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ANALYSIS OF TEMPERATURE CHANGES OF STRUCTURE OF FUSIONS
TO THE RUBIDIUM WITHIN THE FRAMEWORK OF CLUSTER MODEL

AHAJII3 TEMIIEPATYPHUX 3MIH CTPYKTYPHU PO3ILIABIB PYBIAIIO
Y PAMKAX KJJACTEPHOI MOJAEJIT

A computer program modeled the cluster structure of molten simple metals with a body-
centered cubic (BCC) lattice, determining structural parameters of molten rubidium — cluster shape,
average interatomic distance, optimal cluster size, and inter-cluster distance — by comparing simu-
lated data with neutron and X-ray diffraction results. Guided by the Wulff principle and high-density
atomic planes, the bipyramid cluster (volume-to-surface-area ratio of 0.17) is most stable near the
melting point and up to 160°C, correlating with a linear decrease in cluster size. Above 240°C, where
viscosity and density change anomalously, the tripyramid cluster (ratio of 0.14) dominates, showing
increased surface area and energy, indicating a structural transition from bipyramid to tripyramid.

Keywords: coordinationnumbers, short-rangeorder, translationdirection, body-centeredcubic
(BCC) crystallattice, surfaceenergy, averageinteratomicdistance, optimalclustersize.

Pospobnena xomn'tomepra npoepama mMooent08aHHs KIACMEPHOi CMPYKMYpU PO3Niasie npo-
CMux Memanie 3 KpUCMAniuHoo pewimkoro 0o’ emuoyenmposanoro Kyoiunowo (OLK). Illnaxom cniec-
MABAEHHs 3 eKCNePUMEHMATbHUMU OQHUMU HEUMPOHHO-PEHMEEHOOUPPAKYIIHO2O AHANIZY NPOBEOEHO
BUBHAYEHHS OCOONUBOCHEN CIMPYKMYPHUX napamempie y pos3niasax pyoioi: gopmu Kiacmepis, ce-
PEOHBOI MidICAMOMHOI I0CMAH], ONMUMATLHO20 PO3MIPY Klacmepa, cepeOHboi 8i0Cmani Midc Kiac-
mepamu. Bubip gopmu knacmepy susnawascs y sionosionocmi 3 npunyunamu Kiopi-Byiegha npo mi-
HIMYM NOBEPXHeBOI enepaii Kpucmany, wjo 3Haxo0umscs y piGHO6A3I 3i C80€I0 PIOUHOI0 A NPUHYUNY
bpase, 32i0n0 3 axum Kpucman ooMerHcyemocs amoMHUMU HIOWUHAMU 3 MAKCUMATbHOK 2YCHUHOI0
amomie. B OLIK epamyi maxum sionosioaroms knacmepu y ¢popmi: Oinipamiou, npusmu, mpunipami-
ou. Ilepwuil i3 nazeanux Knacmepie 6i0N0GIOA€ HAUOLTLUUM BIOHOWEHHAM 00 €My 00 NAOW NOBEPXHI,
moomo € HaUbIIbW UMOBIPHUM HPU MeMRepamypax OAU3bKUX 00 MOYKYU NIAGIeHHS.

Y memnepamypnux inmepsanax, 0e cnocmepicaiomscs AHOMAAbHI 3MIHU MAKPOCKONIUHUX (Di-
3uyHUX napamempie — 8’a3kocmi i eycmunu (~240°C) 8iobyearomocs i 8i0n08iOHI 3MIHU napamempie
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kaacmepis. Hagedeni 3anescnocmi onmumanbHux po3mipie Kiacmepa 6i0 memnepamypu 6 iHmepeai
40°C — 160°C cxopiw 3a éce ionogioaroms Gopmi dinipamiou 0t AKoi GIOHOUIeHHsL 00 €My 00 NJlO-
wi nogepxui oopisnioc 0,17 i € natibinvwum, moomo naubinow sipocionum. Ilpo ye 0odamrkoso ceio-
YUMo i JIHIUHE 3MEHWEHHS PO3MIPY Klacmepa 3i 3p0CMAHHAM MeMnepamypu 8 Yybomy iHmepeai.

