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MULTICRITERIA MATHEMATICAL MODELING OF TRANSPORT FLOWS
IN INDUSTRIAL REGIONS UNDER UNCERTAINTY WITH CONSIDERATION
OF SUSTAINABLE DEVELOPMENT GOALS

BATATOKPUTEPIAJIBHE MATEMATHUYHE MOJAEJIOBAHHA TPAHCIIOPTHUX
INOTOKIB ITIPOMUCJIOBUX PET'TOHIB B YMOBAX HEBU3HAYEHOCTI
3 YPAXYBAHHSIM IIUIEH CTAJIOTO PO3BUTKY

The paper develops a methodological framework for multicriteria mathematical modeling of
transport flows in city-logistics systems of industrial regions under conditions of uncertainty. The
transport system is formalized as a directed network, for which a vector-valued objective function is
constructed, integrating economic, energy-related, and environmental management criteria in accord-
ance with the principles of sustainable development. A universal formulation of the transport flow opti-
mization problem is proposed, along with methods for transforming the multicriteria model into a scalar
optimization problem using scalarization procedures. Particular attention is devoted to methodological
approaches for incorporating uncertainty in transport system parameters. The results obtained are of a
theoretical and methodological nature and may serve as a foundation for further applied research in the
field of transport flow management and city-logistics systems in industrial regions.

Keywords: multicriteria optimization, transport flows, mathematical modeling, uncertainty,
sustainable development, city logistics.

Y cmammi cghopmosano yinicny memooonociuny KoHyenyiro 6a2amoxpumepiaibHo2o mame-
MAMUYHO20 MOOETIO8AHHSA MPAHCNOPMHUX NOMOKI8 V' CIMI-N02ICIMUYHUX CUCIEMAX NPOMUCTOBUX pe-
2IOHI6 30 YMO8 HAABHOCTI HesusHaueHocmi. Tpancnopmua cucmema po3eisiodemvpest K CKIAOHA iEpa-
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pxiuna cmpykmypa, opmanizosana y euenidi opieHmosanoi Mepedxci, Wo 8i00opaxicae npocmoposo-
@DYHKYIOHATbHI 83AEMO38 'A3KU MIdIC eleMeHmamu PecioHanbrol aocicmuunol ingppacmpykmypu. Y
MednHcax 3anponoHoB8aAH020 nioxody nody008ano GeKMopHy QYHKYI0 Memu, aKa iHmezspye CyKYIHICb
83AEMONOB A3AHUX KPUMEPII8 YNPABIIHHA, 30KpeMa eKOHOMIUHI 8Umpamu, eHepeemuuHy egexmus-
HICTb WA eKON02IUHT 00MedICeHH s, Y32002iCeHi 3 KOHYENMYATbHUMU 3ACA0AMU CTHANIO20 PO3GUMKY.

3anpononosano y3azanvHeny MamemMamuyHy HOCMAHOBKY 3a0ayi ORMUMI3ayii mpaHcnopm-
HUX NOMOKIB, WO He 3aNedCUmb i0 KOHKPEmHUX Napamempis peziony abo 6udy mpaHcnopmy ma
Modice 6ymu a0anmosana 00 pPisHUX YMO8 QYHKYIOHYBAHHSA CIMI-NO2ICMUYHUX cucmeM. SHAUHY yeazy
NPUOiEeHO Memooam npueedeHHst bazamokpumepiantbHoi 3a0a4i 00 eK8iBaleHMHOI CKAAapHOL opmu
3 BUKOPUCTNAHHAM NPOYEOYp CKANAPU3AYii, W0 0036015 HOPMATLHO ORUCANU KOMNPOMICHT DileH s
MINHC KOHDIIKMHUMU YIIAMU YAPABIIHHSL.

