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METHODS OF CONTROLLING THE DYNAMICS OF COMPETITIVE SYSTEMS
WITH A DELAY

METOIH YIIPABJIIHHA JNUHAMIKOIO KOHKYPEHTHUX CUCTEM
I3 BAIII3HEHHAM

The article discusses modern methods and approaches to managing the dynamics of competitive
systems with delays.

Traditional approaches to the analysis and compensation of delays and the latest methods that
have emerged at the intersection of control theory and machine learning are investigated. The emphasis
is placed on mathematical modeling of systems where the interaction between agents and subsystems
occurs with a time lag. The use of machine learning as a tool for identifying parameters and developing
control strategies is proposed.

It is proved that the combination of classical methods of the theory of differential equations with
a time lag and artificial intelligence algorithms can increase the efficiency of management decisions in
complex competitive environments.

Keywords: delay, machine learning, adaptive control, system dynamics, competitive systems.

Y emammi posensauymo cyuwacui memoou ma nioxoou 00 YAPAaeuiHHa OUHAMIKOI KOHKYPDEHNHUX
cucmem i3 3anizHenHaM. JJocniodceno mpaouyitini nioxoou 00 auanizy ma KOMNeHcayii 3anisHeHb, d
MAKONC HOBIMHI MEMOOU, WO SUHUKIU HA NepemUHi meopii KepysanHs ma MauuHHo2o0 HasuanHs. Ha-
20I0WEHO HA MAMEMAMUYHOMY MOOETIOBAHHI CUCTNEM, V SKUX 83AEMOOIs MIdIC aeeHmamu ma niocuc-
memamu 8i06y8aEMbCA i3 4ACOBUM 3CY80OM. 3aNpONOHOBAHO BUKOPUCIAHHA MEMOOI8 MAUUHHO20 HAB-
YauHa AK IHCmpymenmy 0.4 ioeHmuixayii napamempis i po3podnenns cmpameziti Kepy8aHHs.

Jlosederno, wo noeoOHanHs KaCUYHUX Memooie meopii OupepenyianbHux pieHAHb I3 4aCO8UM 3a-
NIZHEHHIM Ma AI2OPUMMIE WMYUHO20 THMENeKNny MOodice NiOSUumu eqheKmuericms YnpasiiHCbKUX
piuens y CKIAOHUX KOHKYDEHMHUX cepedosULyaXx.

Memoro cmammi € ananiz i y3aeanibHeHHs Memooie YNpaeiinHs OUHAMIKOK KOHKYPEHMHUX CUC-
mem i3 3anizHeHHsAM, 30KpemMa NOEOHAHHS KAACUYHUX MAMeMAMUYHUX Ni0X00i8 i CYyUaACHUX Memoois
MAWUHHO20 HABYAHHS OISl PO3POONIEeHHS eqheKMUBHUX CIPAMe2itl KOMNEHCayii Yaco8ux 3ampumox.

OcHOBHUMU 3080 AHHAMU OOCTIONCEHHS €

- NPOAHANIZYE8AY MPAOUYIUHT MEMOOU AHANI3y cUcmem i3 3ani3HeHHAMU,
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- 00CTIOUMU CYHACHT NIOX00U, WO DA3VIOMbCS HA MAWUHHOMY HABYAHHI MA A0ANMUEBHOMY KEPYBAHHI,

- NPOAHANIZYB8AMU MONCIUBOCHI IHMeSPAayil KIACUUHUX | HelipoMepedcesux nioxoois.