Jlns 6invw sucoxux memnepamyp 240°C, 360°C npusedeni 3nauenns 0as Oinipamiou He 6io-
nosioaroms OiticHOCMI, OCKIIbKU He KOPenowms 3i 3MIHAMU CePeOHbOI MIdNCAMOMHOI 8i0CmaHi 8i0
memnepamypu ma cepeonvoi 6I0CMani Mixc Kiacmepamu 8i0 memnepamypu 8 ybomy iHmepeaui, ax i
0715 npusmu (8ioHoweHHs 00 ’emy 0o naowi dopisrioe 0,15).

Cymmesa xopenayisi y 0aHOMYy THMepeai memnepamyp mae micye auuie 018 Mpunipamiou,
07151 AKOI 6iOHOWEeHHsL 00 'emy 00 naowi oopisHioe 0,14 € HallMeHWUM, a CYKYNHA NOBEPXHEBA eHepeis
Kiacmepie — Haubinbwia. Takxum YuHoM npusedeni pe3yibmamu c8iouams npo HAA6HICMb (a3068020
nepexody Il pody npu memnepamypi oausoko 240°C, wo obymosiene 3Minow0 (opmu Kiacmepis 8io
binipamiou 0o mpu nipamiou. Lleti npoyec cynpogooicyemocs 30ibUEHHIM CYKYIHOIL NAOWI NOBEPXHI
Kaacmepis i 8i0n06iOHO ix nosepxuesol enepeli.

Knrouoei cnoea:. xoopounayiiini yucia, 6audiCcHitl nOpsao0oK, HANPAMOK MPAHCAayii, 06 eMHO-
yenmposana xyoiuna xpucmaniuna epamxa (OLK), nogepxneea enepeis, cepednss Miscamomua 8ioc-
MAaHb, ONMUMATLHUL POZMID KAdACeED).

Problem’s Formulation

The objective of this work is to develop a computer program for modeling the cluster structure
of melts of simple metals with a body-centered cubic (BCC) lattice in their solid state, such as rubidi-
um, to enable comparison with experimental data from neutron and X-ray diffraction analysis and to
determine the shape and key structural parameters of clusters, including average interatomic distance,
optimal cluster size, and average distance between clusters.

The program is designed to achieve the following:

o Cluster shape: determination of the geometric shape of clusters (e.g., bipyramids, prisms, or
tripyramids) that aligns with the Wulff principle, which states that a crystal in equilibrium
with its liquid phase minimizes surface free energy, and the tendency of crystals to be bound-
ed by atomic planes with high atomic density (low Miller indices).

e Average interatomic distance: calculation of the average distance between atoms within a
cluster, a critical parameter for understanding the local structure of the melt.

e Optimal cluster size: identification of the cluster size that provides the most stable configura-
tion based on energetic characteristics, such as the volume-to-surface-area ratio.

o Average distance between clusters: analysis of the distances between individual clusters in the
melt, which influences macroscopic properties such as viscosity and density.

The program enables modeling of cluster behavior in the melt at various temperatures, particu-
larly in ranges where anomalies in physical properties are observed (e.g., around 240°C for rubidium).
The modeling is validated by comparison with experimental neutron and X-ray diffraction data, ensur-
ing the accuracy of theoretical predictions. The results help identify features of structural phase transi-
tions (e.g., a change in cluster shape from bipyramid to tripyramid with increasing temperature) and
their correlation with changes in macroscopic parameters, such as surface energy and density.

Analysis of recent research and publications

Studies [6, 7] demonstrate that changes in the short-range coordination structure in melts of
alkali metals, such as rubidium (Rb) and cesium (Cs), with varying temperature occur abruptly at spe-
cific temperatures or within narrow temperature ranges, rather than monotonically. These changes
correlate with anomalous phenomena observed in the temperature dependencies of viscosity and den-
sity. For rubidium melts, such anomalies are observed in the temperature range of 250°C—300°C,
potentially indicating a second-order phase transition associated with a change in the shape of clusters
within the melt structure. These findings underscore the importance of interpreting neutron and X-ray
diffraction data using a cluster model of the structure of simple liquids, which accounts for the local
organization of atoms in clusters and their evolution with temperature.

