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APPLICATION OF INVERSE SPLINES IN THE MODIFICATION OF THE GODUNOV
METHOD FOR CALCULATING COMPRESSIBLE GAS FLOWS

3ACTOCYBAHHSA 3BOPOTHHUX CHJIAI‘/‘IHIBUY MOJIU®IKALII METOJIY TOJIYHOBA
JJIS1 PO3PAXYHKY TEUYIN CTUC/INBOI'O I'A3Y

An implicit numerical algorithm for solving Navier-Stokes equations is proposed, taking into
account the modification of the explicit Godunov method for calculating viscous flows. To avoid high
computational costs, a modification of Godunov's method for calculating convective terms is proposed.
The main idea of the modification is to approximate the original nonlinear dependence with an inverse
cubic or parabolic spline. From a mathematical point of view, instead of finding the root of a nonlinear
equation, it is sufficient to find the free coefficient of the inverse spline. The approach considered can
be called "almost accurate™ because it preserves the exact formulation of the gap decay and uses an
approximate method for calculating only one quantity — the pressure value at the adjacent boundary
between neighboring cells as a result of solving the Riemann problem. The proposed modification of
the calculation of convective terms for compressible gas flows is implemented within the framework of
our own computational aerodynamics software package, which has been developed and used for many
years at the Institute of Transport Systems and Technologies of the National Academy of Sciences of
Ukraine. The testing was performed on the problem of the interaction of an oblique compression jump
with a turbulent boundary layer on a flat plate at a Mach number of 5 of an undisturbed flow. Compar-
ison with experimental data on pressure distribution and coefficient, as well as experimental and nu-
merical schlieren photographs, shows that the proposed method well reproduces both individual ele-
ments of the structure of the interaction under consideration and its general parameters.

Keywords: implicit numerical algorithm, gap decay, inverse splines.

Po3spobneno neasny uucenvHy cxemy 0ias po3e’azanus piguans Hae’e-Cmokca, y saKiii suxopu-
cmano mooughikoganuil nioxio 0o a6no2o memody I 00yHosa Onsi onucy Heg sizkux meuitl. Knacuuna
peanizayisi memody [ 00yHo8a 6a3yemvbca HA CMPO20OMY PO36 °A3AHHI 3a0aui po3naody po3pusy Midxc
CYCIOHIMU KOHMPOIbHUMU 00 €eMamu, wo 3YMOGIIOE HeOOXIiOHICmb 0azamopaz06020 imepayiiHo2o
BUBHAYEHHSI MUCKY ULTSAXOM 3aCmOCy8ants memody Holomona na Koxciil epani cKiHueHHo20 00 emy.
3 memoro 3meHuen s 00UUCTIOBATILHUX BUMPAM 3ANPONOHOBAHO ATbMEPHATNUEHY MOOUQIKayio 00-
YUCTeHHSA KOHBEKMUBHUX CKIa006ux. Ii cymv nonaeae y 3amini uxionoi neninitinoi sanesicrocmi anpo-
KCUMAYIEIO 3a 00NOMO2010 360POMHO20 Napaboniyno2o abo Kyoiunoz2o cniauna. Taxuil nioxio 00360-
JISIE 36eCmU 3A0ay)y 00 GU3HAHEHHA O0HO020 NApPAMempda CHIAUHA 3aMIiCMb NPAMO20 HOULYKY KOPEHs
HENIHIIHO20 PIBHANHHS. 3aNPONOHOBAHUL MEMOO MOICHA MPAKMYBAMU K «MAtidice MOYHULLY, OCKITbKU
cmpoeutl onuc 3a0a4i Pimana 30epicacmvcs, a HAOIUNCEHHST 30CTNOCOBYEMbCS uue 00 0OUUCTIEeHHS.
MUCKY HA CRIIbHIL 2DAHT CYMINCHUX KoMipok. Peanizayiio moougixosanoco aneopummy 015 po3paxy-
HKY KOHGEKMUBHUX YIIeHI8 Y 3a0auax meuii CIUcIugo2o 2asy UKOHAHO 8 PAMKAX A8MOPCbKO20 Npo-
2PAMHO20 KOMNIEKCY 3 0OUUCTIOBATIbHOI AepOOUHAMIKU, WO MPUBAIUL YAC PO3POOIAEMbCA I BUKOPU-
cmosgyemocsi 6 Incmumymi mpancnopmuux cucmem i mexnonoeivi HAH Yxpainu. Ilepesipxy eghexmu-
6HOCMI NiOX00Y 30TUCHEHO WISAXOM eepuikayii y ckiadi pauiule CmeopeH020 HesI8HO20 AN20PUmMy
07151 0806UMIPHUX HecmayionapHux pieusHb Hae’'e-Cmoxca, ocepeonenux 3a Peiinonvocom, y 3aeans-
HUX KpUBOIIHIHUX KoopOunamax. Pospaxynxu npogedeno 0ns 3a0aui 63aemo0ii kocozo cmpubka yuji-
JIbHEHHSL 3 MYPOYISHMHUM NPUMENCOBUM WAPOM HA NIOCKIU nogepxHi npu yucii Maxa He30ypenozo
nomoxy, pisnomy 5. IlopigusnibHull anHanis YucerbHUX pe3yibmamis 3 eKCHepUMeHMAlbHUMU OAHUMU
w000 pO3N0OiNY MUCKY, BIONOBIOHUX KOeiyieHmis, a maKoic 3i WIIPeH-300PaANCEHHAMU CEIOYUMb
npo 30amHicmb 3aNpPONOHOBAHOI MemOOUKU a0eK8amHO GIOMBOPI08amy AK JOKALbHI 0COOAUBOCHII
CIPYKMYypU 83a€MOo0ii, mak i il inmespaivbHi Xapakmepucmuku.