3anponornosaruil y 0ocnioxceHHi KOMOIHOB8aHUI NIOXIO 00 YRPABIIHHA OUHAMIKOI KOHKYDEHMHUX
cucmem i3 3aNi3HEHHAM NOEOHYE AHALIMUYHI THCTIPYMEHMU Ma Memoou WmyyHo2o iHmenexmy. Y po-
bomi 008e0eH0, WO MAWUHHE HABUAHHS MOJICe Oymu eheKmMUBHO UKOpUCane oas ioenmugikayii na-
pamempis, nPO2HO3V8AHH OUHAMIKY MA ONMUMI3ayii cmpameziti ynpasiiHH 8 yMOBAX CKIAOHUX KOH-
KYpeHmHUx 83aemooiu. Taxkuii nioxio 3abe3neuye aoanmuenicms i CMItIKiCmb cucmem 8 YMOBAX HeGl-
3HAYEHOCMI A 3MIH 306HIUHBLO2O CEPEeOBULA.

THooanbuii 00Cni0AHCEHHA MOXCYMb OYMU CUPAMOBAHI HA pO3POONeHHs 2IOpUOHUX MoOenell Kepy-
BAHHSL [3 BUKOPUCTNAHHAM NOACHIO8AHO20 WMY4HOo20 iHmenekmy (XAI) ona niosuwenns inmepnpemosa-
HOCMI pileHb, a MAKoNIC HA PO3ULUPEHHS chepu 3aCmOoCy8anHsi 8 OioiHdICenepil, 1ocicmuyi ma cucme-
Max yXeaneHHsi piuiens y peaibHOMY Yaci.

Knrouoei cnosa: 3aniznenus, MawlunHe HAGYAHHSA, AOANMUBHE KePYB8AHHS, OUHAMIKA CUCTEM,
KOHKYPEHMHI CUCeMU.

Problem’s Formulation

In today’s world, where markets evolve dynamically and interactions between entities are be-
coming increasingly complex, competitive systems constitute a key object of study. At the same time,
economic markets function as dynamic systems in which participants constantly compete for resources,
influence, and other advantages. Under such conditions, the factor of delay (time lag) becomes particu-
larly significant. Delays may arise from the time required to collect and process information, make de-
cisions, implement strategies, or as a result of market inertia. If these delays are underestimated or poorly
managed, the system may experience instability, cyclical fluctuations, ineffective managerial decisions,
or even chaotic behaviour.

Classical approaches are based on the theory of differential equations with delays, which rely
on assumptions about model structure and parameters that do not always correspond to real-world con-
ditions. Competition in modern environments unfolds in complex and highly dynamic contexts, creating
a growing demand for flexible and adaptive management methods capable of accounting for time lags.
Consequently, the integration of machine learning methods—particularly deep learning—with classical
mathematical modelling appears to be a promising direction. This approach not only enables the auto-
mation of parameter identification, but also supports the development of adaptive management strategies
under uncertainty. Moreover, such integration calls for new approaches to interpreting models and re-
sults, especially in tasks where the transparency and predictability of management decisions are critical.

Analysis of recent research and publications

The problem of delays in dynamic systems has been widely discussed in the fields of applied
mathematics, control theory, and artificial intelligence. Among the classical contributions, Hale’s work
(Hale, 1993) stands out, as it laid the foundation for the formal stability analysis of such systems. Sub-
sequent studies have focused on numerical methods, stabilization, and optimal control of systems with
time delays (Gu et al., 2003; Kolmanovskii & Myshkis, 2012).

In recent years, the scientific community has shown increasing interest in stochastic models with
delays, which account for random perturbations and Markovian switching (Liu et al., 2018), as well as
in hybrid systems. Wang et al. (2020) demonstrated the integration of classical models with machine
learning techniques, while Zhang et al. (2021) explored the challenges of adaptive control and the com-
bination of reinforcement learning with optimal control theory.

Another promising direction is explainable artificial intelligence (XAIl), which provides insights
into the logic underlying models in complex systems, thereby ensuring transparency and trust in man-
agement decisions (Doshi-Velez & Kim, 2017). Despite significant progress, the integration of formal
control methods with the flexibility of learning algorithms capable of adapting to changing environments
remains an urgent and relevant research task.