Neutron and X-ray diffraction studies of simple liquids and melts have been the focus of nu-
merous investigations. Studies [1, 2] are notable examples of research into the structure of liquid metals
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using diffraction methods. For the structural analysis of melts of simple metals within the framework of

the cluster model, this work builds on the results of studies [3, 4, 5, 6,7]. These studies provide the theo-

retical and experimental foundation for modeling the cluster structure, including the determination of

cluster shapes, interatomic distances, and other structural parameters that vary with temperature.
Formulation of the study purpose

The objective of this work is to develop a computer program for modeling the cluster structure of
melts of simple metals with a body-centered cubic (BCC) lattice, enabling comparison with experimental
data from neutron and X-ray diffraction analysis to determine cluster shapes and key structural parameters,
including average interatomic distance, optimal cluster size, and average distance between clusters.

Presenting main material

Interpretation of diffraction studies based on the cluster model of liquid structure requires im-
plementing a set of computational tasks, ranging from selecting cluster shapes to establishing relation-
ships between model parameters and diffraction analysis data. These calculations are presented in this
work for clusters derived from the body-centered cubic (BCC) lattice structure.

The choice of cluster shape was guided by the Wulff principle, which states that a crystal in
equilibrium with its liquid phase minimizes surface free energy, and the tendency of crystals to be
bounded by atomic planes with the highest atomic density (low Miller indices). In a BCC lattice, these
planes correspond to the {110} family, including planes such as (110), (110), (101), (101), (011),
(011), (110), (101), (102), (OIT), (011), and (0T1). Clusters constructed from these planes can take the
form of bipyramids, prisms, or tripyramids.

Fig. 1. Examples of bipyramids, prisms, tripyramids

The first of the adopted cluster shapes corresponds to the highest volume-to-surface-area ratio,
making it the most probable at temperatures near the melting point.

When interpreting the radial distribution function (RDF) within the framework of the cluster mod-
el, methods must be defined for calculating coordination numbers within a cluster, followed by their aver-
aging across the cluster and comparison (or fitting) with experimental RDF data. Unlike an ideal infinite
crystal, where the coordination number for the k-th coordination sphere is fixed, in a cluster, the coordina-
tion number of an atom depends on its position. Therefore, it is necessary to calculate the average coordina-
tion number for each coordination sphere within a cluster. This can be achieved as follows:
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Zy = XiNpiZyi/N (), 1)
where Ny; is the number of atoms with coordination number Z,; in the k-th coordination sphere, and
N(v) is the number of atoms in a cluster with v atoms along its edge.

Ingeneral case the number of atoms in a cluster is expressed by cubed ependence on v:

N@) = av® + pv? +yv +c, 2
where a, 8, v, ¢ is determined for each of forms of clusters. Numbers:
Qx () = X ZyiNi (v), 3
Also can be presented by analogical dependence
Qi (V) = Zyeo (arv® + Brv? + y4v + 8. 4

In the first case, parameters are determined relatively simply. However, to obtain «ay,
Br, Vi, Ok, 1t 1S necessary to calculate the value of Qy (v) for different numbers of atoms along the edge
of the cluster, N (v), for all coordination spheres used in the calculations. To this end, a computational
algorithm was developed to determine these parameters, enabling the solution of the problem for all
considered cluster shapes.

As known, when analyzing diffraction from a finite object, it is appropriate to incorporate the
form factor V(x;) into the structure factor, as described in [5].

a(S) = X%V (xy) exp(iSxy), (5)

where x,, isradius which connects some a central atom is arbitrarily chosen from Pb y an atom, S'is a
factor of dispersions. Function of form

V(%p) = = 2¥2 0 (m) 0 (Xmsp), 6)
. 1 Xmp€V ) .
0 (xXm+p) — Evald functions; o (xpm+p) = { 0,2y € V } where V is a volume of some limited area.

The continuous functions of form were found V(x,, ) for all forms of clusters of structure of CVC.
For bipyramid:

1. In direction of normal to the verge

Vilx) =1- + 8? X 8L3 (four directions of translation),
where= % , a— large diagonal of bipyramid.

2. In direction of diagonals

V,(x) = (1 - —) (two directions of translation),

where L = av/2.

For both cases of 0 <x <L
An important task is the application of Fourier transforms to characterize the types of diffraction peaks.

i(s) = %f_LLV(x) eSo¥ dy, 7)
The characteristic cluster size L is taken into account for normals to the family of reflecting

planes. Additionally, the multiplicity of different translations is considered.
In the first case of translation.

i1(S) = e 4[(1 —cosa) + 2a? (1 — %cos a) — 2asina].
In second case of translation

(8 =5 4[2 a? — (1 —cos2a)].