Oxpemuil po30in NPUCBAYEHO MEMOOON0IUHUM ACNEKMAaM YPaxyeants HeGU3HAYeHOCT napa-
Mempie MPAHCROPMHOL CUCMEMU, KA SUHUKAE BHACTIOOK MIHIUGOCI NONUMY, HECMAOIIbHOCMI 4aCo-
8UX Xapaxmepucmuk ma HenosHomu ingopmayii. Iloxazano, wo BKIOUEHHS HeBUSHAYEHOCMI 8 Mame-
MamMuyHy Mooenb Hiosuwye ii adekgamuicmv i pOUWUPIOE MONCTUBOCTE 3ACIMOCYBAHHS 8 3A0a4aX
cmpameziunoco  naamyeauHs. Ompumaui — pe3yibmamu  MAomb — Y3a2albHEeHUti  meopemuKo-
MEMOOON0IUHULL XaPAKMeED | MOICYMb OYMU UKOPUCIAHT SIK HAYKOBA OCHO8A 0I5l NOOATbULUX NPUKIA-
OHUX OOCTIONCEHb MA PO3GUMKY THCIMPYMEHMAPIIO YIPAGIIHHA MPAHCNOPIMHUMU | CIMI-T02ICIUYHUMU
cucmemMamu nPOMUCIO8UX PELIOHIE.

Knwowuogi cnosa: bazamoxpumepianvha onmumizayis, mpancnopmui noOmoxu, Mamemamuine
MOOeN0BAHHS, HEGU3HAUEHICb, CIAUL PO3BUIMOK, CIMI-T02ICMUYHI CUCHEMU.

Problem’s Formulation

The operation of transport systems in industrial regions is marked by a complex network of interre-
lated flows, high transportation intensity, and a strong dependence on both external and internal factors.
These transport flows are shaped by production processes, logistics chains, infrastructure constraints, and
socio-economic conditions, highlighting the need for formalized methods to analyze and manage them.

The contemporary challenges in the development of industrial regions are associated not only
with improving the efficiency of transport processes but also with the necessity of adhering to the
principles of sustainable development [3, 4, 9]. Reducing energy consumption, cutting pollutant emis-
sions, and optimizing the use of transport infrastructure have become goals of equal importance along-
side economic efficiency [3, 9].

An additional complicating factor is the presence of uncertainty, manifested in fluctuations in
transport demand, variability in traffic parameters, instability of energy characteristics, and the influ-
ence of random events [1, 2, 7]. Under such conditions, traditional single-objective deterministic mod-
els do not provide a sufficiently accurate representation of transport systems [1, 5].

In this context, advancing methodological approaches for multi-criteria mathematical model-
ing of transport flows—considering both uncertainty and sustainable development objectives—
becomes particularly relevant. This article is dedicated to the development of such an approach.

The aim of this work is to develop a universal methodology for multi-criteria mathematical
modeling of transport flows in industrial regions under uncertainty, with explicit consideration of sus-
tainable development goals.

Analysis of recent research and publications

Mathematical modeling of transport flows has traditionally relied on network-based represen-
tations, in which a transport system is described as a set of nodes and the connections between them.
Classical deterministic network models enable efficient solutions to problems such as cost minimiza-
tion, capacity maximization, or shortest-path determination. However, these models assume complete
certainty of parameters, which limits their applicability in real industrial regions characterized by sig-
nificant fluctuations in demand, travel times, and network capacity.

To overcome these limitations, stochastic and interval-based approaches to modeling transport
flows have been proposed [1, 2, 10]. Stochastic models account for random fluctuations in traffic vol-
umes or travel times, while interval models describe parameters as ranges, allowing for the incorpora-
tion of incomplete or imprecise information. These approaches enhance the realism and flexibility of
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modeling but simultaneously complicate optimization procedures and the interpretation of results.
Accurate formulation of objective functions and constraints becomes particularly critical to ensure
robust and reliable solutions [5, 7, 8].

In the context of sustainable development, transport systems should be analyzed from a multi-
criteria perspective, as the objectives of economic efficiency, energy conservation, and environmental
protection often conflict [3, 4]. Optimization based solely on costs or capacity may lead to increased
emissions or energy consumption, while prioritizing environmental criteria can negatively impact
overall system performance. This inherent trade-off justifies the use of vector-based management
models, which enable the simultaneous consideration of multiple performance criteria [3, 4, 9].

Consequently, the management of transport flows is formulated as a multi-criteria optimiza-
tion problem under conditions of system parameter uncertainty.