Kniouosi cnoea: nessnuil yucenvruil aieopumm, po3nao po3pusy, 360pomHui CHIAUHU.

Problem’s Formulation
The supersonic and transonic velocity range is fundamental in the flow around aircraft, aircraft
propellers and helicopter rotors, flows near aircraft engine air intakes, in diffusers and compressor
grids, and in the flow section of gas turbines. In flows of this class, shock wave systems usually arise
that interact with each other and with the boundary layers that develop on the outer surfaces.
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From a mathematical point of view, compression jumps are infinitely thin rupture surfaces. In
the 1970s and 1980s, the possibility of a thorough calculation of shock waves (without highlighting
features) was demonstrated within the framework of the finite difference method (FDM) and the finite
element method (FEM). At the same time, a number of theoretical questions remain open. In particu-
lar, for stable operation at discontinuities, such schemes require the introduction of additional compo-
nents with artificial dissipation.

The finite volume method (FVM) is currently the most common approach to calculating com-
pressible gas flows. A distinctive feature of the finite volume method is that it ensures the balance of
physical quantities in the calculation cell without constructing a finite difference analogue of any indi-
vidual derivative. FVM allows obtaining "weak solutions™ in the sense of Lax, i.e., solutions that satis-
fy the initial equations written in integral form but cannot be obtained on the discontinuity surfaces for
the differential form of the equations [1—7].

The main task in the numerical use of MCO is to determine convective and viscous flows at
the boundary of adjacent cells (Fig. 1). For compressible flows, two basic models of gas particle inter-
action can be distinguished: wave interaction (Riemann approach) [1—3, 6, 7] and exchange of mass,
momentum, and energy (Boltzmann approach) [4, 5].

q, 19: a.|a.
. ° + - .
i i+1 i E|E
i-1/2 i+1/2 i+3/2 i-1/2 i+1/2 k372
a) Riemann's approach b) Boltzmann's approach

Fig. 1. Schemes for determining flows at the boundary of adjacent cells

Analysis of recent research and publications

The method of S.K. Godunov [1] is historically the first numerical algorithm that implemented
Riemann's task (Riemann solver) within the CEA. It influenced the further development of the MCA
to such an extent that the term "Godunov-type schemes" [3, 7] exists in the literature.

The advantage of S.K. Godunov's original method is that it fully formulates the wave problem of
gap decay, but this leads to a complex procedure for finding parameters at the boundary of the control vol-
ume. The key point here is the solution of a nonlinear pressure equation in the inner region of the rupture
decay, which uses Newton's iterative algorithm, leading to high computational costs. It was precisely the
significant level of computer resource costs of S.K. Godunov's method that led to the emergence of approx-
imate algorithms for calculating rupture decay. It should be noted that modifications of S.K. Godunov's
method use simplified linearized formulations of the breakup problem without taking into account the in-
crease in entropy on shock waves [2, 3, 6, 7]. Another disadvantage of the original method of S.K. Godu-
nov [1] is its limitation as an explicit scheme of first-order accuracy for calculating viscous flows.