General mtensny —

i(s) = e 4[6a —a?cosa — 2sin*a — 4asina — 2 cosa + 2].
For tripyramid:

1. In direction of normal to the verge

Vix)=1- ’L—C)3(two directions of translation),

2. In direction of diagonals
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3
V,(x) = (1 - %) (two directions of translation),

For the first case of 0 <x < L/2, for the second 0 <x <L.
In first case of translation

iL(S) = 2224[(1 —cosa) + 2a? (1 — %cos a) — 2asina]

In second case of translation

i,(S) = 4224[2a2 — (1 — cos2a)].
General intensity —
i(S) = ——[6a? — a? cosa — sina — 4asina + cos?a + 1].

2da*
For a prism, there are three independent translational directions perpendicular to its faces.

These directions are also perpendicular to the faces of a bipyramid that forms part of the prism’s com-
plement. By knowing the form factors for the bipyramid and tripyramid (two of which compose the
prism), a discrete form can be derived:

Vip * Vop(X) + 2 Vipg * Vi

4 Vop + 2 Verp ’
where V(x) = %
2 3 x 3 x% 1 x%\ 1 X,

i) :§<1‘z'z+§'r+§'ﬁ)+§“‘? :
1. In direction of "short" diagonals
V,(x) =1 - Lx—1)3 (two directions of translation),
where L' = 2L.
2. In direction of "long" diagonal
V3(x) = (1 —-)? (one direction of translation),
where L' = 2L.

In first case of translation

i1(S) = ﬁ[oz2 (4 — %cos a) —3(1 —cosa) — 2asina].
In the second —

i,(S) = 2224[26(2 — (1 — cos2a)].

In the third —

i3(S) = —{2a? — asin (2a)].

General intensity —

. 1.1 1
o 1 1(5)1=511 +§12 +gl3 1
i(s) = W[?Oaz +5(6- a’)-cosa — 5@ —cos(2a) — (1 + a - sin(a)) —=(3 + a - sin(2a)).

For all forms of clusters — a=S-L, d is between plane distance.
The computational program within the framework of the cluster model was developed accord-
ing to the following scheme:

1. Input of the experimental structure factor a(S), where S is the magnitude of the wavevector
change during scattering.

2. Calculation of the radial distribution function (RDF) based on the type of diffraction peak.
The apodization method, as described in [6,7], was used, which involves applying a weighting
function during the computation of the RDF using Tikhonov regularization to solve diffraction
problems for macroscopically isotropic structures. This method significantly reduces oscillato-
ry components caused by measurement errors and the finite upper limit of the wavevector
change. In the absence of a weighting function, the procedure results in broadening of the
RDF peaks.
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_ S (r-x)? _ 2 rSm —182% _;
G(r) = (4mr)"z [__ 4mxp(x) exp (— T) dx = 4mrpg + Efo S[a(S) —1]e~™" sin(Sr)- dr,
where 7 is a constant of apodization, p(x) is a local atomic closeness. Thus

Z (r —no)?
4nrp(r) = Z exp (— T) :
% N o

In right part of equalization G (r) can be found minimization of quadratic form
Q = [[HG() — G (M}dr. ®

A system of nonlinear transcendental equations was solved using the gradient descent method.
The procedure was as follows:

Initial values of the parameters z, 7,52 were estimated based on assumptions about the
short-range order, corresponding to the position of the diffraction peak. The parameter o2, related to
the speed of sound propagation and the nearest interatomic distances, was determined accordingly.
The values of z;, were estimated based on the average effective cluster sizes in the melt and their
shapes. By selecting a specific effective cluster shape, its average size was adjusted to minimize the
deviation between the theoretical and experimental diffraction peak profiles.

The peak profile was approximated by the expression:

i(s) = %fomg(L)dL f_LL V(|%|) cos Sxdx, 9)
where model function of distribution of clusters for to the sizes:
3n
g(L) = ALz exp (—BL™). (10)

m=2-3 (the best approximation answers m=3, n=1).
Coefficient A it is determined from the condition of setting of norms

meg(L)dL =1

Minimization (9) is determine z,, ry,, o2are the specified values for 30 co-ordinating spheres.
The following structural parameters were obtained from the approximation results:

e Average interatomic distance,

e Average distance between clusters,

e Optimal cluster size.