Formulation of the study purpose

The objective of this article is to examine contemporary methods for controlling the dynamics
of competitive systems with delays by integrating the theoretical foundations of delay differential equa-
tions with the tools of machine learning.
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Presenting main material

Dynamic competitive systems describe the processes of interaction between elements that com-
pete for resources, influence, or advantages. In real-world conditions, such interactions are not instanta-
neous but are accompanied by delays, which complicate both the analysis and the management of system
dynamics. The factors and causes of delays may include physical limitations, information transmission
time, agents’ responses to changes, and other constraints. Under these circumstances, it becomes essen-
tial to develop new approaches to modelling and managing competitive systems that explicitly account
for delays and the complex structure of competitive interactions.

Delays are a common phenomenon that can be classified into the following categories:

Information delay — the time required to obtain and analyse data on competitors’ actions, mar-
ket trends, or consumer behaviour.

Operational delay — the time needed to implement new strategies, production processes, or
structural changes.

Decision-making delay — the time interval between recognising the necessity of addressing a
problem and initiating an appropriate management decision.

Market reaction delay — the extended period during which the actions of one market participant
provoke a noticeable response from competitors or consumers [1].

Among the most significant consequences of delays, instability should be emphasized, as both
minor and substantial delays exert a destabilizing influence on the system and may lead to uncontrolled
fluctuations. Another negative consequence is the deterioration of management quality, since decisions
based on outdated information can prove ineffective or even harmful. In addition, reduced competitive-
ness may result in a loss of market share. Delays also hinder the accurate prediction of a system’s future
state, thereby making planning less reliable [2].

Effective management of the dynamics of competitive systems with delays requires a compre-
hensive approach that combines both analytical and strategic methods [5]. The main components of this
approach can be outlined as follows.

1. Modelling and analysis of delays.

The first step in managing such systems is to understand the nature of delays. Delay differential
equations (DDESs) represent a fundamental mathematical tool for describing systems in which the current
state depends not only on present values of variables but also on their past values. By explicitly incor-
porating time lags, DDEs make it possible to model the dynamics of competitive interactions under
delayed responses [1].

S0 £, xt-0) @
where >0 — delay parameter representing the time lag in the system’s response.

Stability theory.

A critical aspect of analysing dynamic systems with delays is the study of their stability, which
determines whether the system tends toward an equilibrium state, exhibits oscillatory dynamics, or de-
velops chaotic behaviour. Stability analysis is typically carried out using methods such as the root dis-
tribution of the characteristic equation or the Lyapunov-Krasovskii approach.

Lyapunov—Krasovskii functionals

t
V) =x'®+ [ ax’(s)ds, @
t-7
where q > 0 — is a constant.
For stability, it is necessary that the derivative of the functional satisfies the condition

VO o
s (t), 3)

g > 0 — constant
This condition guarantees that the solutions approach equilibrium with a decrease in the energy
of the system.
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Critical delay
There is a critical delay value 7> i, in case of exceeding which the system loses stability

T éarccos(%), w=Ab?-a?, (4)

At > 7it the equilibrium will be unstable and harmonic oscillations may occur (Hopf bifurcation).
Identification and evaluation of delays
Model with delay under conditions of unknown quantities and nature of delays.

y(t) =G(s)e u(t) +v(t) ©)
y(t) — system output; u(t) — input signal; G(s) — transfer function without delay; r — delay time (de-
lay); v(t) — noise or measurement error.
Parameter identification

The identification task consists in finding parameters 6 (parameters G(s) and delay t, that min-

imise the error function between measured y(t) and model inputs y(z, 6) [5].
2

J(0) = [ly®)-y(t.0) dt, (6)

Search for the optimum 6
0 =arg min J(6)

(7)
Estimating delay time
Delay time tis identified by maximising the correlation between the input signal u(t- t) and the
output y(t):

7 =arg max '[u(t —7)y(t)dt, (8)

Thus, using estimates 7 and 0 e it is possible to construct an accurate model of the system with
delay
S 1 x. xe-23:0), ©
This model is critical for further analysis, forecasting, and management.
2. Compensatory and Predictive Management Strategies
Immediately after identifying
the delay, a strategy to compensate for
L it is developed. Predictive controllers,
@ such as Smith's predictor, act proac-
tively, mitigating the effects of delays.
L(m) hermometer The principles of their operation can
also be adapted for strategic planning,
gl l: including anticipating the reactions of
market competitors. This approach re-
lies on a system model to predict behav-
ior [1].