Formulation of the study purpose

Objective. To develop an effective implicit numerical algorithm of second-order accuracy for
solving Navier-Stokes equations for compressible flow without linearizing the breakup problem when
calculating convective terms. The main mathematical idea of the modification proposed in this work is
to approximate the original nonlinear dependence for pressure with an inverse spline. This approach
can be conditionally called "almost accurate” because it preserves the exact formulation of the gap
decay problem and uses an approximate method to calculate only one value of the pressure at the
boundary of neighboring cells as a result of solving the Riemann problem.

Complete nonlinear formulation of the gap decay problem. In [1], the sought values of the
flow parameters are denoted by capital letters: P — pressure; R — density; U, V, W — components of
the velocity vector. The key factor is the determination of the pressure P, after which the other values
are found by analytical relations.
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All possible configurations of wave gap decay are considered: two rarefaction waves; shock
wave — rarefaction wave, two shock waves (Fig. 2). Theoretically, it is possible for a vacuum to form
between two rarefaction waves (Fig. 2a). However, from the point of view of constructing a computa-
tional algorithm, this is an unacceptable situation caused by errors in the program or a non-physical
initial approximation.

Contact Dilution Dilution Contact

Dilution ]
break wave break Shock
2
wave \ wave ‘ e

» X » X

Shock Contact Dilution Shock Contact

break break Shock
wave waye wave
\ wave

> X

Fig. 2. Possible configurations of gap decay

For the "two rarefaction waves" configuration, there are exact analytical relationships [1] that
do not require further modification.

In the "rarefaction wave — compression jump" configuration (Fig. 2b), the desired pressure
value at the boundary P is in the range p.<P<pr. The functional dependence F=F(P) has the form:

r-1
2 —
F(P)= 2 a (ij ' -1+ il _(UL_UR)' 1)
y-1 P y+1P y-1
N2y ope 2y

Here, p is pressure; p is density; u is the gas velocity normal to the boundary; a is the speed of
sound; y is the adiabatic index. The indices "L" and "R" refer to the parameters of the flows to the left
and right of the edge (Fig. 1a). According to the recommendations [1], adjacent cells are labeled so
that pr —pL > 0.

The pressure value at the edge P is found as the root of the nonlinear equation F(P)=0 (Fig. 3). Since
the dependence F=F(P) is a convex function, Newton's iterative algorithm was used in the original work [1].

In the "two compression jumps" configuration (Fig. 2d), the pressure value at the edge P>pg,
i.e., outside the range [p., pr]. The function F(P) is written as:

F(P)=—2 i U i . Cu-w). @
y-1 7+1£+7/—1 p.a 7+1£+7/—1
2r po 2y TN 2 py 27
Function (2) also has a convex character, but unlike (1), F(p.) < F(pr) < 0 since P > p.> pr.
To solve equation (2) F(P) = 0, it is also necessary to use Newton's iterative algorithm [1].
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<1

Fig. 3. Direct dependence F(P) according to the method of S.K. Godunov [1]

Presenting main material
Calculation of the gap decay using inverse
splines. The main idea of the modification proposed
in this work is to approximate the nonlinear de-
P A pendencies (1) and (2) with an inverse spline
P=P(F). If we consider the inverse functional de-
/ pendence P(F) (Fig. 4) on the interval [F. ,Fr ] for
[ function (1) and select an approximating parabolic
or cubic spline, then the task of determining the
] value of P will be reduced to finding the value
| P=P(0). From a mathematical point of view, the
! value P(0) corresponds to the free coefficient of the
inverse spline. Thus, instead of an iterative proce-
| dure that is expensive in terms of computational
! costs, we will have an effective, albeit approximate,
| method for determining the pressure value at the
F gap breakdown. This approach can be conditionally
— called "almost accurate” because it preserves the
Fe F. exact formulation of the gap collapse problem and
uses an approximate method to calculate only one
Fig. 4. Inverse dependence of P(F) for equation (1)  quantity — the pressure value at the cell boundary
as a result of solving the Riemann problem.