Formulation of research purpose

The aim of this study is to develop a comprehensive methodological framework for multi-
criteria modeling of transport flows within city-logistics systems of industrial regions, explicitly ac-
counting for uncertainty in system parameters. The research focuses on the formalization of transport
networks as directed graphs, where nodes represent industrial, logistics, or distribution centers, and
arcs correspond to transport links characterized by flow intensity, capacity, economic costs, energy
consumption, and environmental impact [1, 6].

Within this framework, the transport system of an industrial region is represented as a directed
graph, which is a standard approach for analyzing transport and logistics networks. The management
of transport flows is formulated as a multi-criteria optimization problem under uncertainty, allowing
the identification of Pareto-optimal solutions and a systematic analysis of trade-offs between conflict-
ing objectives [5, 7, 8].

Thus, the proposed methodological approach provides a formalized basis for further applied
research and for the development of tools to manage transport and city-logistics systems in industrial
regions in accordance with the principles of sustainable development.

Presenting main material

Mamemamuune npeocmaeneHus MPAHCROPMHOT CUCEMU.

The transport system of the industrial region is represented as a directed graph:

G =(V,E), (€Y)
where V ={1,2,...n} — the set of nodes (transport districts, logistics centers, industrial zones);
E € V X V — the set of arcs corresponding to transport connections. The control variable is the
intensity of the transport flow x;; on the arc (i, j) € E.

For each arc(i,j) € E, the following variables and parameters are introduced:
x;j — transport flow intensity; c;; — unit economic cost; e;; — unit emissions (CO; equivalent);
7;; — travel time; u;; — arc capacity.

The uncertainty of the parameters is taken into account by representing them as intervals or
random variables: Cij € [EU’EU]’ e;j € [Q]’EU]’ Tij € [zl]’?l]]

Cucmema oomedriceHb mpPAHCHOPMHO20 OANAHCY .

For each node i € V, the flow balance equation is satisfied:

Xij — Z Xji = dj, (2)

j:(i, NEE i:(i,)EE

where d; — denotes the net demand (or supply)of transport flows at node i.

The capacity constraints are given by:

OSXU' < uyj, v(i,j) €E. 3)

Construction of the vector objective function.

Considering the goals of sustainable development, the problem is formulated as a multi-
objective optimization task.

Criterion 1. Minimization of economic costs:

Fi(x) = z Cij Xij- 4)
(i,))EE
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Criterion 2. Minimization of environmental impact:

F(x) = Z ejj Xij- 5)
(L.)EE
Criterion 3. Minimization of transportation time.
Fy(x) = Z Tjj Xij- (6)
(i,))EE
Thus, the multicriteria optimization problem takes the form:
F(x) = (F1(x), F>(x), F3(x)) — min (7)

Methods for Scalarization of the Multi-Criteria Problem.
Linear Combination of Criteria.
A weight vector is defined:

3
a=(a,aas), a, =0, Z a, = 1. (8)
k=1
Scalarized Objective Function:
F(x) = a1 Fy(x) + azF,(x) + azF3(x). C)]

Minimax (Chebyshev) Scalarization:
The ideal values for each criterion are defined as:

Fy = mel)r(l Fp (%), k=1,23. (10)
X

Problem Formulation:

min kr=r11{23{ak|Fk(x) — Fl}. (11)
&- constraints.

min F; (x), (12)
F(x) < &, (13)
F3(X) < &3. (14)

Solution Method and Algorithmic Implementation.
Accounting for Parameter Uncertainty.
For interval-based parameters, a robust optimization formulation is applied [1, 5, 7]:

EXmin mezixF(x, ), (15)
X gen
where £ — vector of uncertain parameters; £ — set of their admissible values.
In the stochastic form [2, 10]:
mEl)r(l E[F(x, 9)]. (16)
X

General Solution Algorithm.

Step 1. Construct the transportation system graph and define the set of feasible solutions X.
Step 2. Select a scalarization method and determine the associated weights or threshold values.
Step 3. Develop a scalar robust or stochastic objective function.

Step 4. Execute the optimization procedure to obtain the solution - I;lei)l(l F (x) using the follow-

ing methods: linear programming; robust optimization; Pareto-based multi-criteria analysis.