Fuel

Furnace
3

Delay is defined as the time in-
terval between the initiation of an event
( at one point in the system and the corre-

L) sponding response or output at another
point [7]. It is also referred to as
transport delay, dead time, or time lag.
An example of such a delay in a heat ex-
change system is shown in Fig. 1.

Blower

Fig. 1. Example of delay in a heat exchange system
due to mass flow [6]
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Delay is a common phenomenon observed in physical, chemical, biological, economic, meas-
urement, and computing systems [1]. The causes of delay may include transport or communication de-
lays, the time required to generate feedback in sensor systems with sampling and analysis, delays in
forming the control signal, and the simplification of system parameters to a lower order.

Delays always reduce the stability of minimum-phase systems (i.e., systems that have no poles
or zeros in the right half-plane of the s-plane or other delay components) [3], making it important to
analyze system stability in the presence of delays.

In control systems, delays are typically described in the frequency domain of a complex variable.

The Smith predictor is a widely used method for delay
compensation in control systems. This approach is effective for
R(s) G (s)e™ both small and large delays. The main idea of the Smith predic-

i tor is to eliminate the delay component from the closed loop of
the system (see Fig. 2). This is important because it is the delay
in the closed loop that affects system stability. Therefore, re-
moving the delay from the loop improves stability.

Fig. 2 shows an automatic control system in which there
is a delay within the closed loop. To eliminate this delay com-
ponent, a compensation element can be added to the system
C’(s), as shown in Fig 3.

Cpls)

Fig. 2 Closed-loop control
system with delay component [6]

R(s) . Cp(s)
C'(s) G, (s)e " >

Y

Fig. 3. Adding a compensation element to the system [6]

Fig. 4 shows the structure of the control system after the introduction of the compensation ele-
ment C(s).

RS Ge(s) Gp(s) |

* ‘

Cp(s) R

¥
o
=

h

Fig. 4. Updated system structure due to the addition of a compensation element C(s) [6]

Thus, Smith's predictor is a powerful mathematical model for compensating delays to improve
system stability. Its main principle is to remove the delay component from the feedback loop, allowing
the system to be analyzed and compensated as if no delay were present. The use of Smith's predictor
contributes significantly to enhancing the stability of systems with time delays [6].

The MPC model is an approach based on optimizing management decisions over a given time
horizon. It uses a dynamic system model to calculate optimal actions and continuously recalculates them
based on updated data, enabling the system to respond adaptively to changes and uncertainties.

Adaptive and Robust Control

Adaptive controllers can modify their parameters over time, adapting to delays and other system
variations. Robust control, on the other hand, focuses on developing strategies that are resilient to model
uncertainties or variations in delay parameters [3].
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3. Strategic Approaches to Delay Management

Reducing the source of delays is the most effective way to mitigate them. This involves accel-
erating data collection and analysis (e.g., using Big Data and Al for fast data processing), optimizing
the decision-making process, and implementing flexible operational procedures (such as flexible pro-
duction systems or Just-In-Time logistics) to minimize time costs [7].

Adaptability of strategies involves the rapid adjustment of management actions in response to
changes in the competitive environment. The management process includes systematic assessment and
mitigation of risks arising from delays. Coordination with partners helps synchronize processes and
reduce the cumulative effects of delays [10].

Delay Management with Machine Learning

The integration of machine learning (ML) opens new and powerful possibilities for managing
systems with delays. ML models, such as LSTM and GRU neural networks, are trained on historical
data to predict the magnitude and dynamics of delays, thereby increasing the accuracy of controllers [4].