In [1], analytical expressions for the derivatives F'(P) for equations (1) and (2) are given, which
allows cubic splines to be constructed. However, as test calculations have shown, a cubic spline is not a
monotonic function and can lead to non-physical numerical errors. Therefore, parabolic splines with the
calculation of additional values of functions F=F(P) were chosen as the interpolation polynomial.

For equation (1), the average value Fc=F(0.5(p.+pr)) was calculated. Constructing an inverse
spline to function (2) leads to extrapolation, since P>pr>p., which can lead to an increase in numerical
error. However, this can be avoided by selecting a point Pyon the curve F(P) such that pr <P<P4 . For
this configuration, the value of Py can be obtained from an approximate calculation of the “strong
break" [1] using the quadratic equation

P_pL+P_pR_

h@pLP '_epRP =U = Ug, 3)

where &= (y +1)/ 2. The larger root of equation (3) is selected as P.

P=P(F)
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After calculating the pressure value at the boundary, other parameters (density, velocity compo-
nents) at the adjacent boundary are determined according to the original method of S.K. Godunov [1].

Construction of an implicit algorithm for Navier-Stokes equations. The Institute of Transport
Systems and Technologies of the National Academy of Sciences of Ukraine has been developing and
applying its own computational aerodynamics software package for many years [8—11]. For two-
dimensional unsteady Reynolds-averaged Navier-Stokes equations in arbitrary coordinates

oq OE oF 1 |oE, oF
_+_ — \2 V,

o @
ot o oy Re|oE  on

an implicit numerical algorithm of second order accuracy in space and time has been constructed [9].
In the system of equations (4)q is the vector of conservative gas-dynamic parameters; E,F E,F

v ! v
are vectors of convective and viscous flows, written in arbitrary coordinates, taking into account met-
ric coefficients and the Jacobian of the coordinate transformation. Convective terms were calculated

according to the Roe scheme [6]:
_ 1r- _ -
Ei+1/2:E[E(QL)"‘E(qR)_‘A“(QR_qL):|: (5)
where q,, q, — are the parameters of the flows on the left and right sides of the adjacent boundary
i+1/2, located between the neighboring control volumes with numbers i and i+1 (Fig. 1a). The Jacobi-

an matrix A:@E/&q was calculated using the Roe averaging procedure [6, 9]. Equation (5) is a line-

arization of the gap decay problem.
When applying the calculation for the complete formulation of the gap decay problem, there is
no need for relations of type (5). Convective and viscous flows through the adjacent edge of neighbor-

ing finite volumes are calculated directly through the functional expressionsE , F , E,, F, .
The general principle of constructing an implicit algorithm is based on differentiating the dis-

crepancy R of the discrete analogue of equations (5) using Taylor series [2, 9]. This leads to a cumber-
some form of the implicit operator and certain difficulties in its software implementation. The proce-
dure for constructing an implicit operator can be simplified by using a modified Steger-Warming
scheme for the increment of convective terms [5], i.e.

AIﬁEi+1/2 = A+ (Qi+1/2) ) Aqi + Aﬁ (Qi+1/2) ’ AQi+1 ! (6)
where Q,,, =(R,U,V,P) is the vector of non-conservative gas-dynamic variables at the boundary

i+1/2, defined using the modified method of S.K. Godunov, A*(Q",,), A (Q",,) are Jacobian ma-

trices corresponding to positive and negative eigenvalues (Fig. 1b). The increment of viscous flow
vectors and the general procedure for numerical implementation of the constructed implicit algorithm
correspond to [9].

Testing the developed methodology. In this work, to test the developed implicit algorithm for
solving the Navier-Stokes equations, we chose the problem of the interaction of an oblique density
jump with a boundary turbulent layer on a flat plate (Fig. 5). This choice of test problem is due to the
fact that it includes all the characteristic features of viscous-inviscid interactions: density jumps, rare-
faction waves, growth, and separation of the boundary layer. In addition, there is a wide selection of
scientific literature for these problems, and the physical features of the analyzed processes are well
studied, which allows for an unambiguous interpretation of the results obtained.

