the influence of relative humidity of the air is significantly less pronounced. Alternate wetting
and drying of concrete increases the amount of creep deformation.

A typical creep curve is presented in the

£ A figure (Fig. 1). Along the abscissa axis is the
elapsed time from the start of the experiment,
along the ordinate axis is the deformation at
constant stress. The vertical segment with height
&y determines the instantaneous deformation at

the moment t, of load application. Fragment 1

of the curve shows the increase in strain over
time under constant load. It is clear that the
strain rate that is equal to the derivative de/dt,

decreases. This is a fragment of unsteady creep,
after which steady creep (fragment 2) occurs
with a constant velocity de/dt=const, that

significantly depends on the applied stress.
Fragment 3 is characterized by an increase in the deformation rate and ends with the destruction of the
sample [3].

The aging process of structural materials leads to changes in the physical and mechanical
properties of both individual parts and the entire object under difficult operating conditions. Failure of
any of the parts of a complex structure can lead to serious emergencies. The aging processes have been
studied in detail before; studies have established that the aging of structural materials in engineering
leads to an increase in strength, coercive force, electrical resistance, heat resistance, etc. However,
sometimes the positive effect of aging causes undesirable phenomena: fragility increases, deform of
parts appears, therefore, noticeable internal stresses arise due to «big aging» [2].

There are a large number of methods for calculating the behavior of elastoplastic materials that
allow modeling the operation of structures and taking into account nonlinear and rheological proper-
ties of concrete today. Such calculations are usually associated with serious and complex calculations.

This paper presents a new solution to the problem of rheological behavior of an aging concrete
body, that takes into account both the effects of hereditary nature and the change in the elastic modu-
lus over time, as well as the influence of the age of the material before loading on the ultimate creep
deformations using canonical polynomials and the Lanczos method. The polynomials constructed by
this method approximate the desired solution better than hypergeometric functions.

Analysis of recent research and publications

The reliability and durability of concrete and reinforced concrete structures cannot be ensured
without considering the important deformation properties of concrete. The rheological properties of con-
crete, primarily due to its creep, have a significant impact on the stress-strain state of the structure over

Fig. 1. A typical creep curve
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time, even under constant external load. Over time, forces are redistributed between heavily and lightly
loaded elements, and between the reinforcement and concrete in the cross-sections of the elements.

Many scientists have attempted to derive a formula for calculating creep strains and reflect the
relationship between stresses and strains in an elastic-creeping medium based on the phenomenologi-
cal equations of the mechanical state of the material. Among them are G.N. Maslov,
N.Kh. Arutyunyan, |.E. Prokofievich, A.Ya. Barashikov, A.M. Bambura, A.B. Golyshev, O.l. Golod-
nov, B.G. Demchina, A.R. Rzhanitsyn, O.Ya. Berg, and many others. Significant contributions to the
development of nonlinear creep theory were also made by A.G. Tamrozyan, A.M. Neville,
V.M. Bondarenko, P.l. Vasiliev, and others.

Numerous foreign scientists have devoted their work to the issue of thermal creep: S. Bazant,
R. Wendner, M. Hubler, and many others. Vast studies have also been published on the effect of con-
crete moisture content on the rate of plastic deformation of structures. Large studies and publications
by the American Concrete Institute are devoted to methods for calculating concrete structures.

Formulation of the study purpose

The standard apparatus of continuum mechanics is used to study the motion of a medium un-
der creep, which involves considering the stress, strain, and strain rate tensor. Generally, the displace-
ment of a body's points can be significant compared to its initial dimensions. In this case, its defor-
mations must be described using the finite strain tensor, and the corresponding boundary conditions
must also be specified on the deformed surface of the body. However, the formulas obtained in this
way for determining the crack formation moment are labor-intensive and inconvenient for practical
use. V.V. Mikhailov suggests using tables and nomograms to facilitate calculations. A.A. Tamarin
simplified the solution to this problem somewhat, but he, too, could not avoid tables and graphs of the
states of bodies. A.A. Gvozdev and S.A. Dmitriev first proposed a method for determining the mo-
ment of crack formation using core moments to address these shortcomings. This approach is based on
the principles of the resistance of elastic materials. It was the first and one of the simplest attempts to
use core moments to calculate crack formation.

Presenting main material

The authors of the article propose a model of the rheological behavior of concrete based on the
theory of hereditary aging that takes into account both the effects of hereditary nature and the change
in the elastic modulus over time, as well as the influence of the material age before loading on the
ultimate creep deformations. The relationship between stress o(t) and strain g(t) in the case of uni-

axial compression is taken as

1
o(t)=Eg | £Ma(t)+ [n(s)H(E—s)o(s)ds |, )
)
where E(t)= Eof_l(t) is an instantaneous time-dependent elastic modulus; #7(t) and &(t) is the

monotonically decreasing functions characterizing the aging of the instantaneous and hereditary re-
sponse of the material, respectively; H(t—s) is a function with weak singularity of Abelian type.

Let H(t—s) be the Rzhanitsyn function [5]
_ o\
Ht—s)= 129" 9 @
r(r)
where 7'(r) is a gamma function; -1<« <0, r=1+a«a, B <0 is the heredity parameters.
When chosen 7(s) in the form

n(s) = y(to)@d+ Ae77%) at >0, y>0, 3)
then the kernel of equation (1) represents a positive, monotonically decreasing function, when t—s
increases, that asymptotically approaches zero. The influence function 7(s)H (t—s), when s increas-
es, approaches a time-invariant kernel, i.e. characterizes a material in which the aging effect disap-
pears over time. The multiplier y(tp) that determines the ultimate creep strain depends on the loading

moment. and, as experiments show [3], this multiplier decreases, when t; increases. The change in
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material properties over time is also taken into account using the increasing modulus of elasticity E(t).