ML algorithms can detect complex and nonlinear dependencies, including hidden delays that
are very difficult to identify using traditional methods. Reinforcement learning (RL) enables the discov-
ery of optimal control strategies in dynamic and competitive environments with delays and helps iden-
tify factors that negatively impact delays [3].

Neural networks are used to create adaptive controllers capable of dynamically adjusting pa-
rameters, compensating for variable delays, and handling nonlinear system behavior [7]. With the aid
of Al, including Explainable Al (XAl), it is possible to build accurate models that analyze the nature
and impact of delays on the system and propose appropriate management decisions.

In many real dynamic systems—such as ecosystems, economic models, and biological popula-
tions — delays are integral: signals affect the system with a time lag. Formally, a system with delay can
be described by delay differential equations (DDESs) (see Formula (1)).

The competition model with delay can be expressed as follows. One of the classic examples is
the modified Lotka—Volterra model with time delay:

dx. (t) $ .
clit :xi(t){ri—Z;aijxj(t—rij)},l=1,2,...,n, (10)
j=
where xi(t) — population size of species I; ri— internal growth rate; ajj — intensity of competition

between species i and j; zi; — individual delay in interaction.

Explainable Al (XAI) allows interpreting ‘black boxes’ (neural networks) that learn from data
with delays.

Forecast model

X() pased on X7 X(t=75),... ”

With the help of SHAP (SHapley Additive exPlanations), the contribution of each delay to the
result is determined.

f()=do+ >, 12)

where ¢ — contribution of a feature x(t- z;) in the final prediction.

This approach allows visualization of which delays have the greatest impact on changes in the
system state. Using SHAP or LIME explanations, it is possible to identify the critical time windows of
delay impact, determine which system parameters should be adjusted (e.g., to reduce or compensate for
a specific z), and compare the importance of the current state x(t) with delayed states x(z—z) [9].

Among the advantages of XAl in the context of delays, explainability is particularly important,
as it clarifies why the model produced a given prediction. This allows verification of whether the model
accounts for key aspects of dynamics with delays. At the same time, experts can see how and which
delays influence the system, facilitating informed decision-making.

Intelligent Methods (Machine Learning)

Machine learning (ML) is widely recognized as one of the key areas of artificial intelligence,
focused on creating adaptive algorithms capable of learning and improving independently through data
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analysis. ML enables computer systems to detect hidden patterns in large datasets and make informed
decisions. Unlike classical algorithms with fixed logic, ML models can gradually improve their perfor-
mance during operation. Their accuracy depends directly on the quantity and quality of the available
training data [3].

Numerous studies demonstrate the high efficiency of machine learning algorithms for modeling
and controlling systems with delays [10]. Recurrent neural networks (RNNSs), particularly Long Short-
Term Memory (LSTM) networks, are designed to capture temporal dependencies in input data with
delays. These architectures are well suited for modeling time series in which the value of the system
depends on both the current state and past values, thereby explicitly incorporating delay effects.

hy =o WX +Wyh_, +b,)
yt :Whyht + by'
where x; € R" — input data at time t; h; € RY — hidden state (which accumulates information from the
past); 7+ €R?— prediction; W — weight matrices; ¢ — nonlinear activation function.
LSTM also adds input, output, and forget gates - a mechanism for controlling information.
f=o (Wi X¢+Ur he-1+by)
it= o (WiXe+Ui he.1+Dbi)
0t= o (Wo Xt+Uo ht-1+bo)
ce=fOcr1+ikOtanh((We xe+Uc he-1+be)
h=o: © tanh(cy), (14)
Reinforcement learning (RL) is used to
develop management policies under conditions

(13)

of incomplete or delayed information. RL is one

»| Environment of the most actively researched areas of machine

learning, aimed at creating algorithms capable of

Action Reward | |State  learning to make decisions through direct inter-
- Rt St action with the environment (see Fig. 5).