The calculations were performed under the conditions of an experiment conducted in the DLR
Gottingen Ludwieg Tube wind tunnel [12]. The model was a wedge with a windward length of
300 mm, located at an angle 6=10° tothe undisturbed flow. The front sharp edge of the wedge was
located at a height of 115 mm above the flat plate and 23 mm downstream. The turbulent boundary
layer developed from the sharp edge of the flat plate, with the transition ending at a distance of
~120 mm from the edge. The undisturbed flow was characterized by Mach numbers M..=5 and Reyn-
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olds numbers Re=3.7-10" 1/m, temperature T.=68.79 K. The distance from the leading edge of the
plate to the point of fall of the jump in the viscous flow was ~350 mm. The temperature of the plate
was Tw=300 K. This experiment has been recognized by NASA as a verification for two-dimensional
problems of shock wave interaction with a turbulent boundary layer [13]. To calculate the turbulent
viscosity, the Spalart-Allmaras differential model was used with an additional component that takes
into account the supersonic velocity in the flow [14].

N

a) experiment [12]

b) calculation of this work based on the modified implicit method of Godunov and Steger-Warming

Fig. 6. Schlieren photographs of the interaction region of the shock wave with the turbulent
boundary layer
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The calculations were performed on a grid with a dimension of 885x650 nodes, approximately
55 % of which were located in the boundary layers on the wedge and plate.

The general structure of the strong interaction of the shock wave with the boundary turbulent
layer is conveyed by schlieren photographs (Fig. 6). The calculated distribution of gas-dynamic pa-
rameters is in good agreement with the experimental picture of the flow in the interaction region. The
boundary layer is clearly visible; a jump caused by a sharp leading edge; a falling shock wave; a sepa-
ration zone, separation and reattachment jumps; a contact break; a reflected compression jump formed
above the reattached turbulent boundary layer.

The intensity of the falling compression jump is large enough to cause the separation of the tur-
bulent boundary layer. The pressure increase resulting from the falling compression jump is transmitted
upward along the flow through the subsonic part of the boundary layer, causing its thickening and subse-
quent separation. The separation point is located above the flow from the point of the oblique jump in the
viscous flow. As a result of the flow separation, a separation jump is formed, then the flow passes
through an expansion wave and is compressed again in the connection jump. Further, the jumps merge
into a reflected compression jump with the formation of a triple point and a contact break surface.

The pressure distribution on the plate surface (Fig. 7) shows good agreement between the ex-
perimental and calculated data, both for the Roe scheme and for the proposed algorithm. The pressure
drop in the junction area of the boundary layer is due to the action of rarefaction waves behind the
generator of the main compression jump.

P.

p 155

— — calculation according to the Roe scheme; == — calculation according to the proposed algorithm;
e — experimental data [12]

Fig. 7. Pressure distribution on the plate surface

The distribution of the friction coefficient (Fig. 8) shows the agreement between the experi-
mental and calculated data regarding the position of the separation point. The results for the developed
implicit algorithm based on the Godunov and Steger-Warming methods show a slightly smaller up-
ward influence on the flow and better agreement with experimental data compared to the Roe scheme.
The nonlinear nature of the friction change in the reverse flow conveys the influence of rarefaction and
compression waves formed above the separation zone. A certain discrepancy between the results of
numerical calculations and experimental data is observed in the area of flow reattachment. The bound-
ary layer is restored with some "delay," which is a property of the Spalart-Allmaras turbulence model.
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C, -10°

L | -ﬁl-I-.

— — calculation according to the Roe scheme;
= — calculation according to the proposed algorithm;
e — cxperimental data [12].

Fig. 8. Distribution of the friction coefficient of the plate surface

Conclusions

An implicit numerical algorithm for solving Navier-Stokes equations for compressible gas is
proposed, taking into account the modification of the explicit Godunov method for inviscid flows. The
modification of the calculation of convective terms consists in approximating the original pressure
dependence by a reverse cubic or parabolic spline instead of finding the root of a nonlinear equation
by Newton's iterative algorithm. The approach considered can be called "almost accurate” because it
preserves the exact formulation of the Godunov gap decay and uses an approximate method for calcu-
lating only one value on the adjacent boundary between neighboring cells. The proposed approach was
verified on the problem of the interaction of an oblique compression jump with a turbulent boundary
layer on a flat plate at a Mach number of 5 of undisturbed flow. Comparison with experimental data
shows that the proposed method accurately reproduces both individual elements of the interaction
structure and its general parameters.
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