The rheological parameters included in the kernel of equation (1) can be determined by processing the
three creep rate curves

2 =0T +1)—E (T +19), T=t—tg, 4)
that are built on experimental dependencies E(t) and &(t) at o =opy =const, that corresponding to
loads at three different ages of the material t,, i=1,2,3. The following describes the methodology

for determining the rheological parameters that included in equation (1).
When o =0 =const in the equation (1), considering the expressions (2) and (3), for creep

x(T) we have
T (14 10-90+9) ) T =) b(T-a)
2(T)=T, (1+ze ) o )
Applying the Laplace transform in a variable 7 to equation (5), we get an algebraic equation
that contains the parameter p and requested rheological parameters

t 1 I
()= Z(O){—+ : %] ©
(p—b)y LP P+9
The Laplace transform ;(L(p) for the function c(T) for a fixed parameter value is deter-
mined by numerical integration using the quadratic interpolation formula [4]

n
pz%p)ﬂfzﬂe‘qdq e Ak;{q—k} ()
p k=1 p
We obtain from equation (6) according to the limit theorem of operational calculus
. t
2()= lim 7(p)- p=212) ®)
p—0 (=5)

On the other hand, the limiting value y(oc) can be obtained from the dependence graph c (t).
Using three curves c;(t) corresponding to the loads at age t;, (i =1, 2,3), we form three relations of
the form (8). Let us add to them three more equations of the form (6), in which the value p=p,; >0 is
chosen arbitrarily for reasons of convenience of processing the curves. From the obtained relations we
find the equation for determining the parameter g
Agyo exp(—yAtgy) + Agoz exp(—yAty ) = Ags 3., ©)
ck"(py)
ck( )’
be obtained numerically.
We obtain the formula for the parameter |
_ (1+ 7)A912 ) (10)
92 exp(—rto1) — 91 exp(—7tg2)
From equations of the form (6) formed for two different values of the parameter p=p;,

where g, = Dik =9i - Ok, Dk =ti - 9ok » 1, k=1 2,3. The solution to equation (9) can

p=p, Ty*@") that correspond to the same function, for example c; (t), we find

szw’ rZLpl)W, (11)
1-[1-p,/b] In[1- py/b]
— Inhy (py) ] 1 | —gto; _
where w —Inhl(pz)’ h(pc) =091 (pk){pk+pk+ge } k=12

The parameter c(ty) that characterizes the function of the ultimate deformation on the age of
the material at the moment of loading is determined by the relation (8). Processing a series of simple
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concrete creep curves (o = o =const ) [5] with load moments ty; =5, ty, =7, tg3 =28 day gave the
following parameter values: g =0,233day?, | =572, r=0,614, b=-0,00838 day?,

¢ (tp1) =0,0185, c(ty;) =0,017, c(ty5) = 0,00874 day™.
Let's consider an approximate way to solve the equation (1). Taking into account expressions
(2) and (3), this equation can be written in the form
(t)Eg = E)a(t) + ™1, xnt)e Po(t) . (12)
Here 1, * is an integral operator acting on time functions

PP )
I, * f(t) _tjo el f (s)ds. (13)

Functions ¢(t) and 7(t) decay over time, starting from a certain time t; , become practically
constant values. They can be approximated with sufficient accuracy by polynomials of low degree in
interval [to,tl]

1 1
)= X &0, )= Xm0, (14)
m=0 m=0

where q =(t-t5)/(t - tg).
Assuming that these functions have bounded derivatives, the approximations are also valid

n n
Eoc)=Ep X 0™, o(t)=Ep Y o™ . (15)
m=0 m=0
Let us substitute expressions (14) and (15) into equation (12) and introduce into the right-hand
side magnitude of error (discrepancy) in the form, using Lanczos method

Toaa * (@)t +1a" +..+t9"), (16)
where T4 *(0") is a shifted Chebyshev polynomial; t, is the still unknown parameters.

We form a system of equations by equating the coefficients at the same powers of the variable
g . Then we find all the unknowns o,,(m=0,1, ..., n) and 7, (k=0,1,...,n) from it. In this case, the

requested function o(t) in an expression (15) is defined as an expansion in powers q .

The Lanczos method is equivalent to finding a solution in the form of an expansion by Cheby-
shev polynomials. In this case, faster uniform convergence on the interval is achieved than when using
ordinary power series. The error of the solution is characterized by the magnitude of the discrepancy,

which, due to the property of Chebyshev polynomials, does not exceed the sum |[to|+ [ty +...+t,| -

Conclusions
The mathematical model of creep of aging concrete using canonical polynomials is considered
and Lanczos t-method in the article. The resulting solution has the form of a polynomial of low degree
(most often the 2nd degree is sufficient); it is convenient for analysis and does not require the in-
volvement of a rather complex theory of hypergeometric functions. In addition, the presented method

allows you to approximate the desired solution of the differential equation approximately 2" times
better than other methods. The proposed solution approximates the requested function uniformly over
the entire interval of change of the independent variable. Canonical polynomials (in general form or
numerically), defined by the relation derived in this article, can be constructed for other rheology
problems. The method takes into account both the effects of hereditary nature and the change in the
elastic modulus over time, as well as the influence of the age of the material before the moment of
loading on the creep limit deformations.
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