Kpok 5. Anani3 ctpykTypu MHOKHHU [lapeTo-onTuManbHHUX PIllICHb.

Memooonociuna inmepnpemayis pe3yibmamis.

OTtpumaHa MHOKMHA PillICHB!

Step 5. Analyze the structure of the Pareto-optimal solution set.

Methodological interpretation of the results.

Resulting solution set:

XP={xeX|AyeX:F(y)<F (x)}. (17)

Enables managerial decision-making in alignment with strategic sustainable development goals.

Ensures the correctness of the multi-criteria formulation.

Let the set of feasible solutions X c R'E! be defined by a system of linear constraints represent-
ing transport balance and capacity limits. Since all constraints are linear, the set X is convex and closed.
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The vector objective function:
F(x) = (F1(x), F (%), F3(x)). (18)

is continuous on X, since each criterion is a linear form.

Proposition 1.

The set of Pareto-optimal solutions for the multi-criteria optimization problem is non-empty.

Justification.

The continuity of F(x) and the compactness of X ensure the existence of minimal elements
with respect to the Pareto partial order.

Properties of Scalarized Problems.

Linear Aggregation of Criteria.

Consider the scalarized problem:
3

r}gg}r{l F(x) = 2 apF(x), a>0. (19)
k=1
Proposition 2.
Any optimal solution of the linear aggregation problem is Pareto-optimal for the original mul-
ti-criteria problem.
Proof (sketch).
Assume that there exists y € X, that dominates x*. Then F, (y) < F,(x*) for all k, and strictly
for at least one which contradicts the optimality of x*.
Minimax Scalarization.
Consider the problem:
min max|F, (x) — F¢|. (20)
x€EX k

Proposition 3.

The solution obtained via minimax scalarization belongs to the set of weakly Pareto-optimal
solutions.

This approach ensures a uniform approximation to the ideal point, which is particularly im-
portant in strategic management problems of transportation systems.

Theoretical Aspects of Uncertainty Consideration.

Robust Optimization

Let the problem parameters depend on an uncertainty vector ¢ € E, where = —
is a convex and compact set.

The robust optimization problem is formulated as:

min max F (x, €). (21)

XEX €€EE
Trepmxenns 4.

Under the convexity of F(x, €) in x and the compactness of X and Z, the robust optimization
problem admits an optimal solution.
Stochastic Formulation.
Let € — be a random vector with a known distribution.
Consider the problem:
min E[(x, £)]. (22)
xX€EX

Proposition 5.

If F(x,¢) is almost surely convex x then the expected value preserves convexity, and the
problem possesses a global minimum.

Theoretical Interpretation from the Perspective of Sustainable Development.

The multi-criteria structure of the model allows interpreting sustainable development as a
compromise between mutually conflicting criteria [3, 4, 9]. Formally, sustainable development corre-
sponds to selecting a solution from the Pareto set:

xS € XP, (23)
which satisfies normative or strategic constraints on environmental and socio-economic indi-
cators.
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Conclusions

This study develops a generalized methodological framework for multi-criteria mathematical
modeling of transportation flows in industrial regions under uncertainty, while explicitly incorporating
sustainable development objectives. The transportation system is formalized as a directed network
with linear flow balance and capacity constraints, ensuring the mathematical soundness of the formu-
lation and enabling the application of multi-criteria optimization techniques.

A vector-valued objective function has been constructed, integrating economic, environmen-
tal, and temporal criteria for transportation flow management. It is demonstrated that this formulation
adequately captures the conflicting nature of transportation system objectives and allows a transition
from single-criterion solutions to a systematic analysis of trade-offs within the Pareto-optimal solution
space. The non-emptiness of the Pareto-optimal set is theoretically justified, and the relationship be-
tween the multi-criteria problem and its scalarized forms is established.

A key outcome is the methodological integration of uncertainty into the model through robust
and stochastic formulations, which enhances the resilience of the obtained solutions to variations in
system parameters. The proposed solution algorithm is of a universal nature and can serve as a theoret-
ical foundation for the further development of strategic management tools for transportation and city-
logistics systems in industrial regions within the context of sustainable development.
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