The basic principle of RL is that an agent

Agent — gradually learns from experience: it receives re-

< wards for successful actions and penalties for

mistakes. Through this process, the agent incre-
mentally develops and refines its behavior strat-
egy (policy) to maximize the total accumulated
reward.

Fig. 5. Block diagram of the interaction cycle [8]

Key Concepts of Reinforcement Learning

Agent and Environment. An agent operates within a given environment, receives observations,
and performs actions. In response, the environment changes its state and provides the agent with a re-
ward signal that reflects the outcome of the action.

Reward. A numerical signal indicating the effectiveness of the agent’s action. The primary goal
of learning is for the agent to develop the ability to make decisions that maximize cumulative rewards
in the long run.

Policy. A strategy that defines which actions the agent will take in different situations. Policies
may be deterministic (rigidly defined) or stochastic (random).

Value Function. A function that represents the expected amount of future rewards in a given
state or for a given action. Two main types are distinguished: the state-value function (V-function) and
the action-value function (Q-function) [8].

Model as a Delayed Markov Decision Process (Delayed MDP): s; — state of the environment at
time t; a; — agent action; r..g — reward delayed by d steps.

Calculation of expected reward

R=> Y q (15)
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where Y € [0,1] — discount factor; rw«+¢ — delayed reward.
In order to account for delays in input data and rewards, RL reinforcement learning is combined
with LSTM.
The state st — is replaced by the history of observations
hi= LSTM(xt-k, ..‘,xt), (16)
a~n(alhy, (17)
Hybrid models (ML + DDE) are a combination of analytical equations with machine learning
for real-time parameter adaptation.
Hybrid ML + DDE approach
The essence of the hybrid model is that part of the function f is determined non-analytically; it
is learned using a neural network or other ML algorithm.

% = f s (X(), X(t = 7),u () + fy, (X(1), X(t—7),u(t), 6), (18)

where fonys — physically derived (analytical) part of the model; fu. — component obtained using machine
learning; 8 — ML model parameters (neural network weights, etc.).
Adaptation of coefficients through ML
Let the system have the form:
dx(t)
dt
Instead of fixed coefficients a,b we use the model

a=a() =ML, (x -,

b=b(t) =ML, (X‘I—T,t‘)! (19)
ML, and MLy, — models (RNN, LSTM) that learn from the history of states.

Therefore, as shown in Tabl. 1, recurrent neural networks can effectively model temporal depend-
encies with delays in input data, making them suitable for predicting the behavior of dynamic systems.
Reinforcement learning, in turn, enables the development of control strategies even under conditions of
delayed or incomplete information.

=ax(t) +bx(t—7)+u(t),

Table 1. Methods for processing delays in dynamic systems using machine learning

Method Application Delay Handling
State prediction with temporal
dependencies

Control under delayed actions | Optimization through delayed re-
or rewards wards

RNN/LSTM Memory-based modeling

Reinforcement Learning

Control in partially observable | Integration of historical informa-

RNN + RL . .
environments tion

The combination of these methods ensures adaptability, accuracy, and stability in modeling and
controlling systems with delays, which is particularly important in engineering and medical applications.
Conclusions

Managing the dynamics of competitive systems with delays is a complex but critically important
task for ensuring both stability and long-term success. The key factor in achieving the desired outcomes
lies in understanding the nature of delays, accurately modeling them, and applying appropriate manage-
ment strategies.

Analytical capabilities are significantly enhanced by the integration of advanced machine learning
methods, which make it possible to process large volumes of data and capture complex nonlinearities.
This integration paves the way for the development of a new generation of adaptive and flexible man-
agement systems.
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Future research in this area will focus on constructing hybrid models (analytical approaches com-

bined with machine learning), testing these models on empirical data in economics, ecology, and logis-
tics, as well as developing stabilization techniques for systems that display unstable behavior under long
delays.
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