For the investigated object, as reported in [4], results were obtained for temperatures ranging
from near the melting point of 40°C (Tm=38.9°C T_m = 38.9°C Tm=38.9°C) to 60°C, 240°C, and
360°C. This range includes the interval of 250—300°C, where anomalies in the temperature dependence
of viscosity and density are observed, along with a significant change in the first peak of the structure
factor a(S), indicating a substantial change in the short-range order structure of liquid rubidium [1, 2].

Tabl. 1 presents the values of the structural parameters for the aforementioned temperatures. As
shown in Fig. 2, at 240°C, an anomalous decrease in the average interatomic distance is observed, accom-
panied by a sharp increase in the average distance between clusters, followed by a decrease at 360°C.

Table 1. Parameters of structure

Middle between atomic | Optimal size of |Middle  distance is
distance, ai(A) cluster, Lopt, A between clusters, D;, A
Rb -40°C, p,=0,01037
bipyramid 5,7411 13,9595 0,13565
tripyramid 5,7443 13,296 0,1189
prism 5,7458 13,5846 0,1155
Rb - 160°C, po=0,00988
bipyramid 5,761 13,295 0,323
tripyramid 5,772 12,333 0,267
prism 5,76 12,605 0,3123
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Continue of the table 1

Rb - 240°C, po=0,00971

bipyramid 5,7399 12,674 0,567
tripyramid 5,755 12,756 0,518
prism 5,732 11,982 0,567
Rb - 360°C, po=0,00934
bipyramid 5,902 11,379 0,264
tripyramid 5,894 10,494 0,271
prism 5,899 10,653 0,259
5,95 0,6
055
= 59 =
= 05
g g
e 0,45 2
2 5,85 S
° 04 &
2 g
% 5,8 035 2
o 0,3 g
2 c
@ 5,75 g
2 0,25 :2
5 @
© e]
S 57 0,2 g
0,15
5,65 0,1

40 160 240 360

Fig. 2. Dependences of parameters of structure to the rubidium from a temperature

As shown in Fig. 3, the dependence of optimal cluster size on temperature in the range of
40°C to 160°C clearly corresponds to the bipyramid shape, which has a volume-to-surface-area ratio
of 0.17, the highest among the considered shapes and thus the most stable. This is further supported by
the observed decrease in cluster size with increasing temperature in this range.

For higher temperatures (240°C and 360°C), the values obtained for the bipyramid do not cor-
respond to experimental observations, as they do not correlate with the changes in the average intera-
tomic distance a(t) and the average distance between clusters D(t) in this range, nor do those for the
prism (with a volume-to-surface-area ratio of 0.15). Significant correlation in this temperature range is
observed only for the tripyramid, which has the lowest volume-to-surface-area ratio of 0.14 and the
highest total surface energy of the clusters. These results indicate the presence of a second-order phase
transition at approximately 240°C, driven by a change in cluster shape from bipyramid to tripyramid.
This process is accompanied by an increase in the total surface area of the clusters and, consequently,
their surface energy.
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Fig. 3. Dependences of optimal cluster sizes are on a temperature

Conclusions

For the object considered in [4], the following results were obtained: average interatomic dis-
tance, optimal cluster size, and average distance between clusters. The temperature dependence of the
structural parameters of molten rubidium was studied in the temperature range from just below the
melting point 40°C (t°x=38,9°C) to 360°C. The developed computational algorithm, implemented in
the utilized software, ensured an approximation accuracy of 0.05 %.

Fig. 3 presents the dependence of optimal cluster size on temperature in the range of 40°C—
160°C. These dependencies likely correspond to a bipyramidal form, for which the volume-to-surface-
area ratio equals 0.17 — the highest and, hence, the most stable. This is also supported by the ob-
served decrease in cluster size with increasing temperature within this range.

At higher temperatures (240°C and 360°C), the values obtained for the bipyramidal model no
longer correspond to reality, as they do not match the observed changes in a(t) and D(t). Similar dis-
crepancies were found for the prism-shaped model (volume-to-surface-area ratio = 0.15), which also
does not align with the experimental trends of a(t) and D(t). A significant correlation in this tempera-
ture range is observed only for the three-pyramidal model, which has the smallest volume-to-surface-
area ratio (0.14) and the highest total surface energy of the clusters.

These findings suggest the occurrence of a second-order phase transition at approximately 240°C,
likely associated with a change in cluster geometry from bipyramidal to tripyramidal. This transition is ac-
companied by an increase in the total cluster surface area and, consequently, their surface energy.
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